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INTEGRAL OF FUNCTION WITH VALUES 
IN COMPLETE MODULAR SPACE 

Abstract . The theorem on existence of an integral of a function with values in a 
modular space and some fundamental properties of this integral are given. 

Let X be a real vector space. A functional p : X —> R+, where R+ = 
[0,+oo], is called a convex pseudomodular on X if p(0) = 0, p{—u) = p(u) 
a n d p(au + f3v) < ap(u) + /3p(v) for all u, v € X a n d a, (3 > 0, a + fi = 1. If , 
additionally, p(u) = 0 only for u = 0, then p is called a convex modular on 
X. The vector space Xp — {u € X : p(au) < oo for some a > 0} is called 
the modular space generated by p. Examples of modular spaces, e.g. Orlicz 
spaces, may be found in [3]. 

A sequence (Uk) of elements of Xp is called modular convergent to u, 
u € Xp, if there exists a A > 0 such that p(X(uk — u)) —> 0 as k —> oo. A 
sequence (Uk) is called a Cauchy sequence in Xp, if p(X(uk — ui)) —• 0 as 
k,l oo, for some A > 0. 

The modular space Xp is called complete if every Cauchy sequence in 
Xp is convergent in Xp. In the following by Xp we shall mean a complete 
modular space. 

We assume henceforth that ii is a non-empty abstract set and let 
(ii, E, p) be a finite measure space with a complete and positive measure 
on E. 

Let {Bi, B2,..., Bk) be a finite collection of mutually disjoint, E - mea-
surable subsets of i) and let {ci,C2,..., Cfc} be a corresponding collection of 
points of Xp. The mapping / on ii into Xp defined by 
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k 

f ( x ) = ^dXBiix), 
i=1 

where xb is the characteristic function of B, is called a simple function. 

An arbitrary function / defined almost everywhere on fi into Xp, is said 
to be ap — E—measurable function (briefly p - measurable) if there exists a 
sequence ( f n ) of simple functions such that 

(1) p (Ai (/n (x ) — f(x))) —» 0 as n—y oo for some Ai > 0 

and for almost all x E O, and 

(2) p (\2 f n { x ) ) —• p (\2 f (x ) ) as n —> oo for some A2 > 0 

and for almost all x G fi. 
Let us remark that if A2 > Ai, then the constants Ai and A2 may be 

taken identical. 

LEMMA 1 . Let p be a convex pseudomodular in a real vector space X. If 

u, v G Xp and p(v) < 00, then for arbitrary a such that 0 < a < 1 the 

inequality 

p(u) - p(v) < iap (J-(u - v)^ + ^ap(2v) 

holds. 

P r o o f . Let 0 < a < 1 and (3 = I — a. By convexity of p we have 

p(u) <ap (— — —v) + Pp(v). 
\a a J 

Hence 

p(u) - p(v) < ap ~ v) + < ^aP ~ + 

The following statement shows that if the condition (1) holds for every 
A > 0, then (2) follows from (1). 

PROPOSITION. If p(cu) < 00 for some c > 0 and p(a(un — u)) —> 0 as 

n —> 00 for every a > 0, then there exists a constant a i > 0 such that 

p(aiun) —> p{a\u) as n —> 00. 

P r o o f . Let e > 0 be arbitrary and let p (|cnn ) > p (\cu) . Let a € (0,1] 
be so small that |ap ( cu ) < \e. For given a 

^ap ( ¿ ( n n - « ) ) < 
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holds for sufficiently large n. Thus, by Lemma 1, we have 

0 < p - P - ~ + \ap(cu} < e 

for sufficiently large n and a G (0,1]. 
Let now p (\cun) < p (\cu) . Then 

0 < P _ P - ~ + \aP(CUn)-

For the sequence (p there exists a constant M > 0 such that 

P ^ P{c{un - u)) + p(cu) < M 

for every n. Hence, we obtain 0 < p (\cu) —p < e for sufficiently small 
a G (0,1] and sufficiently large n. Finally, we have |p — p ( | c u ) | < e 
for sufficiently large n. • 

