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AN APPLICATION OF KWAPIEÑ'S THEOREM 
TO THE INVESTIGATION 

OF THE STRUCTURE OF L0-SPACE 

Abstract . Our aim in this paper is to use Kwapien's theorem to show that the space 
Lo is prime. This was a longstanding open question posed by Pelczynski which was resolved 
by Kalton [3]. The proof given here uses some new lemmas which can be of interest. 

Consider these notations and terminologies. 
A metrizable topological vector space (or metric linear space) is called an 

F-space if it is complete for an invariant metric (for any invariant metric). 
A sequence ( f n ) in ¿o(m) is said to converge to / in measure if, given 

ε > 0, there is an integer Ν such that for all η we have 

ß { { x : \ f n ( x ) - f ( x ) \ > e } ) < e . 

By Lemma (2.1) in [2] any subset {ga : α G 1} of the space LO(m) has 
a least upper bound, therefore, the space Ζ,0(μ) is an F-space with F-norm 
II · ||0 defined by ||/ | |0 = y ^ y άμ, for any / 6 L0(p), and its invariant 
metric defined by d(f, g) = d(0, / - g) = ï^ jê^y άμ. 

Let X and Y be two F-spaces, the symbol X 0 Y denote the product 
of X and Y, i.e. Χ φ Y = {(χ, y) : χ € X, y € Υ) with F-norm ||(χ,τ/)|| = 
v W + W · 

Let Χι, X2, . . . be a sequence of F-spaces with F-norms | | · | | ν , 
Λ 1 

II · II . . , respectively. By (Χι ® Χ<ι φ .. ,)E we denote the space of all 
sequences (i¿), where X{ e Xi such that ( | |xi | |v) € E with the norm 
lite)II = | |<ltel|x.)| |B. Moreover, if E,Xi,X2,··· are Banach spaces, then 
(Χι φ Χι φ .. .)E is also a Banach space. 

A subspace Y of an F-space X is said to be complemented in X if there 
is a subspace Yi (a complement to Y) such that for each χ E X there exist 
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y in y and yi in Y\ such that x = y + yi and if 0 = y + y\ then y = 0 and 
2/1 = 0. 

See M. M. Day [8] in [4] for the proofs of the following: 
Io The subspace Y is complemented in X iff there is a projection 

ρ . χ °nt° γ 
2° If Y has a complement Yi in X, then 

An F-space X is prime if it is isomorphic to each of its infinite-dimension-
al complemented subspaces (i.e. X « X\ ©X2 with X\ infinite-dimensional, 
then X « Χχ). And X is primary if X « Υ © Ζ implies that either Y or 
Ζ « X. The space Lp (1 < ρ < oo) is primary (see Kalton [3]). 

We begin first by using Pelczyñski's decomposition technique in proving 
the following. 

LEMMA 1 [1]. If Lo « X φ Y" and X « L 0 φ Χι, then X « L 0 . 

Proof . Notice that Π ^ ι - ^ η = with the norm ||x|| = 
2-n]|-Xn||, which induced the product topology. If in [0,1] we con-

struct a sequence (En) of pairwise disjoint subsets of positive measures such 
that Π~=ι En = [0,1], then L0 « |Jn=i Lo{En), and each L0(En) » L0. 

Since 
L0 « L0 Φ L0 φ . . . 

« {Χ Φ Υ) Φ (Χ Φ Υ) Φ . ·. 
κ Χ φ (Υ φ Χ) φ (Υ φ Χ ) φ . . . 
~ Χ Φ Lo, 

we have 
Χ « L0 Φ Χι 

« Χ Φ Lo φ Χι 
& Χ ® L0 ® Lo ® Χι 

« Lo θ Χ 

Lo- u 

If A is a measurable subset of the unit interval [0,1] we may define a 
projection on L0 by PaU) = XAif) f°r each / € L0. 

LEMMA 2 [1]. If Ρ is a projection on Lo and there exist measurable sets E 

and A in [0,1] of positive measures such that Pa°P\l ^ is an isomorphism 

from Lq(E) onto Lo(A), then 

P(Lo) ~ L0. 
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P r o o f . Since PA(P(L0{E))) = L0{A), i.e. 

