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Riemann-Hilbert type problems with an additional multiplicative invo-
lution in commutative Leibniz algebras with logarithms are examined in
PR|[13]. Results obtained there can be applied not only to problems with a
transformation of argument but also to problems with the conjugation (in
the complex sense).

In the present paper there are considered similar problems in several
variables with Riemann-Hilbert condition posed on each variable separately.
For instance, these problems correspond in the classical case to problems for
polyanalytic functions on polydiscs (cf. HD[1], Ms[1]).

In order to find solutions to a generalized Riemann-Hilbert problem,
we consider algebras with logarithms induced by a linear operator D and
with an involution S. In commutative algebras solutions will be obtained in a
similar manner as in the classical case (cf. Example 2.1). In noncommutative
algebras we shall need some additional assumptions and some modifications
of considerations used in the commutative case. We should point out that
logarithmic and antilogarithmic mappings are non-linear.

The next step is to consider such problems with an additional involution
which, by assumption, is multiplicative. This involution may correspond in
the classical case to an involutive transformation of argument and/or to the
conjugation in the complex sense: z — Z (cf. PR[13], Examples 2.2, 2.3).

In order to consider multidimensional problems, we shall generalize prob-
lems mentioned above to a Cartesian product of a (finite) number of algebras
with logarithms and involutions.

1. Preliminaries

Let X be a linear space over a field [F of scalars of the characteristic zero.
Recall that L(X) is the set of all linear operators with domains and ranges
in X and Lo(X)={A € L(X) : dom A = X }.

If X is an algebra over F with a D € L(X) such that z,y € dom D implies
zy,yz € dom D, then we shall write D € A(X). The set of all commutative
algebras belonging to A(X) will be denoted by A(X). If D € A(X) then

fp(z,y) = D(zy) — cp[zDy + (Dz)y]  for =,y € dom D,

where cp is a scalar dependent on D only. Clearly, fp is a bilinear (i.e.
linear in each variable) form which is symmetric when X is commutative, i.e.
when D € A(X). This form is called a non-Leibniz component. Non-Leibniz
components have been introduced for right invertible operators D € A(X)
(cf. PR[6], Section 6.1). If D € A(X) then the product rule in X can be
written as follows:

D(zy) = cp[zDy + (Dz)y] + fp(z,y) for z,y € dom D.
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If D € A(X) is right invertible then the algebra X is said to be a D-algebra.
We shall consider in A(X) the following sets:

e the set of all multiplicative mappings (not necessarily linear) with
domains and ranges in X: M(X) = {A:dom A C X, A(zy) = A(z)A(y)
for z,y € dom A}

o the set I(X) of all invertible elements belonging to X;

o the set R(X) of all right invertible operators belonging to L(X);

o the set Rp = {R € Lo(X) : DR = I} of all right inverses to a
D € R(X);

etheset Fp = {F € Ly(X) : F2=F, FX =kerDand3rer, FR=
0} of all initial operators for a D € R(X);

e the set Z(X) of all invertible operators belonging to L(X).

Clearly, if ker D # {0} then the operator D is right invertible, but not
invertible. Here the invertibility of an operator A € L(X) means that the
equation Az = y has a unique solution for every y € X. Elements of the
kernel of a D € R(X) are said to be constants. If D € Z(X) then Fp = {0}
and Rp = {D~1}. We also have dom D = RX @ker D independently of the
choice of an Rp (cf. PR[6]).

It is well-known that F' is an initial operator for a D € R(X) if and only
if there is an R € Rp such that F = I — RD on dom D. Moreover, if F’ is
any projection onto ker D then F’ is an initial operator for D corresponding
to the right inverse R’ = R — F'R independently of the choice of an R € Rp
(cf. PR[6]).

Suppose that D € A(X). Let Q,,Q; : dom D — 29°m D be multifunc-
tions defined as follows:

Qu={z €dom D: Du=uDz},
Qu = {z € dom D : Du = (Dz)u}

for u € dom D . The equations

(1.1)

(1.2) Du =uDz for (u,z) € graph Q, ,
) Du = (Dz)u for (u,z) € graph

are said to be the right and left basic equations, respectively. Clearly,
Q7'z={uedom D:Du=uDz}, Q'z={ucdom D:Du=(Dz)u}
for z € dom D. The multifunctions Q,,Q; are well-defined and dom €, N
dom £; D ker D.

