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CLASSES OF FIRST-ORDER 
DIFFERENTIAL SUPERORDINATIONS 

Abstract . Let ip : C 2 —> C be an analytic function in a domain A C C 2 , let p an 
analytic function in the unit disc U such that ip(p(z), zp'(z)) is univalent in U and suppose 
that p satisfies the first-order differential superordination 

h(z) tp(p(z),zp'(z)). 

In the case when <p(p(z), zp (z)) = a(p(z)) + P(p(z)) j(zp'(z)) we determine conditions 
on h, a, 0 and 7 so that the above subordination implies q(z) -< p(z), where q is the 
largest function so that q(z) -< p(z) for all p functions satisfying the first-order differential 
superordination. The concept of differential superordination was introduced by S. S. Miller 
and P. T. Mocanu in [2] like a dual problem of differential subordination [1], 

1. Introduction 
Let denote by H(U) the class of analytical functions in the unit disc 

U = {z € C : \z\ < 1} and for a € C and n e N* let 

H[a, n] = { / e H{U) : f{z) = a + anzn + a n + i z n + 1 + . . . , * € u } . 

If / , F € ff(U) and F is univalent in U we say that the function / 
is subordinate to F, or F is superordinate to / , written f(z) F(z), if 
/(0) = F(0) and/(U) C F(U). 

Let ip : C3 x U C, let h e H{U) and q € H[a,n}. In [2] the authors 
determined conditions on ip such that 

h(z) -< ip(p(z),zp'(z),z2p"{z);z) 
implies q(z) -< p(z), for all p functions that satisfies the above superordi-
nation. Moreover, they found sufficient conditions so that the q function is 
the largest function with this property, called the best subordinant of this 
subordination. 
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The present paper deals with the case when 

f(p{z),zp'(z)) = a(p(z))+p(p(z))j{zp'(z)). 

We determine conditions on h, a, (3 and 7 so that this subordination implies 
q(z) -< p{z), and we find its best subordinant q. 

2. Preliminaries 
In order to prove our main results we will need to use the next definitions 

and lemmas. 
Let h e H(U) with h(0) = 0, h'(0) ± 0. We say that h is a starlike 

(univalent) function if 
r. zh'iz) 
Re — V > 0, 2 6 U. 

h(z) 
A function h € H(XJ) is called to be convex (univalent) if 

R e ^ 4 + 1>0, zev. h'{z) 

We say that the function L : U x [0,+oo) —> C is a subordination (or 
Loewner) chain if L(-,t) is analytic and univalent in U for all t > 0, L(z, •) 
is continuously differentiate on [0, +00) for all z € U, and L(z, s) -< L(z,t) 
when 0 < s < t. The following lemma gives us sufficient conditions for L to 
be a subordination chain. 

LEMMA 2.1 ([3, p. 159]). The function L(z, t) = ai(t)z + a2(t)z2 + ..., with 
a \a\(t 
-00 

dL/dz 

ai(t) ^ 0 for t > 0 and lim |ai(i)| = +00, is a subordination chain if t—>+00 

(2.1) Re > 0, z € U, t > 0. 
dL/dt J 

For the next lemma that we will use to prove our result we need the 
following definition. 

DEFINITION 2.1 ([2]). We denote by Q the set of functions h that are analytic 
and injective on U \ E(h), where 

E(h) = j c 6 SU : lim h(z) = 00 j , 

and such that h'(Q ^ 0 for C G 5U \ E(h). 

LEMMA 2.2 ([2, Theorem 7]). Let q 6 H[a, 1], let ip : C2 C and set 
<p(q(z), zq'(z)) = h(z). If L(z,t) = ip(q(z),tzq'(z)) is a subordination chain 
and p E H[a, 1] fl Q, then 

h(z) ip(p(z),zp'{z)) => q(z) -< p(z). 
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Furthermore, if ip(q(z), zq'(z)) = h(z) has a univalent solution q € Q, then 
q is the best subordinant. 

3. Main results 

THEOREM 3 .1. Let q be a convex (univalent) function in the unit disc U, let 
a, 0 € H(D), where D D g (U) is a domain, and let 7 6 H(C). Suppose that 

R e ^ W ) + W W 7 / y < * » > 0, Vz e U and Vt > 0. 

I f p e # [ ? ( 0 ) , 1 ] n Q, with p (U) C D, and a{p{z)) + /3(p(z))j(zp'(z)) is 
univalent in U, then 

a(q(z)) + 0(q(z)) l(zq'(z)) = h(z) -< a(p(z)) + J3(p(z)) -y(zp'(z)) 

q{z) <p(z), 

and q is the best subordinant. 

P r o o f . Set t ing tp(p(z), zp'(z)) = a(p(z))+(3(p(z)) ^(zp'(z)), by the assump-
tion we have h(z) -< ip(p(z), zp'(z)) and ip(p(z), zp'(z)) is univalent in U. 