L0(E)—^P(L0(E)) 

Lo(A), 

suppose ( / n ) is a sequence in LQ(E) and P{fn) 0. Then PA(P(fn)) —> 0, 
so that fn -* 0. Thus P\Lo^ '• L0(E) P(Lo(E)) is an isomorphism. We 
claim that P(L0(E)) φ L0(-A) = L0 . 

Let g G P(LO(E)) Π L0(-A), then there exists / G L o ^ ) such that 
P ( f ) = 5, and 5 € L 0 ( - ¿ ) so that PA(P{F)) = = χ (g) = 0. But 
since PA Ο Ρ is an isomorphism on LQ{E), f = 0. Thus P(LQ(E)) Π L0(-A) 
= {0}. 

Now suppose g G Lo· Then there exists an / G LQ(E) such that PA(P(Í)) 
= PA(g). Thus g = P ( f ) + (g - P(f)). Since PA(g - P ( f ) ) = PA(g) -
PA(P(F)) = 0, g - P ( f ) € Lo(-A), i.e. P(L0(E)) Θ L0(-A) = L0. 

Consequently, P(L0{E)) ® (P(L0) Π L0{-A)) = P(L0). Since P(L0(E)) 
& LO(A) « LO, so by Lemma 1 we have P(LQ) œ LQ. m 

In [2] we modificate Kwapieñ's theorem as follows. 

T h e o r e m 1 [2]. If Τ E C(L0), then T ( f ) = Ση=ι ΣΖι 9inf ° <Pin for each 
f G LQ where 
1) ( An) is a pairwise disjoint collection of sets of positive measure on [0,1]. 
2) {.Ein! · · · > Εκηη} is a partition of [0,1] into sets of positive measure. 
3) φ in : Suppen —» Ein. 

In particular, T ( f ) = gnf ο φη where 
i — each gn G Lo, 

ii — each ψη : supp gn —• [0,1] is a non-singular measurable mapping, 
iii — for almost all χ in [0,1], gn φ 0 for only finitely many n. 

Conversely, every mapping defined by T ( / ) = gnf ο φη is a con-
tinuous linear operator on Lo-

Lemma 3 [1]. Suppose Τ G C(LQ) is defined by T ( f ) = 9kf 0 ¥>fc> AND 
T ( f ) = Σ~ι9inf ° Ψίη is a canonical representation. Let E C E{n 

and A C An such that E and A have positive measures and ψ{η : A—* E and 
there exists an integer Ν such that gk(x) = 0, for all χ G A when k > N +1. 
Then there exists Ao C A such that Aq has a positive measure and ψίη = tpj 
for some j, 1 < j < N. 
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P r o o f . By assumption Pa ο Τ : L0(E) —> L0(A), and for / G Lo(-E) 
Ν 

PA(T(f )) = 5¿N/ o y>in = Pa ( Σ 9 k f o ¥>fc) · 
fc=l 

Suppose that m({x G A : φ,η(χ) = Ψι{χ)}) — 0. Then 

A= ( J {x € A : ψίη{χ) < r < Vi(x)} 
r€Qn(0,l) 

υ ( J {χ E A : <pi(x) < r < ipin(x)} a.e. 
reQn(o.i) 

Thus, without loss of generality there exists r G Q Π (0,1) such that if 
h = [0,r), J i = (r, 1] and Αχ = ΑΠφ^(Ι^Πφϊ1 (Ji), t h e n m ^ ) > 0. Con-
tinuing inductively we can choose intervals 7ι, I2, • . . , In and Ji, J2, •. · , Jn, 
each with positive length, and sets A\, A2, •. •, An oí positive measures such 
that IiD I2D ...D /ΛΓ, Α Π Λ = 0, tPin(Ak) C h, and ipk{Ak) C J*. Thus 
In Π Jn = 0 for all A: = 1 , . . . , Ν ψ^Αν) C In, and ψιζ(Αν) C J*¡. Hence 

ο = XAn9íuX^{In) Φ 0. 