Suppose that (u,,z,) € graph Q, (u;,z;) € graph Q,, L., L; are se-
lectors of Q,, Q, respectively, and E,, E; are selectors of 1, Ql'l, re-
spectively. By definitions, L,u, € dom Q;!, E.z, € dom ., Ly €
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dom Ql'l, Eyz; € dom ; and the following equations are satisfied:
Du, = u,DL,u,, DE,z, = (E;z,)Dz,;
Dul = (DLlul)ul, DE[(L‘[ = (Dml)(Elzl).

Any invertible selector L, of €2, is said to be a right logarithmic mapping
and its inverse E, = L1 is said to be a right antilogarithmic mapping. If
(4r, z,) € graph Q, and L, is an invertible selector of {2, then the element
L,u, is said to be a right logarithm of u, and E,z, is said to be a right
antilogarithm of z,. By G[{2,] we denote the set of all pairs (L, E,), where
L, is an invertible selector of Q, and E,. = L. 1. Respectively, any invertible
selector L; of €; is said to be a left logarithmic mapping and its inverse
E = Ll‘1 is said to be a left antilogarithmic mapping. If (u;, z;) € graph &,
and L; is an invertible selector of {; then the element L;u is said to be a left
logarithm of u; and Ejz; is said to be a left antilogarithm of x;. By G[Q;] we
denote the set of all pairs (L;, E;), where L; is an invertible selector of €;
and E; = L.

If D € A(X) then 2, = Q; and we write Q, = Q and L, = L; = L,
E. = E; = E, (L,E) € G[)]. Selectors L, E of Q and Q7! are said to
be logarithmic and antilogarithmic mappings, respectively. For any (u,z) €
G[€?) elements Lu, Ex are said to be logarithm of u and antilogarithm of z,
respectively (cf. PR[8]).

Clearly, by definition, for all (L., E,;) € G[Q,], (ur,z,) C graph Q,,
(Li, Er) € G[y}, (wi, z;) € graph ; we have

(1.3)  E,Lyu, =4uyr, LiErx, =2z ELiw =w, LiEz =
(1.4) DE.z, = (E,z,)Dz,, Du,=u,DL.u,;
DE{(E[ = (DIL‘[)(E{IE[) y Dul = (DL[U[)’U;[L

A right (left) logarithm of zero is not defined. If (L., E,.) € G[Q,], (L, E;) €
G[SY] then L,(ker D\ {0}) C ker D, E,(ker D) C ker D, Li(ker D \ {0}) C
ker D, Ej(ker D) C ker D. In particular, E.(0), E;(0) € ker D.

If D € R(X) then logarithms and antilogarithms are uniquely deter-
mined up to a constant.

If D € A(X) and if D satisfies the Leibniz condition: D(zy) = zDy +
(Dz)y for z,y € dom D then X is said to be a Leibniz algebra.

Let D € A(X) and let (L, E) € G[Q]. A logarithmic mapping L is said
to be of the ezponential type if L(uv) = Lu+ Lv for u,v € dom Q. If L is of
the exponential type then E(z +y) = (Ez)(Ey) for z,y € dom §2. We have
proved that a logarithmic mapping L is of the exponential type if and only
if X is a Leibniz commutative algebra (cf. PR[8])). In Leibniz commutative
algebras with D € R(X) a necessary and sufficient conditions for u € dom {2
is that u € I(X) (cf. PR[8]).
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By Lg.(D), Lgi(D), Lg(D) we denote the classes of these algebras with
D € R(X) and with unit e € dom  for which there exist invertible selectors
of Q,, Y, N, respectively, i.e. there exist (L, E,.) € G[Q], (L, Ei) € G(),
respectively.

In the sequel we shall consider multidimensional Leibniz algebras, i.e. a
Cartesian product of finite number of Leibniz algebras with logarithms.

