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Dedicated to Professor Kazimierz Urbanik 

1. Polish football league of the 1939 season 
The Polish football (soccer) league of the 1939 season was interrupted 

because of the aggression of the neighbor countries on Poland. At that time 
there were still left 4 - 7 games, different for the participating teams, to 
be played. The leader of the table of the league at the stopping time (see 
Table 1) was Ruch Chorzow with possession of 18 points from 14 games, 
preceding Wisla Cracow with possession of 16 points from 12 games and 
Pogoh Lwow with possession of 16 points from 13 games. In the preceding 
1938 season the champion of the league was Ruch (27 pt) preceding Warta 
Poznan (21 pt). 

In this note we attempt to answer the question of the expected final 
of the league table in the 1939 season and who has the maximum chance 
for league championship. We take into account the expected position of the 
team in the league table based on the number of remissing games to the 
end of the season, the strengths of teams, the home-field advantage and 
random elements. The statistical data used in the note are from [1]. The 
mathematical method used in the note is the linear model of mathematical 
statistics (see [4]). 

2. Poisson model of the league 
Let us consider a model of the football league described in [3]. In this 

model it is assumed that the result in goals of the game depends upon tree 
components: the difference of strengths of teams, the home-field advantage, 
and random events. Strictly speaking, it is assumed that the outcome of 
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a game in goals between team i and team j with strenghts mi and rrij is 
Xi j , Y{j (on the first place is a home team) is equal to 

where I I i (Ai ) , 112(^2) are independent random variables with Poisson distri-
bution, Ai = arij+brrii+c, = a r ^ + c are means of these random variables, 
tij = max(mj — rrij, 0) is specific function of difference of the strengths, a, b, c 
are parameters of the model. The strengths m = ( m i , . . . , mn) characterize 
the participating teams (for our data set n — 10), the parameters a, b, c 
characterize the Polish football at this time. 

In [3] there are analyzed a few examples of leagues, among others the 
Polish 1938 season. It is assumed that the strength of the team is equal to the 
number of finally scored points. Taking into account the observed outcomes 
of all games of the season, the parameters of the model were estimated as: 
a = 0.09956, b = 0.07959, c = 1.16706. 

The parameters a, b, c, which characterize the football as a branch of 
sport, are rather stable from the season to season. The troublesome problem 
lies in the estimation of the strength. In this note assuming that a, 6, c are 
given for the 1939 season, we estimate the strengths of the teams. As result, 
having a complete description of the model, we present the comparison of 
scores of the played games of the 1939 season before the war and the expected 
values obtained from the model. Next we estimate the expected final status 
of the league table. By simulation 10 000 times the missing part of the season 
we estimate the probabilities of league championship by the main teams of 
the league. 

3. Strength of the team 
Let W = (wij) denote the index of game: Wij = 1, if the game is played; 

Wij = 0, otherwise. Let Dw = = {(Xij — Yij)wij). Let us introduce 
the notations 

(1) X i j = IIi (arij + brrii + c ) , Y^ - U2(arji + c), 

n n 

n n 

j=l i=1 

In the vector description let 

Wi = (wi.,...,wn.), W2 - (w.lt... ,w.n), 

Di = { D h , . . . , Dn.), D2 = (D. 1,..., D.
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THEOREM 1. Let a, b, c be given. The last squares estimator m on the basis 
Dw has the form 
(2) m = BA~l, 

where A = (a+b)2I(Wi)+a2I(W2)-a(a+b)(W+WT), B = (a+b)Di~aD2, 
and I(Wk) is the diagonal matrix with the vector Wk on the main diagonal, 
k = 1,2. 

The estimator m is unbiased, with the covariance matrix 

Cm = A^CbA-1, 

where Cb = (Cij), 

*i = E ( + &)2Var(AT) + a 2 Var(Pjf) ) , 
3=1 

Cij = —a(a + 6)(Var(D^) + Var ( ! ?£ ) ) , 

V a r ( D ^ ) = Wij(a\m,i - m,j| + brrii + 2c) , 1 < i, j < 1. 

COROLLARY 1. If a,b,c are given and Wij — 1 for 1 < i,j < n, i ^ j , then 

rhi = (n((a+b)~2+a2)-b2y ((a+b)Di.-aD.i+2a(a+b)nD/by 1 < i < n . 

Note the point strengths considered in [3]: provide 2 points for the win-
ning team and provide one point for each team in case of a tie; the condition 
rn = 2(n — 1) is then satisfied. This condition is not guaranteed for the es-
timator ro, hence we postulate it in the next theorem. 

THEOREM 2. In the class of the estimators satisfying the condition m = 
2(n — 1) the regression estimator has the form 

(3 ) m={B + Xe)A~\ 

where e = ( 1 , . . . , 1) , A = (eA^B7 - 2n(n - 1 ))/(eA~1eT). 