Let / : VL —> Xp be a simple function. The p — Bochner integral of f is 
defined by 

k 

\ = Y^Cin{Bi). 
n i=I 

Immediately from above definition it follows 

LEMMA 2. (i) Let f : fi —> Xp be a simple function. Then 

pi \ f(x)dpj < - J p(cf(x))dn, 
\ o / C o n 7 n 

where c = /x(íí). 
(ii) Let / , g be two simple functions, a,(3 G R. Then af + (3g is also 

a simple function and 

\ ( a / ( s ) + (3g{x)W = a j f(x)dp + 0 \ g{x)dp,. 
q n Q 

A function / : Q —> Xp is said to be p — Bochner integrable if there 
exists a sequence ( /„) of simple functions satisfying (1) and (2) such that 

(3) lim \ p(A 3 ( / n (x) - f(x)))dp = 0 for some A3 > 0, n—•oo J 

n 

(4) lim 5 \p(X2fn(x)) - p(X2fm(x))\dp = 0, 
N.M—»OO J 

Í3 
where the constant A2 is the same as in (2). 
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For any set B € £ and for any p-measurable and integrable / we define 
the p — Bochner integral of f over B by 

\f(x)dfi= lim \ xB(x)fn(x)dn. 
J n—+00 J 

B ÍÍ 

The above limit exists and its value is independent of the approximating 
sequence of simple functions ( f n ) . 

Let us denote 

sn = \ XB{x)fn(x)dfi. 
n 

The existence of the limit follows from the inequality 

P ( ^ ( « n - í m ) j < Y \ P(As(/n(®) ~ f(x)))d/i 
\ c J c B 

+ ^ \ P(Wfm(x) - f(x)))dn 
¿ c B 

where c — n(U), and from the completeness of Xp. The constant A3 is chosen 
as in (3). 

THEOREM 1. Let p be a convex modular on X. A p-measurable function 
f : fl —> Xp is p-Bochner integrable if and only if the function p(cf(x)) is 
p,-intergrable with the constant c from (2). 

P r o o f . Since / is p-measurable there exists a sequence (/„) of simple func-
tions satisfying (1) and (2). Define functions yn, n = 1 , 2 , . . . , on Q by 

yn(X) = { UX) if X G An ^ 
1. 0 otherwise 

where An = {x € Q : p(A2/„(x)) < 2p(A2/(x))}. Obviously every yn is 
simple. We put B = n£°=1 U£ln A'k, where A'k = ÍÍ - Ak. Then we have 
p,(B) = 0, (see [2]). Hence p(Xi(yn(x) — f{x))) —> 0 as n —> 00 almost ev-
erywhere on Q, and p(\2yn(x)) —> p(\2f(x)) as n —> 00 almost everywhere 
on ÍÍ. 

Moreover, if Ai < A2 then 

p Qai (y n (x) - f ( x ) ) ) < p(X2yn(x)) + p(X2f(x)) < 3p(A2/(x)) 

for almost all x € Í1 The dominated convergence theorem yields 

lim \ P ( ¿ A i ( y n { x ) - f(x)U dp = 0. 
n—too J \ ¿ j f2 X 7 
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In the case Ai > A2 the constants in (1) and (2) may be taken identical 
puting the smaller of them. Then 

p Q A 2 ( y n ( x ) - / ( * ) ) ) < 3p(A2 /(x)) 

and 

J ™ , 5 p Q ^ f n í 1 ) ~~ / ( x ) ) ) d = 

Arguing in a similar manner we may easily show that 

lim \ \p(\2yn{x)) ~ p{Mym{x))\dn = 0. m.n—*00 J 
n 

Thus / is p-Bochner integrable. 
Let the function / be p-Bochner integrable and let ( / n ) be a sequence of 

simple functions with properties (1) - (4). Let us denote zn(x) — p(\2fn(x))-
The functions zn are simple and the sequence (zn ) is convergent to p(X2f{x)) 
for almost all x G fi. Applying (4) we obtain for any fixed e > 0 

< e \ zn(x)dn- J zm(x)dfi 
ci n 

for sufficiently large m, n. Hence p(\2f{x)) is ¡JL- integrable over il. m 

Let us consider the modular space Xp with Luxemburg norm || ||p gener-
ated by the convex modular p. We shall investigate the connection between 
Bochner integral of / and p-Bochner integral of / . We shall show that if the 
function / : Í2 —» Xp is strongly measurable ajad Bochner integrable, then 
/ is also p-measurable and p-Bochner integrable on Ci. 