Suppose then that we are given n commutative algebras X; (over the
field F) with D; € R(X;) and with units e; € X; and multifunctions ;
(i =1,...,n). We assume that X; € L;(D;), (L;,E;) € G[§;] and e; €
dom §; (j =1,...,n). Consider the Cartesian product

X=Xix...xX,

with the coordinatewise addition and multiplications of elements, multipli-
cation of elements by scalars and coordinatewise operations of all mappings
actingon Xj, ie forallz = (z1,...,2,),y= (y1,- -, Yn), t = (t1,.. ., tn) €
F*, T; € L(X;) (j =1,...,n) we have
(15) z+y:($1+y1)"">xn+yn), myz(mlyl)""wnyn),
(1.6) tz = (t121,...,tnZn),

Tz = (Thzi1,...,Thz,) whenever z; € dom Tj.
Clearly, X has the unit e. Namely, e = (e1,...,€,).

Consequently, we shall write v
(1.7) I(X)=(I(X1),...,I(Xn)), Q=(Q,...,Q),

(L,E) = ((Ll,El,...,(Ln,En)), GO = (G[Ql], . ..,G[Qn]),

L(D) = (Li(D1),--.,La(Dn)),  AX) = (A(X1),...,A(Xy)).
Similar denotations are admitted in non-commutative cases. Namely,
(1.8)(Lr, Er) = ((Lry1, Bry, - ..,(Lm,E‘,n)), G[Q,] = (G[Q,l], ., Gl4)),
Li(D) = (Lr1(D1),- -+, Lea(Dn)),  A(X) = (A(X1), ..., A(X4))-
(le El) = ((Llla Ella ceey (Lln’Eln))7 G[Ql] = (G[QU]’ s ’G[an])7
Ly(D) = (Liy(D1),.- ., Lin (D).

IfD; e A(X;) (j =1,...,n) satisfy the Leibniz condition then D € A(X)
also satisfy that condition and X is said to be a Leibniz algebra (of dimen-
sion n).

If in order to prove some statement it is enough to prove it for an arbi-
trarily fixed j ( = 1,...,n), we shall omit that proof and we refer either to

PRI[8] (Chapter 14) or to PR[13], respectively, i.e. to one-dimensional case:
n=1.
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We shall denote the identity operators in all spaces X;,...,X, by the
same letter I, since it does not lead here to any misunderstanding.

2. Commutative case

Here and in the sequel we shall consider an n-dimensional commutative
Leibniz algebra X € L(D) (cf. (1.5), (1.6), (1.7)).

THEOREM 2.1 (cf. PR[3] for n = 1). Let n € N and let j = 1,...,n.
Let X; be linear spaces over an algebraically closed field F with involutions
Sj € Lo(X;) (i.e. S3 =1, S; # I). Then for an arbitrarily fired 1 < j <n
Pj+ = %(I +5;) and P = %(I — S;) are disjoint projectors giving partition
of unity: (Pi)ﬁ = Pji; PJ-+P]._ = P]-_Pj+ =0 and PjJr + P; = I. Moreover,
PJ.'"—P-_ = S5; and .S'iji = PjiSj = :i:Pji. So that, if we write X;-t = Pjin,

J
;t = Pjia:j for z; € X;, then we have

— + - -
ijXfGBXj; ; EX]-i; ijjzxf; Sjz; =—z; for z; € Xj.

z

J
COROLLARY 2.1. Let all assumptions of Theorem 2.1 be satisfied. Let 1 <
J < n be arbitrarily fired. If u; € X;, u;-t = Pjiuj and

(2.1) u;' —u; =vj, where v; € X,

then u; = Sv;. In particular, if v; = 0 then u; = 0.

LEMMA 2.1 (cf. PR[8] for n = 1). Let n € N. Let D € A(X), where
X € Lg(D) is an n-dimensional Leibniz algebra with unit e and with an
involution S = (S1,...,Sn) € Lo(X). Let (L, E) € G[Q]. Then the follow-
ing conditions are equivalent:

(i) Lu* € X* for all v € dom Q;

(ii) Ev* € X* for all v € dom Q71

(iii) P¥*Lu* = £Lu® for all u € dom €

(iv) P£Ev* = £ Ev* for all v € dom Q1.

Let n € N be arbitrarily fixed. We admit the following condition:

(A)n Let F be algebraically closed. Let D € A(X), where X € Lg(D)
is an n-dimensional Leibniz algebra with unit e and with an involution
S € Lo(X), (L,E) € G[] and
(2.2) L(XtTNdom Q) c X+, L(X " Ndom§N)C X~.

In particular, (2.2) implies that X* Ndom Q C dom Q1.

