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ORDER ALGEBRAS

Abstract. To every ordered set with a greatest element is assigned an order algebra,
a Hilbert algebra occuring in intuicionistic logic. We prove some basic properties of order
algebras and characterize their ideals and congruences. We introduce a concept of (relative)
annihilator and show that it is a (relative) pseudocomplement in the lattice of all ideals.

Ordered sets as a basic algebraic structure were treated from various
points of view. We introduce an approach mentioned by A. Diego [6] such
that to every ordered set is assigned the so called order algebra and we will
study its properties. This method is in fact that which was used for graphs
where the so called graph algebras were introduced. The same appproach
was used also for BCK-algebras inherited from posets by Tanaka in 1975
and by Kim in 1997, see also Romanowska and Traczyk [9], [10]. The aim
of this paper is to investigate certain algebraic properties of order algebras
and to show certain connections with algebras of mathematical logic.

DEFINITION 1. Let (P, <) be an ordered set with a greatest element 1.
Introduce a binary operation on P as follows:

ifz<ythenz- -y=1and z- -y =y otherwise.

An algebra P = (P;-, 1) of type (2,0) is called an order algebra (assigned to

REMARK 1. It is evident that an order algebra can be assigned to an arbi-
trary ordered set (not necessarily having a greatest element). If (P, <) has
not a greatest element, then an order algebra P has a base set P, = PU{1},
where 1 ¢ P is a new element. Not distinguishing whether (P, <) has or has
not a greatest element and P is based on P or P;, we will consider only
ordered sets with 1. As mentioned, it is without loss of generality.

1991 Mathematics Subject Classification: 06A11, 08A30, 06A06.
Key words and phrases: ordered set, order algebra, ideal, congruence, annihilator.



2 I. Chajda, R. Halas

The following three results can be easily proved directly by Definition 1
and they describe extremally simple structure of order algebras.

PROPOSITION 1. Let (P, <) be an ordered set with a greatest element 1 and
P = (P;-,1) the assigned order algebra. For every subset A C P, the set
AU{1} is a universum of a subalgebra of P generated by A. Hence, the lattice
Sub P of subalgebras of P is Boolean and if |P| = n then Sub P ~ 2"1,

Order algebras are connected with algebras modelling a logic connective
implication in intuicionistic logic. For to show it, let us recall the concept of
Hilbert algebra.

DEFINITION 2. A Hilbert algebra is an algebra H = (H;-,1) of type (2,0)
satisfying the following three axioms:

Hz-(y-z)=1
(i) (z-(y-2) - ((z-9) - (z-2) =1

(i) z-y=1landy-z=1imply z = y.

Let us note that Hilbert algebras were introduced in early 50-ties by L.
Henkin and T. Skolem for some investigations in intuicionistic and other
non-classical logics. In 60-ties, these algebras were studied by A. Horn and
A. Diego from an algebraic point of view. A. Diego [6] proved that Hilbert
algebras form a variety which is locally finite. Hilbert algebras were recently
treated also by D. Busenag [3], W.A. Dudek [7] and the authors [5].

PROPOSITION 2. For every ordered set (P, <) with a greatest element 1, the
assigned order algebra P = (P;-,1) is a Hilbert algebra.

Proof. See e.g. [6]. m

Applying results of Hilbert algebras in [6] (collected also in [5] or [7]),
we can state immediately:

COROLLARY. For every order algebra the following assertions hold:

Vz-z=1
2)l-z=2
3)z-1=1

Qz-(y-2)=y-(z-2)

B)z-(y-2)=(z-y) (z-2)

B)z<y=>z-z<z-yandy-z<z-2

(Mz<(z-y)y

Bz y<(y-z)(z-2)

Dy -z2<(z-y) (z-2).

By a “language of order algebras” we mean the first order language with
added symbols =, <, -, 1.

Y —
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Denote by W the class of all order algebras. It is easy to see that W
is closed under subalgebras and homomorphic images but not under direct
products, i.e. W is not a variety or quasivariety. On the other hand, W can
be easily described by formulas of our language:

PROPOSITION 3. An algebra P = (P;-,1) of type (2,0) is an order algebra
if and only if it satisfies the following azioms:

@ z-(y-z)=1
(i) (z-(y-2) - ((z-y) (2 2)) =1
(i) z-y=1landy-z=1implyz =y
(iviz-y#limplyz-y=y.
If P is a Hilbert algebra then (see [3], [6], [7]) the relation < defined by
z<yifandonlyifz.-y=1 (%)
is an order relation on P.

REMARK 2. The axiom (i) occuring in Proposition 3 can be replaced by two
more simple ones:
z:z=1 and 1l.-z=z2. (%*)

In fact, (i) ensures reflexivity and (ii) ensures transitivity of the relation in-
troduced by (x). Of course, (iii) ensures antisymmetry. Moreover, (i) ensures
that 1 is a greatest element. Evidently, (**) says that < defined by (*) is
reflexive and 1 is a greatest element.