I f we let 

L{z, t) = a{q(z)) + /3{q(z)) j{tzq'{z)) = ai(t)z + . . . , 

then 

= pmw(PW(P) 
t + ^ ( 9 ( 0 ) ) + ^ ( 9 ( 0 ) ) 7 ( 0 ) 

0 ( 7 ( 0 ) ) V ( 0 ) 

Prom the univalence of q we have q'(0) ^ 0 and by using (3.1) for z = 0 we 
deduce that 

ai(t) = jÉO, Vt> 0, and lim |ai(i)| = + 0 0 . 

oz t—»+00 

A simple computat ion shows that 

dL/dz R e 
dL/dt J 

- R e 
a'(q(z)) + f3'(q(z)) 7(tzq\z)) + / zq"(z) 

P(q(z))Y(tzq>(z)) V q'(z) 

According to (3 .1) and using the fact that q is a convex (univalent) function 
in U we obtain 

dL/dz 

''dL/dt. 
and by L e m m a 2.1 we conclude that L is a subordination chain. Now, ap-
plying L e m m a 2.2 we obtain our result. • 

Taking fi(w) = 1 in the above Theorem we get the next corollary: 

R e > 0, 2 € U, t > 0, 
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COROLLARY 3.1. Let q be a convex (univalent) function in the unit disc U, 
a 6 H{D), where D d g(U) is a domain, and let 7 £ H(C). Suppose that 

R-e T/ > 0, V2 € U and Vt > 0. 
i{tzq'(z)) 

If p G #[g(0) , 1] fl Q, with p (U) C D, and a(p(z)) + 7 ( zp ' ( z ) ) is univalent 

in U, then 

a{q{z)) + l{zq'(z)) -< a(p(z)) + 7(zp'(z)) => -< 

and q is the best subordinant. 

For the particular case when 7(w) = w, using a similar proof as in 
Theorem 3.1 we obtain: 

COROLLARY 3.2. Let q be a univalent function in the unit disc U and let a, 

(3 6 H(D), where D D g(U) is a domain. Suppose that 

(ii) Q(z) = zq'(z)(3(q(z)) is a starlike (univalent) function in U. 

I f p £ H[q{0), 1] fl Q, with p(U) C D, and a(p(z)) + zp'(z) j3(p(z)) is 

univalent in U, then 

a(q(z)) + zq'(z)j3(q(z)) -< a(p(z)) + zp'(z)j3(p(z)) ^ q(z) -< p(z), 

and q is the best subordinant. 

For the case (3(w) = 1, using the fact that the function Q(z) — zq'(z) is 
starlike (univalent) in U if and only if q is convex (univalent) in U, Corollary 
3.2 becomes: 

COROLLARY 3.3. Let q be a convex (univalent) function in the unit disc U 
and let a 6 H(D), where D D <z(U) is a domain. Suppose that 

(3.2) R e a ' ( ^ ) ) > 0, Vz e U. 

If p 6 ii[<?(0), 1] fl Q, with p(U) C D, and a(p(z)) + zp'(z) is univalent in 

U, then 

a{q(z)) + zq'(z) a(p(z)) + zp'(z) q{z) ^ p(z), 

and q is the best subordinant. 

Next we will give some particular cases of the above results obtained for 
appropriate choices of the q, a and ¡3 functions. 

EXAMPLE 3.1. [2, Theorem 8] Let q be a convex (univalent) function in 
the unit disc U and let 7 G C, with Re 7 > 0. If p € H[q(0), 1] H Q and 
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zp'(z) 
p(z) H is univalent in U, then 

7 

. . zq'(z) . . zp'(z) . . . . 
q{z) + -< p{z) + => q(z) ~< p(z), 

7 7 
and g is the best subordinant. 

P r o o f . Taking a(w) = w and /3(w) = I / 7 , R e 7 > 0, in Corollary 3.2, 
condition (i) holds if Re 7 > 0 and (ii) holds if and only if q is a convex 
(univalent) function in U. • 

EXAMPLE 3.2. Let q be a convex (univalent) function in the unit disc U and 
suppose that 
(3.3) \lmq(z)\<^, z G U. 

If p G H[q(0), 1] n Q and ev{z) + zp'(z) is univalent in U, then 

eq(*) + zq'^z) ^ eP(*) + ^ q(z) 

and q is the best subordinant. 

P r o o f . Considering in Corollary 3.3 the case a(w) = ew, then condition 
(3.2) becomes 

Rect'(q(z)) = e R e ? ( z ) cos(Imç(z)) > 0, z G V, 

that is equivalent with (3.3). • 

REMARK 3.1. Taking q(z) = Az, |A| < 7R/2 in Example 3.2 we have the next 
result: 

If p G H[ 0,1] HQ such that ep ( z ) + zp'(z) is univalent in U and |A| < TT/2, 
then 

e A z + Az -< e p ( z ) + zp'{z) A z ^ p ( z ) , 

and \z is the best subordinant. 
EXAMPLE 3.3. Let g be a convex (univalent) function in the unit disc U and 
suppose that 
(3.4) Reç(z ) > z G U. 

P2(z) 
I f p G H{q(0), l ] n Q a n d - (5p(z) + zp'(z) is univalent in U, t h e n 

z 

¿ p . _ pq{z) + zq'{z) (3p(z) + zp'(z) =» q(z) -< p(z), 

and q is the best subordinant. 

w^ 
P r o o f . If we consider in Corollary 3.3 the case a(w) = ¡3w, then we 

2 
may easily see that (3.2) is equivalent with (3.4). • 
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REMARK 3.2. 1. The function q(z) ~ eXz is convex (univalent) in U if and 
only if |A| < 1, and under this assumption Re q(z) > 0, z € U. Using the 
result of Example 3.3 for this choice we obtain: 

P2(z) If p e H[l, 1] n Q such that + zp'(z) is univalent in U and |A| < 1, 
¿i 

then 

+ AzeA* -< + z p \ z ) => eXz < p{z), 
¿t ¿i 

and eXz is the best subordinant. 
2. The function q(z) = 1 + ^ < 1, is convex (univalent) in U 1 + z 

and Reg(z) > ß, z € U. Hence, by using Example 3.3 we have: 

If peH 

ß < 1, then 

p2(z) 
If p € H[ 1,1] n Q such that ^ - ßp{z) + zp'(z) is univalent in U and 

Zi 

1 + (2/3 - 1 )z 
1 + z 

, 1 + (2/3 - l)z . , , , 
and is the best subordinant. 

1 + z 

-<p(z), 
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