LEMMA 2.2 (cf. PR[8] for n = 1). Suppose that Condition (A), is satisfied.
Then

(i) uwv € X* whenever u,v € X* Ndom §;

(ii) (u*)~! € I(X*) whenever u* € I(X*).
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On the other hand, we have

PROPOSITION 2.1 (cf. PR[8] for n = 1). Suppose that X is a commutative al-
gebra over a field F with a multiplicative involution S € Ly(X, i.e. S(zy) =
(Sz)(Sy) for z,y € X. Then zty* € X+, zty~,27y* € X~ for all
z,y € X.

PRrOPOSITION 2.2 (cf. PR[8] for n = 1). Suppose that Condition (A), is
satisfied. Then the involution S is not multiplicative.

Proposition 2.2 is important, since there are several examples of functio-
nal-differential equations with a multiplicative involution which can be also
solved by means of algebraic methods (cf. PR[4], PR[5], PR[6]). Namely,
any transformation of argument is a multiplicative operation (cf. also PR[8],
PR([9], PR[12], PR[13]). However, by Proposition 2.2, any involution under
consideration cannot be multiplicative if Condition (A),, is assumed.

Homogeneous n-dimensional Riemann—Hilbert problem. Suppose that

Condition (A), is satisfied. Find an z9 = (zo1,...,Zon) € dom 2 such
that
(2.3) z3 = azy, where a € dom § is given.

THEOREM 2.2 (cf. PR[8] for n = 1). Suppose that Condition (A), is satis-
fied. If a # +e then the homogeneous Riemann—Hilbert problem (2.3) has a
solution

(24) zo= E(P*La)+ E(—P"La) and zF = E(xP*La)c I(X).
If a = xe then the only solution of (2.3) is o = 0.
Clearly, the solution (2.4) is dependent on the choice of selectors L.

COROLLARY 2.2 (cf. PR[8] for n = 1). If all assumptions of Theorem 2.2 are
satisfied then the solution to the problem (2.3) can be written in the form:
zo = (a+ e)E(—P~ La).

Consider now the set of all elements from Y C X having k-th roots:
Ik(Y) = {:L‘ eY: ayel(y) yk = :I:} (k c N).

Here n € N is fixed (for n = 1 cf. PR[8]). If z € I(Y) and y* = z then we
write y = z1/% (k € N). By definition, z € I(Y).

COROLLARY 2.3 (cf. PR[8] for n = 1). Suppose that all assumptions of
Theorem 2.2 are satisfied and a € Iy(dom ). Then the solution to the
problem (2.3) can be written in the form: zo = (a% +a~%)[E(SLa)]3.
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Nonhomogeneous n-dimensional Riemann—Hilbert problem. Suppose
that Condition (A), is satisfied. Find an z € dom  such that

(2.5) zt =az” +b, whereacdomQ, be X are given.

THEOREM 2.3 (cf. PR[8] for n = 1). Suppose that Condition (A), is satis-
fied. If a # te and zg is a solution of the homogeneous Riemann—Hilbert
problem (2.3) then the nonhomogeneous Riemann—Hilbert problem (2.5) has
a solution

1
(26) z==z0+ 5(3305!/0 + YoSx0),
where yo = a bE(P™La) = a 'b(P ™ zy) L.

If a = e then a solution to (2.5) is z = Sb. If a = —e then a solution to
(2.5) isz =b.

COROLLARY 2.4 (cf. PR[8] for n = 1). Suppose that Condition (A), is
satisfied. If a # *e and z1,x5 are two solutions to the nonhomogeneous
Riemann-Hilbert problem (2.5) then their difference & = z; — z2 is a solu-
tion to the homogeneous problem (2.3). If a = e then the problem (2.5) has
a unique solution z = Sb. If a = —e then (2.5) has a unique solution z = b.

CoRrOLLARY 2.5 (cf. PR[13] for n = 1). Suppose that Condition (A), is
satisfied and a # te, xg is a solution of the homogeneous Riemann—Hilbert
problem (2.3) then the nonhomogeneous Riemann—Hilbert problem (2.5) has
solutions of the form

(2.7) z=1x0+ S(zoyo), where yo=a bE(P " La)=a b(P xzo)™ .

If a = e then the problem (2.5) has a unique solution z = Sb. If a = —e
then (2.5) has a unique solution z = b.

