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ON THE DUAL DARBOUX ROTATION AXIS 
OF THE DUAL SPACE CURVE 

Abstract . In this paper, we obtain the dual correspondence of the "work named" 
Zum Drehvorgang Der Darboux Achse Einer Raumkurve given by Woldemar Barthel [1]. 

1. Introduction 
In the Euclidean 3-dimensional space R3, lines combined with one of 

their two directions can be represented by unit dual vectors over the ring 
of dual numbers. The important properties of real vector analysis are valid 
for the dual vectors.The oriented lines R3 are in one to-one correspondence 
with the points of dual unit sphere D3 [8]. 

A dual point on D3 corresponds to a line in i?3; two different points of 
D3 represents two skew lines in R3. A differentiate curve on D3 represents 
a ruled surface in R3. 

If ip ve (p* are real numbers and e2 = 0 the combination 

tp = ip + eip* 

is called a dual number. The symbol e designates the dual unit with the 
property e2 = 0. In analogy with the complex numbers W. K. Clifford 
defined the dual numbers and showed that they form an algebra, not a field. 
The pure dual numbers are ea*. 

According to the definition pure dual numbers ea* are zero divisors. No 
number ea* has an inverse in the algebra. But the others laws of the algebra 
of dual numbers ( a + i b , i2 = —1). Later, E. Study introduced the dual angle 
subtended by two nonparallel lines in R3 and defined it as <p = <p + e<p* 
in which <p and ip* are, respectively, the projected angle and the shortest 
distance between the two lines [5]. 
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2. Preliminaries 
The set 

D = {x = x + ex*\x, x* € R} 

of dual numbers is a commutative ring with respect to the operations 
i) (x + ex*) + (y + ey") = (x + y) + e{x* + y*) 
ii) (x + ex*) • (y + ey*) = xy + e{xy* + yx*). 
The division | is possible and unambiguous if y ^ 0 and it easily see 

that 
x x + ex* x x*y — xy* 

- = - + e-
y y + ey* y y2 

The set 

D3 = DxDxD = {x\x = (x! +ex{,x2 + ex^,x3 + exg) 

= (»1, ®2, x3) + e(x{,xl, xl) 

= x + ex*, x e R3,x* € R3} 

is a module over the ring D. It is clear that any dual vector i in D3, consist 
of any two real vector x and x* in R3 which are expressed in the natural 
right handed orthonormal frame in the 3-dimensional Euclidean space R3. 
We call the elements of D3 the dual vectors. If x ^ 0 the norm ||i | | of x is 
defined by 

||x|| = ( f - s ) i = 

Let 
x : I D3 

s —» x(s) = x(s) + ex*(s) 

be a C4 curve with the arc-length parameter s of the indicatrix. Then 

dx dx ds ~ 
ds ds ds 

is called the unit tangent vector of x(s). Since t has constant length 1, its 
differentiation with respect to s, which is given by 

dt dt ds d2x , . , „ 
— = -—— — -r^- = /en, K = K + en 
ds ds ds ds* 

measures the way the curve is turning in D3. 
The norm of the vector is called curvature function of x(s). We impose 

the restriction that the function k : I D is never pure-dual. Then the 
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unit vector 
1 dt 

n = - — 
K as 

is called the principal normal of x(s). The vector b = t x n is then called the 
binormal of x(s). We call the vectors t, h, b Frenet trihedron of x(s) at the 
point x(s). Writing 

dt t 
— = a\\t + 012« + a\zb, 
as 

dh 
ds 
db 

— 02li + O22Ä + 0,23b, 

— — a^it + as2n + <133 b as 
and using the properties of inner product and differentiations of the inner 
products t, h, and 6, we may express Frenet formulas of the Frenet trihedron 
in the matrix form: 

k 0 
0 f 

- f 0 j l j 

—> D such that 41 = — f n the torsion as 

" 0 
n' = —k 
V 0 

T 
n 

We call the function f = T + er* : I 
of x{s) [7], 

3. On the dual Darboux rotation axis of the dual space curve 
Let {i , n, b} be the dual Frenet trihedron of the differentiate dual space 

curve in the dual space D3. Then the Frenet equations are 

t' = nn + E(K*TI + K n*) 

n' = -Kt + rb + e(-n*t - Kt* + r*b + rb*) 

0 — —rn — e(r*n + rn*) , 

where K = K+EK* is nowhere pure dual curvature and f = T+ST* is nowhere 
pure dual torsion. 