P r o o f of T h e o r e m 1. From (1) we obtain the expected value E{Dij) 
— a(m,i — rrij) + bmi. Let us consider the function 

L(m\W,Dw)= J 2 (a{mi-mj) +brm-Dij)2 

(i,j)eW 
n 2 

= Y , ((a + 6 ) m i ~ a m i - D v ) 1(hj)eW 
3=2 

n 2 
+ 53((o + 6)mi-ami-Ai) 1 (i,l)cW 

i = 2 

+ S ( ( a + &)m» ~ a m 3 ~ D i j ) 1(tj)eW-
2 <i,j<n 
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By equating dL/dm\ to zero we get the equation 
n 

(a + b) ^(a + b)m\ — arrij — Dijjwij 
i=2 

n 

—a ^ ((a + b)m,j — am\ — Djijwji = 0. 
3=2 

Hence we obtain the first equation of the following system of equations 
n 

((a + b)2Wi. + a2w.i)mi - a(a + b) ^ rrij(wij + wji) = (a + b)Di. - aD.i. 
3=1, J& 

We denote this system as AmT — BT. Because A = AT, thus m = BA . 
Its solution defines our estimator of the strength vector. 

It is known that the regression estimators are unbiased. Now we consider 
the covariance matrix of m: 

E((m - mf(m - m)) = E(((B - E (B) )A~ 1 ) T (B - E(B))J4_1) 
- A~lE{{B - E ( B ) f ( B - E(B)))A~1 = A~xCBA~x. 

Since Di., Dj., i ^ j, are mutually independent, D.i, D.j, i ^ j, are 
mutually independent, we have Cov(Di.,Dj.) = Cov (D.i, D.j) = Var(Dij) , 
Cij = Cov((a + b)Di. — aDi., (a + b)D.j — aD.j). Hence 

Cij = -a(a + b)(wijVax(Dij) + WjiVas(Dji)), i ± j, 
n 

= ^(a + b)2(wikVaT(Dik) + a2wkiVai(Dkifj, 1 < i, j < n. 
k=1 

Note that wu = 0, Var(£>jj) = Var(Xjj)+ Var(y^) = a\m,i + rrij\ + bnii + 2c, 
1 <i,j <n. • 

P r o o f of C o r o l l a r y 1. If Wij = 1, 1 < i,j < n, wa = 0, then Wi. = 
w.j = ( n - 1), 

n n 
rrijWij = rim — mi, ^ miWij — rim — mj, 

j = 1 i-1 

The i-th equation of the system (2) has the form 

((a + b)2 + a2)mi - 2a(a + b)(nm - m¿) = (o + 6) A - - aD.i. 

By adding these equations side by side, we obtain m = D/b because under 
the assumption of Corollary 1 is X) D.i = ^ A - Hence 

rhi = ( (n(a + b)2 + a2) - 6 2 ) " 2 ( ( a + &)£>.< - aD{. + 2a(a + b)n~D/b). • 
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P r o o f of T h e o r e m 2. Using the Lagrange method search of the mini-
mum L under the condition rim = emT = 2n(n — 1) we obtain the system 
of equations AmT = BT - XeT. The solution is mT = A~1(B — Xe)T. The 
condition emT = eA~l{B — Xe)T enables to calculate A. • 

4. Numerical results 

Table 1 shows the league scores of the 1939 season in the stop of games 
and its description from the model. The expected number of scored points 
and goals are a fair fit to the outcome results. The measure chi-square of 
accuracy is shown in the least row of Table 1. Note that it has a limited 
usage to statistical inference because the standard assumptions of the chi-
square distribution are not satisfied here. The estimators of the strengths 
of the teams are shown in the least column of Table 1. The standard er-
rors of the estimators, calculated from Theorem 1, are large (from 3.7 
to 4.2). 

Tables 2 and 3 show the expected results of the model for the remaining 
games of the season and the expected final table of the league. The pre-
sented final order of teams is probable, but it is different than the transient 
league Table in the stopping time. The differences between Warta, Wisla 
and Pogon are small. Because the result of the game depends upon the ran-
dom element, the other orders in the Table are also possible but probably 
differ. 

The formula (1) enables the simulation of result of games and construc-
tion of the league scores. By drawing of 10 000 Tables it is possible to esti-
mate the probability the league championship for every team exactly up to 
1%. In the result Ruch has a 81% chance for championship of the league, 
Wisla - a 8% chance, and others teams in total a 11 % chance. The cham-
pionship and vice-championship for the pair Ruch - Warta has a chance of 
32%, for the pair Ruch - Wisla - a chance of 23%, for pair Ruch - Pogoh -
a chance of 18%. 