EXAMPLE 2.1. Let n € N. Let j = 1,...,n. Let ; C C be domains with
the boundaries 9§2; = I'; which are pairwise disjoint (for n > 1) closed
regular arcs, i.e I'; = {z = z;(t) : a;j <t < B, zj(aj) = 2z;(B;)}, where
the functions z; € C'(e;, 3;), are one-to-one, z;(t) # 0 for t € (a;, B;) and
lim; ;40 25(t) = lims—, g, 0 2;(t) # 0.

We assume that the system I' = (T',...,I'2) is oriented (cf. for instance,
PR/[5]). It means that the plane is divided into components 2, 21,..., Oy
and we associate the sign ”-” with the component {2y containing the point
00, and the sign ”+” with the components having a common boundary with
2. Next, we associate the sign ”-” with the components having a common
boundary with components having the sign ”+”, but not with g, and so
on. Hence on the left of each of these arcs lies a domain with the sign ”+-”,
and on the right, a domain with the sign ”-”. If n = 1 then Q9 = C\ €24
(cf. PR[8], Chapter 14; PR[13]).
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We have to find a vector function & = (®,,...,®,) with ®; piecewise
analytic in the domains Q;'” = and QJ_ = (C\Q_j, bounded at infinity and
such that their boundary values ®* and ®~ satisfy the following condition
on the oriented system I': '

(2.8) F(t) = G;(1)®; (¢) +g;(t) fortel;, (j=1,...,n)

where functions g;, G; are given. The solution of the problem is well-known
(for n = 1 cf. for instance, Michlin Mi[l], Pogorzelski P[1], Meister Me[1],
Wegert Wg[1],[2], Wendland Wn([1]; for n > 1, cf. for instance, BD[1], Ms[1}).
In order to solve (2.8), we have to use properties of logarithmic and expo-
nential functions (cf. Anosov and Bolibruch AB(1]) and of singular integral
operators S; (j = 1,...,n) defined by the Cauchy principal value of an
integral, namely,

(2.9) (S;0)(t;) = — lim { A1) 4 et
e €—0 T —t;
L\ {z€C : |z—t;]<e}
det 1 | ) 4 t;el;) G=1,...,n)
_Wirj — ] j 1=1,...,n).

In the case, when g;, G; belong to the space H#(T';) of functions satisfying
the Holder condition on I'; with an exponent p, 0 < <1, (j =1,...,n),
the singular integral operators S; defined by (2.9) are involutions in the
space X; = HH*(T;): Sf = I on X;. Thus there are disjoint projectors Pj+
and P; giving the partition of unit and such that @j = Pf’:vj, ¢ =
P z; for an z; € X; (7 = 1,...,n). Clearly, X; are also commutative
algebras over C with the pointwise multiplication. It not difficult to verify
that the operators S; defined by (2.9), the operators D; = % and the
usual logarithmic functions satisfy Condition (A), with S = (Si,...,Sn)
and D = (Dy,...,D,). Thus z = ® is to be found if we apply logarithms
to the homogeneous problem (2.8) (i.e. with g; =0 for j =1,...,n).

Then the non-homogeneous problem is solved by a use of the already
found solution to the homogeneous problem (cf. Formula (2.7)).

This problem can be also formulated and solved in the same manner if
some of I'; are oriented systems of finite sets of closed regular arcs. m

NoTE 2.1. If X is a commutative Leibniz algebra for a D € L(X) then
X is a Leibniz algebra for a D' = dD, where d € X \ {0}. Indeed, for all
z,y € dom D' = dom D we have '

D'(zy) = dD(zy) = d(zDy + yDz) = zdDy + ydDz = zD'y + yD'x.

In particular, if D € R(X), R € Rp and g = Re € I(X), then X is a Leibniz
algebra for D, = ¢"D (n € N). If n = 1, then antilogarithms induced by
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D' = gD are E'(\g) = g* = E(ALg). Observe that in the classical case

of the operator D = & and R = Sf) in C[0,T] we have D, = t"&. The
corresponding logarithms are (up to an additive constant) Lz = Inz, as in

the case of the operator D = % and antilogarithms are ct* (c € R). =

Multidimensional Riemann—Hilbert problem with multiplicative involu-
tion. Suppose that Condition (A),, is satisfied, T; € Lo(X ) are multiplicative
involutions with projectors jS giving the partition of unity (5 =1,...,n),
T = (Th,...,Tn) and a(t) = ap + a1t, where ag,a;,b € dom Q are given.
By definition, T is also a multiplicative involution. Find an z € dom 2 such
that

(2.10) zt = a(T)z +b.
We shall use the following theorem, different than results obtained before

for equations with involutions (cf. PR[3], PR[5], PR[8], PR[12]).