These equations form a dual rotation motion with dual Darboux vector, 

d = d + ed* = rt + Kb + e(r*t + rt* + Kb* + K*b). 

Also momentum dual rotation vector is expressed as follows: 

t' = d x t 

h' = d x n 

b' = d x b . 
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Dual Darboux rotation of dual Frenet frame can be separated into two 
rotation motions: t tangent vectors rotates with a k angular speed round b 
binormal vector, that is 

t' = (kb) x t 

and b' binormal vector rotates with a f angular speed round t tangent vector, 
that is 

b' = ( f i ) x b. 

The separation of the rotation motion of the momentum dual Darboux axis 
into two rotation motions can be indicated as such: 

Q * J. f * / 

vector rotates with a w — angular speed round n principal 
normal, also 

f d \ a 
— = (wn) x — , 

\\d\J 

and n principal normal vector rotates with a ]<9| angular speed round y|j-
dual Darboux axis, also 

h' = d x n. 

From now on we shall do a further study of momentum dual Darboux axis. 
We obtain the unit vector e from dual Darboux vector, 

d _Tt + Kb + e(r*t + Tt* + Kb* + K*b) 

Prom d' = f't + k'b, differentiation of e 

-/ _ d y _ lai^ - d\d\' _ kf - k'r kt - fb 
6 ~ \ d \ 2 ~ + ' + 

is found. Prom this, 

e' = —ui(e x n) 

is written. According to the 2. Frenet formula, 

n' = \d\e x n 

and 
(e x h)' = e' x n + e x n' = we — \d\h 

are obtained. These three equations are in the form of the Frenet formulas 
that is 

h' = \d\e x h 
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(ê x n)' = — \d\n + wê 

ê' = —wê x n, 

where the first coefficient |<9| is nowhere pure dual and second coefficient 

. k? - k'r (£)' 
w = = — — 

f 2 + £ 2 l + ( ? ) 2 

is related only to ? harmonic curvature. Thus, the vectors n, ê x n, ê define 
a dual rotation motion together the dual rotation vector, 

d\ = iun + \d\ë = wn + d. 

Also momentum dual rotation vector is expressed as follows: 

n' = d\ x n 

(ê x n)' = di x (ê x n) 

(ê)' = di x ê. 

This dual rotation motion of dual Darboux axis can be separated into two 
dual rotation motions again. Here d\ dual rotation vector is the addition of 
the dual rotation vectors of the dual rotation motions. 

When continued in the similar way, the dual rotation motion of dual 
Darboux axis is done in a consecutive manner. In this way the series of dual 
Darboux vectors are obtained. 

That is 
= — 

References 

[1] W. B a r t h el, Zum Drehvorgang Der Darboux Achse Einer Raumkurve, J. Geom. 49 
(1994), 46-49. 

[2] W. B l a s c h k e , Vorlesungen Uber Differential Geometry I. Verlag von Juüeus Sprin-
ger in Berlin (1930), pp: 89. 

[3] W. K. C l i f f o r d , Preliminary Sketch of Biquaternions, Proceedings of London Math. 
Soc. 4 (1873), 361-395. 

[4] H. W. G u g g e n h e i m e r , Differential Geometry, McGraw-Hill, New York, 1963. 
[5] H. H. H a c i s a l i h o g l u , Acceleration Axes in Spatial Kinamatics I., Communications, 

Série A: Mathématiques, Physique et Astronomie, Tome 20 A, pp. 1-15, Anneé 1971. 
[6] J. H a r t l , Zerlegung der Darboux-Drehung in zwei ebene Drehungen, J. Geom. 47 

(1993), 32-38. 



390 A. C. Q ö k e n , A. G ö r g ü l ü 

[7] Ö. K ö s e , §. N i z a m o g l u , M. S e z e r , An explicit characterization of dual spherical 
curves, Doga Mat. 12 (1998), No. 3, 105-113. 

[8] E. S t u d y , Geometrie der Dynamen, Leipzig, (1903). 

A. Ceylan Qöken 
DEPARTMENT OF MATHEMATICS 
UNIVERSITY OF SÜLEYMAN DEMIREL 
32260, ISPARTA, TURKEY 
E-mail: ceylan@fef.sdu.edu.tr 

Ali Görgülü 
DEPARTMENT OF MATHEMATICS 
UNIVERSITY OF OSMANGAZI 
26840, ESKISEHIR, TURKEY 
E-mail: agorgulu@ogu.edu.tr 

Received January 2nd, 2001; revised version April, 2001. 