REMARK 3. Let (P, <) be an ordered set with a greatest element and P =
(P;-,1) its assigned order algebra. We can express in the language of order
algebras whether z,y € P have an infimum or supremum:

(A)ifdz€ Psuchthatz-z2=1=y-zandz-t=1=y-t=>2-t=1
then z = sup(z,y),

B)if I we Psuchthatw-z=1=w-yandt-z=1=t.y=>t-w=1
then w = inf(z,y).

Hence, we can express the fact whether (P, <) is a semilattice or a lattice
in terms of an assigned order algebra.

Another algebra describing a more restrictive connective implication was
introduced by J.C. Abbett [1] under the name implication algebra:

DEFINITION 3. An implication algebra is a grupoid (A4, -) satisfying the fol-
lowing identities:

(@) (z-y) z=2

b)(z-y)-y=(y-z) -z

©z-(y-2)=y-(z-2)
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It was shown by J. C. Abbott [1] that every implication algebra satisfies
the identity
T-T=y-y
thus z-z is an algebraic constant of (4, -); it is denoted by 1. As it was proved
by A. Diego [6], every implication algebra is a Hilbert algebra. Hence, there
is a natural question which order algebra is an implication algebra.

THEOREM 1. Let (P, <) be an ordered set with a greatest element. The as-
signed order algebra P = (P;-,1) is an implication algebra if and only if
(P, <) does not contain a chain of length n > 2.
Proof. Suppose that (P, <) contains at least three element chain, i.e. there
are a,b € P with a < b < 1. Then
(b-a)-b=a-b=1+#b,

i.e. P does not satisfy (a) of Definition 3.

Conversely, suppose that (P, <) does not contain at least three element

chain, i.e. al|b for any distinct elements a,b € P with a # 1 # b. We prove
the axioms of Definition 3.

ad(a):
if z]ly then (z-y) - z=y-z =2
ify=1then(z-1)-z=1-z==z
ifr=1then(l-y) - 1=y-1=1=uz.

ad (b):
if z|ly then (z-y) - y=1=(y-z) -2
ify=1then(z-1)-1=1=z-2=(1-2) -2
ifz=1then (1-y) - y=y-y=1=(y-1) 1L

ad (c): Suppose y £ z.
IfzLzthenz-(y-2)=z-2=2and

y-(z-2)=y-z2=2
ifr<zthenmz=1landz-(y-2z)=z-1=1
y-(z-2)=y-1=1;
ifr=zthenz-(y-2)=z-2=z-z=1
v (@2)=y @)=y 1=1
Suppose y < z. Then z =1 and
z-(y-2)=z-1=1, y-(z-2)=y-1=1.

Suppose y =z. Thenz-(y-2)=z-(y-y)=z-1=1;
ifr<ythenz<zandy - (z-2)=y-(z-y)=y-y=1
ifzLytheny-(z-2)=y-(z-y)=y-y=1
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In all the cases we infer z - (y - 2) = y - (z - 2). Altogether, (P,) is an
implication algebra. m

REMARK 4. We have shown that an order algebra P assigned to (P, <) is
an implication algebra if and only if the diagram of (P, <) looks as in Fig.1.

1

Fig. 1.
For an ordered set (A, <), a non-void subset F C A is called an order-
filter if z € F and z < y entail y € F. If B C A, we denote by F(B) an
order-filter generated by B, i.e.

F(B) = {z € A;b < z for some b € B}.
If B = {b}, we will write briefly F(b) instead of F({b}).
The following concept was introduced for Hilbert algebras in [5]:

DEFINITION 4. A non-void subset I of a Hilbert algebra H = (H;-,1) is
called an ideal of H if

M)zeHyelimplyz-yel
(I12) z € H,y1,y2 € I imply (y2- (y1-3)) -z € L.

It is immediately clear that 1 € I for every ideal I of H because I # 0
and when a € I then, by (I1), also 1 = a-a € I. We can describe connections
of ideals of order algebras and filters of their ordered sets:

THEOREM 2. Let (P, <) be an ordered set with a greatest element and P =

(P;-,1) be its assigned order algebra. A non-void subset I C P is an ideal
of P if and only if I is an order-filter of (P, <).

Proof. Let I be an ideal of P = (P;-,1). Immediately by (I1), I is an
order-filter of (P, <).