THEOREM 2.4 (cf. PR[13] for n = 1). Suppose that Condition (A), is sat-
isfied and X is a commutative algebra over F with unit e, T € Lo(X) is a
multiplicative involution with projectors QT giving the partition of unity,
a(t) = ag + ait, where ag,a; € X are given and either Tap = ayp or
Tak = akT, k= (0, 1).

(i) If a(£1) = ap £ a1 € I(X) then the equation

(2.11) a(M)z =y, yeX
has a unique solution
(2.12) T = (a2 — a})ta(-T)y.

(ii) If ap = %a; and a(£l) = ap £ a3 € I(X), then a(T) = a(£1)Q*
and all solutions of Equation (2.12) are of the form

(2.13) r = [a(£1)] "y + =¥, where 2T € XF are arbitrary.

COROLLARY 2.6 (cf. PR[13] for n = 1). Theorem 2.4 holds without the as-
sumption that T' is multiplicative if, in particular, ag, a1 are scalar multiples
of unit e.

NOTE 2.2. Suppose that the involution T" appearing in Theorem 2.4 satisfies
the condition: Tay —arT € J (k = 0,1), where J is a proper two-sided ideal
in the algebra X. Then we may apply Theorem 2.4 to the quotient algebra
X/J and we obtain similar results up to an additive component belonging
to J (cf. PR[5], PR[13] forn =1). m

THEOREM 2.5 (cf. PR[13] for n = 1). Suppose that Condition (A)y, is satisfied
and a # e, T; € Lo(X) are multiplicative involutions with projectors th
giving the partition of unity (j =1,...,n), T = (T1,...,Tr), a(t) = ag+ait,
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where ag,a; € dom Q are given and either Tay = ap or Tay = axT (k =
0,1). Let

(214) Zg = E(P+La0) + E(—P—Lao),
ah=¢e, a) =aj(e+ag)”?), o' (t) = a(t) — el —ait,
(2.15) b = (e+az')b.

If o' (t) satisfies all assumptions of Theorem 2.4, then the problem (2.10) has
solutions of the form:

(2.16) z=a' (T)z™ +b +[(a0 — €)? — (a1 — a})?] %' (=T)(¥' - b).

EXAMPLE 2.2 (cf. PR[13) for n =1). Let T'; = {2 : [z = r;}, (r; > 0) (j =
1,...,n). Suppose that X and S are defined as in Example 2.1. Consider
the following problem: Find a vector function ® = (®y,...,%,) with &,
piecewise analytic in the domains Qf = 2; and 7 = C\ 2, bounded at

infinity and such that their boundary values <I>;L and @} satisfy the following
condition:

(2.17) @] (t) = G;p(t)®5 (1) + G5, () 8] (h; (1)) + G, (8) @5 (Rs(t)) + 95(t)
fortely, (j=1,...,n),
where functions g;, h;,Gr; (k=0,1,2; j = 1,...,n) are given, h;(T';) C T;,
hj(hj(t)) = ¢, hj(t) # 0 for ¢t € Ty, Ge(h;(t)) = Gi(t) (k = 0,1,2;5 =
1,...,n). Write: (Tz)(t) = (z1(R1(t), ..., za(hn(t))) forz e X, teT; (j =
1,...,n. Clearly, T is a multiplicative mvolutmn and TGy = G (k = 0 1,2).
Thus we can apply Theorem 2.5 in order to solve the problem (2.17).
In particular, if for a 7 we have I'; = R (i.e. 7; = o0), hj(t) = —t for
t € T, then the functions G;, are even. Indeed, for kK = 0,1,2 we have

Gj(t) = (Tij)(t) = ij(_t)' "