Let us suppose that the function / is Bochner integrable. Then there 
exists a sequence ( / „ ) of simple functions, / „ : ii —> Xp, such that 

(5) lim \\fn(x) — /(a;)||/j = 0 for almost all x e Í2, n—»oo 
and 

(6) lim S u f n ( x ) - f ( x ) W P d f i = 0. n—»00 •> 
n 

In virtue of (5), 

(7) p(A(/n(x) — f(x))) —» 0 almost everywhere in ÍÍ for every A > 0. 

Let 0 < e < 1. By (5) we have ||A(/n(x)-/(x))||p < e < 1 almost everywhere 
in ÍÍ for every A > 0 and n > N(X,x). Hence 

p(A( /„ (x ) - f(x))) < ||A(/„(x) - f(x))\\p 
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almost everywhere in fi for sufficiently large n. Integrating above inequality 
over fi and applying (6) we obtain 

lim \ p(A(/n) - f(x)))dp = 0 for every A > 0. n—• oo J 

n 

In order to prove (2) let us first show that for every strongly measurable 
function / there exists a constant d> 0 such that p(df(x)) < oo for almost 
all x e i). Let g : il —> Xp be a simple function, g(x) — ciXBi(x), 
where {ci, C2,.. . , C Xp. For every i, i = 1 , 2 , , . . . , k, there exists Aj > 0 
such that p(XiCi) < oo. Let a = min {Ai, A2,. . . , Afc} . Then 

(9) p(aci) < 00 for i = l,2,...,k. 

Hence p{ag{x))dp = X]t=i p{aci)p>(Bi) < 00. We conclude: there exists a 
constant a > 0, independent on x, such that the real function p(ag(x)) is p-
integrable on fl. 

For arbitrary no € N, by (9), we have that 

(10) p(cfno(x)) < 00 for some c > 0 and every x 6 fi. 

Thus, by (7) and (10), we obtain 

(11) p Q c / ( * ) ) < \p{c{f{x) - fno(x))) + i p ( c f n o ( x ) ) < OO 

for allmost all x € fi. Therefore, putting d — we have 

(12) p(df(x)) < 00 for almost all x € i i . 

In virtue of Proposition, by (7) and (12), we obtain 

(13) p f \cfn(x) ] —> p f ^cf(x) j as n -> 00, almost everywhere in Q. 

Thus / is /9-measurable 
Replacing the constant by | c in (11) and integrating this inequality 

over ÍÍ, we have by (8) 

\ P d»<\p Q c ( / ( x ) - / n o ( x ) ) ^ dp+\ p Q c / „ 0 ( x ) ^ dp, < 00. 

Thus the real function p (^cf(x)) is /x-integrable on fl. Hence, by Theorem 1, 
f is p-Bochner integrable on fi. 

Now, let us take into account the following example. Let us consider the 
Lebesgue space Lp(0,1), p > 1 as the Orlicz space L^ where </>(s) = ^s p , 
p > 1. Then obviously 1/^(0,1), p > 1 is a modular space generated by the 
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modular p{u) = Let || ||p be a Luxemburg norm generated 
by p. Then we can express the norm || ||p in the following form ||nj|p = 

( j ) ? ||u||p, where ||«||p = • If / = Í* ^(0,1) is p-

integrable, then p ( f n { x ) - f { x ) ) -> 0 and l n p { f n { x ) - f(x))dp -> 0 as 
n —> oo almost everywhere in f i for some sequence (/„) of simple functions. 
The first condition is equivalent to ||/n(x) — f(x)\\p —> 0 as n —> oo a.e. in 
Í) and for the second of them we have 

S p(fn(x) - f(x))d/i = 5 ||/n(x) - f{x)%dp. 
a n 

This equality implies that 

^ \\fn{x) — f(x)\\pdp, —• 0 a s n —> oo a . e . i n Cl. 

n 

Thus / is a strongly measurable and Bochner integrable. 