But P A n o T ( x I n ) = xA j v Σ% = 1 g k x v - i ( / j v ) = 0, because ^ ( - ^ Π Α Λ Τ = 0, 
i.e. ^fc(Ajv) C Λ and In Π Jn = 0· 

This is a contradiction. • 

Now we give our proof of the Kalton theorem [3] which shows that 
the space Lq of all measurable functions on the unit interval is prime. In 
our proof we will use the canonical representation form of the projection 
Ρ : Lo ^ X, P ( f ) = Σ η = ι Σ ? = ι 9inf ο <pin beside the form P ( f ) = 
Σ7= i 9jf 0 <Pj-
THEOREM 2 [3]. The space Lq is prime. 

P r o o f . Suppose Lo ~ X\ Θ X2, and Ρ : Lo —> X\ is a projection. Let 
P ( f ) = Ση=ι Σ , ·=ι9inf 0 ψίη be a canonical form for P. We may write 
P ( f ) = Σ?=ι 9jf ° Vj- Thus 

00 00 00 

p ( f ) = ρ2 ( / ) = ρ ( Σ 9if ° ν . ) = Σ a* ( Σ 9iS ° vi) ° v>i 
j=1 1=1 j=1 

00 00 

= Σ Σ 9i(9j 0 Ψί)υ ° <Pj 0 fi)· 
i=1 i=i 

Put y„ = {1 G [0,1] : 9i(gj ο ψ i) {χ) = 0 for each i,j > η} since Yi C Y2 C 
••• .and m ( f X L i - r » ) = ™ ( - | X L i ^ n ) = 0. Thus m(-Yn) \ 0, there 
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exists Ν, and a set A with m(A) > 0, so that 
Ν N N 

P A P { f ) = P A ( j 2 ^ f 3i(9j ° Ψϊ){ΐ ° Ψί ° · 
i=l t=l j=1 

For each i, 1 < i < Ν, we may choose 6i > 0 so that m({x G A : 
|5¿(x)| < <5¿}) > 0, where Σ ί ί ι <$» < τη(ΑΓ) U"=i s u PPfO· replacing 
A with A \ Uf= 1{x € A : |g¿(x)| < <$i} we may assume that |<7¿| > ¿t on 
(supp5¿)n A. 

Since ψί : supp gi —> [0,1] is measurable, there exists K{ compact subset 
of suppg¿ such that m(Ki) > 0 and φί\„ is continuous. Let Κ = (J^Li -K¿> 
then PaP : Lo(K) —» L0(A). By Lemma 3 for each i, 1 < i < Ν, φι = 

ΨίΨΐί = ψ·ψ{ί)Ψν(ί) on a set of positive measure, i.e. ·φ(ί) = j , = k. 

We shall take a compact set inside that set of positive measure. Thus we 
have 

ψ\ = ψψ{1)ψ<ϋ(1) = ¥>»ι¥>*(1) = ψίιψί2ψ^(^{1))· 

Continuing inductively, ψi = ψίχψί2 • · • ψχΝ+1 on a compact set of positive 
measure. But then some ψί appears more than one time in ψ^ψ^ • • · ψίΝ+1 · 

So by rearranging indices we may assume ψι = ψ2ψ3 · · · ψπψι for some 
k, 1 < k < Ν on a compact set of positive measure K. It is clear that ψ^ 
is one-to-one on ψχ(Κ). Also τη(φι(Κ)) > 0. Otherwise, if m(tpi(K)) = 0, 
then m(K) < τη(<ρϊ1(ιρ1(Κ))) = 0. Also, <pi(K) C (suppjfc) Π A. 

Now let Aq = φι ( Κ ) . Then φ^ : Aç> ipk{Ao) is a homomorphism (since 
Ao is compact, φ^ is continuous and one-to-one). Also, m(<pfc(j4o)) > 0 by 
the same argument that τη{φ\(Κ)) > 0. Thus, for each / 6 Lo(ipk(Ao)), 
p A 0 o P { f ) = 9kf°Vk-

Hence, Lo((pk(Ao)) —• Lo(Aq) is an isomorphism, and 
its inverse is Τ defined by 

T ( f ) = — ν — ί ο Ψ ~ \ 
9k°Vk 

Note that φ¡¡Γ1 : ψ^Αο) —• Aq is also non-singular since 

ΨΖ1 - ψ2ψ3···ψΗ-\· 

At last by Lemma 2 we have 

Xi « P(L0) « L0. m 
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