ExXAMPLE 2.3 (cf. PR[13] for n = 1). Let j = 1,...,n. Let T; = T, i.e.
Zz € I'; whenever z € T';. Suppose that X and S are defined as in Example
2.1. Consider the following problem: Find a vector function ® = (®;,...,®,)
with &4,...,®,, piecewise analytic in the domains Qj+ = {; and Q) =
C\Q_j, bounded at infinity and such that their boundary values @;’ and
satisfy the following condition:

(218)  ®F(t) = G;o(t)®7 () + G;, ()2 (t) + G, ()85 (t) + g;(t)

fortely, (j=1,...,n),

where functions g;,Gj, (k = 0,1,2) are given, q = Gj, (k=0,1,2).
Clearly, the functions G;, are real. Write: (Tz) = T = (Z1,...,%,) for
z € X. Clearly, T is a multiplicative involution and T'G;, = UJ; = Gj
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(k=10,1,2). Thus we can apply Theorem 2.5 in order to solve the problem
(2.18). =

3. Noncommutative case

In this section instead of Condition (A), we shall admit either the con-
dition

(A)L, where n € N (cf. PR[8], PR[13] for n = 1). Let F be algebraically
closed. Let D € A(X). Suppose that X € Lg)(D) is a Leibniz algebra with
unit e and with an involution § € Lo(X), uv € X* whenever u,v € X*
and DS = SD on dom D, (L;, Ey) € G[Q] and

(3.1) LI(X"' € dom ;) cXT, Li(X~Ndom ) C X~.
or the condition

(A)r, where n € N (cf. PR[8], PR[13] for n = 1). Let F be algebraically
closed. Let D € A(X). Suppose that X € Lg.(D) is a Leibniz algebra with
unit e and with an involution S € Lo(X), uv € X* whenever u,v € X*
and DS = SD on dom D, (L,, E,) € G[Q,] and

(3.2) L(X*tNndom Q) Cc X*, L. (X NdomQ,)C X".

In particular, (3.1) implies that X* Ndom ©; C dom Ql_l, (3.2) implies that
X*Ndom €, C dom ;1.

NoTE 3.1 (cf. PR[13] for n = 1). Let either Condition (A)} or Condition
(A)". be satisfied. The assumed condition that uv € X* whenever u,v € X*
in the commutative case is proved by Lemma, 2.2. It is so, because in that case
logarithms are of the exponential type. Without this property, we cannot
prove a lemma corresponding to Lemma, 2.2.

We should point out also that here, in the noncommutative algebras,
we shall need essentially the property that D and S commute each with
another. Thus Condition (A), is not a particular case of Conditions (A),
and (A);. =

LEMMA 3.1 (cf. PR[8], PR[13] for n = 1). Let D € A(X). Suppose that X €
Lgi(D) is a Leibniz algebra with unit e and with an involution S € Lo(X)
and (L, E;) € G[€4] (X € Lg.(D) and (L., E.) € G[Q,], respectively).
Then the following conditions are equivalent for u; € dom £, u,. € dom €2,,
v; € dom Ql_l, v, € dom Qr_l:

i) Liut ¢ XE (LouF C X*, respectively);
l ™
i) Bt ¢ X+ (B.vt ¢ X%, respectively.);
l T
il PiLlui = +Liuf (PELauE = +L,.ut, respectively);
1 ) T T
(iv) PEEwE = £Ewf (PTE.wt = £E.v}, respectively).
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Homogeneous n-dimensional Riemann-Hilbert problem. Let either Con-
dition (A)% or Condition (A)”, be satisfied. Find an zo = (%o1,...,Zon) € X
such that

(3-3) a:gj =azg;, (1=1,...,n),

where a € I(X)Ndom ;. (a € I(X) Ndom §,, respectively).
THEOREM 3.1 (cf. PR[8], PR[13] for n = 1). Suppose that Condition (A),

(Condition (A):, respectively) holds. Then the Riemann-Hilbert problem
(3.3) has a solution if and only if there a u such that

(3.4) uta —au™ = Da (aut —u~a = Da, respectively).
If it is the case and D € R(X), then the solution, we are looking for, is
(3.5) to = EyPY(Ru+z2) + E; P (Ru + 2), where z € ker D

(xo = E-PT(Ru+ z) + E.P"(Ru+ z), respectively).
Moreover, ¥ = EiPE(Ru + z) € I(X), 23 = EP*(Ru + 2) € I(X),
respectively.