Conversely, suppose that I is an order-filter of (P,<).Ifz € Pandy € I
then z < 1 and, by (6) of the Corollary, y=1-y <z-y,ie alsoz-y€ I
Hence I satisfies (I1). f a € I and a- b € I for a,b € P then:

ifafbthenb=a-bel

if a < b then b € I, because [ is an order-filter; we have shown

ac€landa-belimply bel. (%)
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Now, by (4) and (1) of the Corollary,

y-((y-2)-2)=(-2)-(y-2)=1
thus y < (y- z) - 2. Hence, if y € I thus also (y-2) -z € I.
Consider y1,y2 € I. In account of the Corollary, we infer for any z € P

y2-((n-(2-2) -2l =(n-(v2-2)) (v2-2)=(y1-2)-2z€1

(where z = y2 - ). Applying (* * *), we obtain (y1 - (y2 - z)) - z € I proving
(I2), i.e. I is an ideal of P. m

The following concepts were introduced in (8] and [4].

Let A= (A, F') be an algebra. A congruence © € Con A is called a Rees
congruence if it has at most one class which is not a singleton.

Let A = (A, F) be an algebra with a constant (e.g. denoted by 1) where
the concept of ideal is defined. A is called a Rees ideal algebra if for each
© € Con A the class [1]e can be the only nonsingleton class which is an
ideal of A and, moreover, for every ideal I of A

wU({I xI)eConA

(where w denotes the identity relation on A).

THEOREM 3. Let P = (P;-,1) be an order algebra (assigned to (P, <)).
For every ideal I of P there exists a unique congruence © € ConP such
that [1)g = I. Moreover, this © is a Rees congruence and P is a Rees ideal
algebra.

Proof. Let I be an ideal of P. Define a relation ©; on P as follows
(z,y)€Orifand only if z =y or z,y € I.

Evidently, ©; is an equivalence on P and, since I is an order-filter of (P, <),
one can easily check that ©; € ConP. Of course, [1}g, = I. To prove that
Oy is a unique congruence on P having the class I, we need only to show
that every © € ConP is a Rees congruence.

Suppose © € ConP. It is almost evident that [l]g is an order-filter of
(P, <) and, by Theorem 2, it is an ideal of P.
Suppose (z,y) € O for ¢ # y. Then

(L,z-y)=(z-z,2-y) €O and
(l,y-z)=(z - z,y -z) €O.

Since z # y, we have either z -y = y or y - * = z, thus either (1,z) € © or
(1,y) € ©. Due to transitivity of ©, we have z,y € [1]g in the both possible
cases. Thus © is a Rees congruence. Altogether, we have also shown that P
is a Rees ideal algebra. =
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REMARK 5. Let P = (P;-,1) be an order algebra and I its ideal. By Theorem
3, there is a unique ©; € Con P such that [1]g, = I. Applying the method
of the previous proof, ©y can be described in the language of order algebras
as follows:

(z,y) €Orifandonlyifz-yelandy-z € 1.

We can study the congruence properties of order algebras. Let us recall
the basic concepts. We say that an algebra A is

— permutable if O o ® =P o O for each O, € Con A

— congruence distributive f © N (@ V ¥) = (06N &)V (O0NY) for each
0,5, VeConA

— congruence regular if [a]e = [a]s for some a of A implies © = & for
each ©,% € Con A.

— weakly reqular if A has a constant 1 and [1]e = [1]¢ implies © = &
for each ©,® € Con A.

THEOREM 4. Every order algebra is permutable, congruence distributive and
weakly regular. It is regular if and only if it has at most two elements.

Proof. Let (P, <) be an ordered set with 1 and P = (P;, 1) its assigned
order algebra. Let I,J be ideals of P. Since I, J are order-filters of (P, <),
also I U J is an order-filter and hence ideal of P. It is an easy exercise to
prove that

©100; =061y

where these congruences are those having its 1-classes equal to I,J and
I'U J. Since P is a Rees ideal algebra, this yields immediately that P is
permutable. In other words, we have ©; V ©; = Oy, in ConP. However,
it is clear that ©; N ©; = O~y which immediately implies that ConP is
distributive. By Theorem 3 we know that P is weakly regular.

Of course, if |P| < 2 then P is simple and hence congruence regular. On
the contrary, if |P| > 2 then there exist z,y € P, y # 1, with z ¢ F(y). By
Theorem 3, [z]g = {z} for © = wU (F(y) x F(y)) € ConP, i.e. [z]e = [z]u
but © # w, i.e. P is not congruence regular. »

The last concepts treated here will be annihilators of order algebras. The
concept of an annihilator was already introduced and studied for commuta-
tive BCK-algebras in {2].

DEFINITION 5. Let (P, <) be an ordered set and P = (P;+,1) its assigned
order algebra. Let B, C be non-void subsets of P. The set

(C)={z € P;z-c=cforeach ce C}
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is called an annthilator of C. The set
(C,B)={z € P;(z-c)-c€ B for each c € C}
is called a relative annihilator of C with respect to B.

If C = {c} then (C) will be denoted briefly by (c).
For an ordered set (P,<) and § # M C P we denote by U(M) = {z €
P;p < z for each p € M}.