Further elementary facts about the p-Bochner integral are collected bel-
low. 

THEOREM 2. If f is a p-Bochner integrable function, then 

( i ) l i m \ f ( x ) d p = 0 , 

( i i ) if (A{) is a sequence of pairwise disjoint members of £ and A = 

oo 
then j f(x)dp = ^ J f(x)dp. 

A i=l Ai 

P r o o f , (i) Let (/„) be a sequence of simple functions. Let us denote 

u(A) — ^ f{x)dp. and un(A) = j fn(x)dp for any A G E . 

A A 

There exists the constant a i > 0 such that for every e > 0 

\ ( ^ a i ( f n ( x ) - f(x))^ dp, < e for n>n0. 

We can find the constant a2 > 0 such that the real functions p(a,2fn(x)), 

n — 1 , 2 , . . . , no are /¿-integrable. Thus, we can choose 6 > 0, that 

(14) J p(a2fn{x))dfi < e for every A 6 E with p,(A) < 6 
A 
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and n — 1,2,... ,n0. Taking a = min{01,02}, we have that for n > no 

(15) \ dfi<^\p Qa(/„(x) - fno(x))J dp 

+ \ \ p Q a / n o W ) dp < e 

provided p(A) < 6. Combining (14) and (15) we obtain that for every n 

(16) ^ p dp < e provided p(A) < 6. 

Since, for c = j ^ f j , the following inequality 

p(cun(A)) < \ p Qa/n(x)^ dp, 

holds. Then, in virtue of (16), the functions vn are uniformly absolutely 
continuous. 

Prom the definition of p-Bochner integral and the inequality 

p(v{A)) < ^ ( j f(x)dn - J /„(*Mm)) + \p{2un(A)) 

it follows that there exists a constant b > 0 such that p(bu(A)) < e provided 
p{A) < 6. 

(ii) Let us show first that for any fixed n, we have 
, OO V OO 

(17) M 
' i=1 

For arbitrary set B € £ and e > 0 by Lemma 2 and (3) we have 

P ( j ^ M B ) - Vm(B))j < J P(\s(fn(x - fm(x))))dp < 6 

for n, m > no- Hence, by completeness of the space Xp, the sequence (u n (B ) ) 
is uniformly convergent to v(B) with respect to B € S. Thus, there exists 
a constant a > 0 such that 

(18) p{a{v{A)-vn{A))) < e and p ^ ( J A^j - u ^ ( J Ai < e 

for sufficiently large n. 
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Arguing in a similar manner as in the first part of the proof of the thesis 
(i), we obtain that there exists a constant c > 0 such that 

^ p(cfn(x))dp < oo 
A 

for every n. Therefore the series X ^ i Sa. p{cfn{%))dp is convergent and 
consequently 

oo 
(19) E ^ p{cfn{x))dp —• 0 as k —* oo. 

i—k+1 Ai 

It follows from (17) that 

/ k \ 1 °° 
p i M ^ - E ^ ) ) ^ 77m E S P(^) fn(x) )dp . 

^ ¿=1 ' ^ ' i=k+lAi 

Hence, by (19), we get that for ci = e ( n ) 

k 
(20) p^ci ^L>n(A) — ^ ^n(^i)^^ < e for sufficiently large k. 

By convexity of p, we have that for every pair of positive integers k and n 

p(u(A) - E <W) < - fn(A))) 
^ ¿=1 ' 

Finally, let b = |min{a,ci}. Then, by (18) and (20), we have, for suffi-
ciently large positive integers k 

This completes the proof of the theorem. • 
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