THEOREM 3.2 (cf. PR[8], PR[13] for n = 1). Suppose that either Condition
(A),, or Condition (A)T holds. If
(3.6) aX a ' c X~ (a7'Xtac XY, respectively),
then the Riemann-Hilbert problem (3.3) has a solution of the form (3.5),
where
(3.7) uw= DL P*Ya~a '(DL,P"a)q;
(u = a(DL.P*ta)a™ — DL.P™'a, respectively).
COROLLARY 3.1 (cf. PR[8], PR[13] for n = 1). Suppose that all assumptions
of Theorem 3.2 are satisfied. Then P~a € I(X)Ndom Q, (P"a € I(X)N
dom 2, respectively) and
uw=DLPta+a DL (P a) Ya
(u=a(DLPta)a™! + DL.(P~a)™}, respectively).
Nonhomogeneous n-dimensional Riemann-Hilbert problem. Let either

Condition (A)}, or Condition (A)", be satisfied. Let a € I(X) N dom Y,
(a € I(X)Ndom ., respectively). Find an z = (z;,...,z,) € X such that

(3.8) :I:;- =a;z” +bj, where b; € X, (j=1,...,n).

THEOREM 3.3 (cf. PR[8], PR[13] for n = 1). Suppose that all assumptions of
Theorem 3.2 are satisfied, a # *e and zg is a solution of the homogeneous
problem (3.3). Then the nonhomogeneous n-dimensional Riemann—Hilbert
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problem (3.8) has a solution of the form
1
(3.9) T =1zo+ 5[5005110 + (Szo)yol, wo = (zf) 'a M.

If either a = e or a = —e then (3.8) has a unique solution, namely z = Sb
or z = b, respectively.

COROLLARY 3.2 (cf. PR[8], PR[13] for n = 1. Suppose that either Condition
(A), or Condition (A), is satisfied. If a # +e and z',z" are two solutions
to the non-homogeneous n-dimensional Riemann—Hilbert problem (3.8) then
their difference x = 2’ — 2" is a solution to the homogeneous problem (3.3).
If a = e then the problem (3.8) has a unique solution x = Sb (cf. Corollary
2.4). If a = —e then (3.8) has a unique solution = b.

COROLLARY 3.3 (cf. PR[8], PR[13] for n = 1. Suppose that either Condition
(A)L, or Condition (A)", is satisfied. Then the involution S is not multiplica-
tive (cf. Proposition 2.2).

The already obtained solutions to the Riemann-Hilbert problem can be
used in order to solve linear equations with involutions in Leibniz algebras
with logarithms. Namely, we have

ExAMPLE 3.1 (cf. PR[13] for n = 1). Suppose that either Condition (A),
or Condition (A)7 or Condition (A)!, is satisfied. Consider the equation:

(3.10) (al +bS)z =y, where a,b,y € X.

Since al + bS = a(Pt + P7) + b(P* — P~) = (a + b)P* + (a — b)P~,
Equation (3.10) can be rewritten as follows

(3.11) (a+b)zt +(a—b)z” =y.

If a = b and a £ b € I(X) then solutions to this equations exist if and
only if (a £ b)~'y € X*. If it is the case, then z* = (a £ b) "1y + 2¥F, where
zT € XT is arbitrary.

Suppose now that (a + b)~1(a — b) € I(X) € dom £ (dom €., dom £,
respectively). Then Equation (3.11) can be written as

zt=(a+b)Ha-bz  + (a+b) "y,
i.e. we have a Riemann-Hilbert problem z+ = az~+§ witha = (a+b)~Ha—
b) and b = (a + b)~1y.

Solutions to Equation (3.10) have been obtained earlier in another way
under other assumptions, for instance, that a,b commute (anticommute)
with the involution S (cf. PR[3]-PR[5], PR[12], PR[13] for n = 1).

Having already solved Equation (3.10), we can solve the equation

(3.12) (al +bS+cT)x =y, where a,b,c,y€ X,
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where T € Lo(X) is a multiplicative involution satisfying all assumptions of
Theorem 2.5. =

This method without any essential change can be applied to problems
with the Hilbert transform, a singular integral with the Cauchy kernel on a
curve closed at infinity (cf. PR[2]), also with the cotangent Hilbert transform
in appropriate spaces of functions.

The dependence of solutions on the choice of selectors has been examined
in PR(8] for n = 1.
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