LEMMA. Let (P,<) be an ordered set with a greatest element and P =
(P;-,1) its order algebra. For each non-void C C P and every b € P we
have

(C) ={z € P;z £ c for each c € C\{1}}
and (F(B)) = {z € P;U(z,b) = {1}}.

Proof. The first assertion follows directly from the definition of annihilator
and the fact that z - ¢ = ¢ for ¢ # 1 if and only if z £ ¢. For the second
assertion, it is clear that F(b) contains all elements y € P such that b < y
and, by using of the first statement, (F(b)) is composed of all z € P which
are non-comparable with every y # 1 such that b <y, i.e. U(z,b) = {1}. =

REMARK 6. The previous Lemma justifies the name ”annihilator”. Namely,
for b € P the annihilator (F(b)) is the set of those z € P which ”annihilate”
every y € F(b) with respect to 1.

THEOREM 5. Let P = (P;-,1) be an order algebra assigned to (P,<) and
b€ P. Then (b) is an ideal of P.

Proof. If z € (b) and z < y then, by the Lemma, also y € (b). Thus (b} is
an order-filter in (P, <) and, by Theorem 2, an ideal of P. =

It is clear that if {I,;vy € T'} is a set of ideals of an order algebra P =
(P;-,1) then also I = N{I,;y € T'} is an ideal of P (of course, I # @
since 1 € I, for each « € T'). Hence, the set IdP of all ideals of P forms a
complete lattice with respect to set inclusion with the least element {1} and
the greatest element P.

In what follows, we can describe pseudocomplements of IdP.

THEOREM 6. Let I be an ideal of an order algebra P = (P;-,1). Then (I)
is also an ideal of P and it is a pseudocomplement of I in the lattice IdP.

Proof. Let I be an ideal of P. By Theorem 5, (b) is an ideal of P for each
b € I and hence (I) = N{(b);b € I}, i.e. (I} € IdP. Moreover, if z € I N (I)
then either £ = 1 or z £ b for each b € I\{1}; taking b = z we have z < b,
a contradiction. Thus I N (I) = {1}. Finally, let G be an ideal of P such
that GNI = {1} and suppose g € G,g # 1. If g < b for any b € I\{1} then
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be ING, a contradiction. Thus g £ b whence G C (I). Together, (I) is the
pseudocomplement of I in IdP. =

THEOREM 7. Let B,C be ideals of an order algebra P = (P;-,1). Then
(B,C) is a relative pseudocomplement of B with respect to C in the lattice
IdP.

Proof. At first we show that
(B,C) = {z € P;z £ c for each c € C\B}.

Suppose z £ ¢ for each ¢ € C\B. Then z-¢ = c and hence (z-¢)-c=c-c=
1 € B. Moreover, if c € B then (z-¢)-c € {¢,1} C B. Thus (z-¢)-c€ B
for each c € C, i.e. z € (B, C).

Conversely, let z € (B, C). Consider an arbitrary ¢ € C\B. If £ < c then
(zx-¢)-c=1-¢c=c € B, a contradiction. Hence z £ c, i.e. the converse
inclusion holds.

Now we show that (B,C) is an ideal of P. Let z € (C,B) and =z < y.
Then = £ ¢ for each ¢ € C\B and hence also y £ ¢. Thus (B,C) is an
order-filter of (P, <) and hence an ideal of P.

Suppose that F is an ideal of P such that CNF C B. Let f € F and
c€ C\B.If f < cthence€ FNC C B, a contradiction. Thus f £ c for each
c € C\B giving F C (B, C).

Finally, if £ € C N (B,C) then z £ ¢ for each ¢ € C\B thus z €
B proving C N (B,C) C B. We have shown that (B,C) is the relative
pseudocomplement of B with respect to C. =

Our last result solves the problem whether an annihilator of every subset
M of P is equal to the annihilator of an ideal generated by M.

THEOREM 8. Let (P, <) be an ordered set with a greatest element and P its
assigned order algebra. The following conditions are equivalent:

(A) for each M C P,M # 0 it holds (M) = (F(M));
(B) P is an implication algebra.

Proof. Let P = (P;-,1) be an order algebra and ¢ € P. Take M = {c} for
c¢# 1 Then (c) = {z € P;z-¢c=c} = {z € P;z £ c}. By the Lemma,
(F(c)) = {z € P;U(z,c) = {1}}. Consider b > c. Then b € (c) = (F(c))
and hence U(b,c) = {1}, i.e. b= 1. We have shown that (P, <) is a poset as
visualized in Fig.1, i.e. P is an implication algebra.

Conversely, let (P,-) be an implication algebra. By Theorem 1, (P, <)
has only chains of length less or equal to 2, i.e. for ¢ # 1 we have

(c) = P\{c} = (F(c)). m
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