In addition we present the result of one numerical experiment. Recall 
that in [3], having the results of the Polish league of the 1938 season, us-
ing points from table of the league as strengths of teams, we have esti-
mated a, b, c. Using the obtained parameters from Corollary 1 for this sea-
son one may calculate the strengths of the teams. It is proved that the 
new strengths do not differ from the initial point strengths. We omit the 
details. 
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Table 1. The Polish football league of the 1939 season, the description of played games, 
estimation of the strength of the teams. 

Games Points Goals Goals Straingth 
scored scored lost (2) 

pt E pt bi E61 62 EÒ2 m 
Ruch Chorzow 14 18 20.4 50 50.0 23 23.3 25.1 
Wisla Cracow 12 16 15.8 31 31.3 20 18.9 16.6 
Pogon Lwow 13 16 14.3 27 29.5 22 25.1 14.0 
AKS Chorzow 12 15 15.4 30 29.8 14 19.0 14.9 
Warta Poznan 12 15 16.4 34 36.1 20 20.2 19.4 
Cracovia 13 14 10.3 23 20.7 32 31.0 4.6 
Polonia Warsaw 12 12 12.5 28 24.6 28 23.9 12.3 
Garbarnia Cracow 13 10 9.8 17 20.6 32 32.5 4.5 
Warszawianka 11 5 6.4 16 14.0 29 29.3 0.6 
Union-Touring Lodz 12 3 2.6 15 10.1 51 43.5 - 8 . 1 

x2 = 2.34 x2 = 4.31 x2 = 3.81 

Notations: pt - points scored, &i - goals scored, i>2 - goals lost, E - the expected values. 

Table 2. The Polish football league of the 1939 season, the expected results of the 
remaining games, final table. 

Remaining games Final table 
Games E pt E&i E&2 E pt Eòi E&2 

Ruch Chorzow 4 7.4 18.3 4.0 25.4 68.3 27.0 
Warta Poznan 6 8.5 17.9 8.7 23.5 51.9 28.7 
Wisla Cracow 6 7.4 16.3 11.3 23.4 47.3 31.3 
Pogon Lwow 5 7.0 12.8 7.0 23.0 39.8 29.0 
AKS Chorzow 6 6.6 14.1 12.3 21.6 44.1 26.3 
Polonia Warsaw 6 7.5 14.7 10.0 19.5 42.7 38.0 
Cracovia 5 3.2 6.9 12.8 17.2 29.9 44.8 
Garbarnia Cracow 5 3.5 6.9 11.4 13.5 23.9 43.4 
Warszawianka 7 3.6 9.2 21.2 8.6 25.2 50.2 
Union-Touring Lodz 6 1.2 5.1 23.3 4.2 20.1 74.3 
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Table 3. The Polish football league of the 1939 season, the description of the games 
realised, the estimation of strength of the teams, modified strengths. 

Games Points Goals Goals Straingth 

scored scored lost (3) 
pt E pt bi E&i &2 E&2 m 

Ruch Chorzow 14 18 19.2 50 54.5 23 28.1 33.1 
Wisla Cracow 12 16 15.5 31 34.9 20 22.4 24.2 
Pogon Lwow 13 16 14.1 27 33.4 22 29.2 22.0 
AKS Chorzow 12 15 15.1 30 33.5 14 22.6 22.5 
Warta Poznan 12 15 15.9 34 39.5 20 23.4 26.4 
Cracovia 13 14 10.7 23 24.7 32 35.1 12.5 
Polonia Warsaw 12 12 12.5 28 28.4 28 27.6 20.0 
Garbarnia Cracow 13 10 10.4 17 24.5 32 36.5 11.8 
Warszawianka 11 5 7.0 16 17.5 29 32.5 8.0 
Union-Touring Lodz 12 3 3.5 15 13.8 51 47.2 - 0 . 5 

x 2 = 2.34 x 2 = 5.82 x 2 = 8.24 

Table 4. The Polish league of the 1939 season, expected results of the games remaining, 
final table, modified strengths. 

Remaining games Final table 
Games E pt E&i E&2 E pt Efc: Ei>2 

Ruch Chorzow 4 7.48 20.4 4.6 25.48 70.4 27.6 
Pogon Lwow 5 7.11 14.9 8.1 23.11 41.9 30.1 
Wisla Cracow 6 7.08 18.0 13.3 23.08 49.0 33.3 
Warta Poznan 6 7.89 18.6 11.1 22.89 52.6 31.1 
AKS Ch&rzow 6 6.50 15.9 14.2 21.50 45.9 28.2 
Polonia Warsaw 6 7.47 16.6 11.8 19.47 44.6 39.8 
Cracovia 5 3.78 8.9 13.8 17.78 31.9 45.8 
Garbarnia Cracow 5 3.48 8.1 13.5 13.48 25.1 45.5 
Warszawianka 7 3.86 10.9 23.8 8.86 26.9 52.8 
Union-Touring Lodz 6 1.35 6.9 25.0 4.35 21.9 76.0 
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