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1. Polish football league of the 1939 season

The Polish football (soccer) league of the 1939 season was interrupted
because of the aggression of the neighbor countries on Poland. At that time
there were still left 4 — 7 games, different for the participating teams, to
be played. The leader of the table of the league at the stopping time (see
Table 1) was Ruch Chorzéw with possession of 18 points from 14 games,
preceding Wista Cracow with possession of 16 points from 12 games and
Pogon Lwéw with possession of 16 points from 13 games. In the preceding
1938 season the champion of the league was Ruch (27 pt) preceding Warta
Poznan (21 pt).

In this note we attempt to answer the question of the expected final
of the league table in the 1939 season and who has the maximum chance
for league championship. We take into account the expected position of the
team in the league table based on the number of remissing games to the
end of the season, the strengths of teams, the home-field advantage and
random elements. The statistical data used in the note are from [1]. The
mathematical method used in the note is the linear model of mathematical
statistics (see [4]). '

2. Poisson model of the league

Let us consider a model of the football league described in [3]. In this
model it is assumed that the result in goals of the game depends upon tree
components: the difference of strengths of teams, the home-field advantage,
and random events. Strictly speaking, it is assumed that the outcome of
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a game in goals between team ¢ and team j with strenghts m; and m; is
Xi;,Yi; (on the first place is a home team) is equal to

(1) Xij = H1(a'r'ij + bm; + C), Yij = Hg(a'r'ji + c),

where II; (A1), II2(\2) are independent random variables with Poisson distri-
bution, A; = ar;;+bm;+c, Ay = arj;-+c are means of these random variables,
3 = max(m; —my, 0) is specific function of difference of the strengths, a, b, ¢
are parameters of the model. The strengths m = (m1,...,my) characterize
the participating teams (for our data set n = 10), the parameters a,b,c
characterize the Polish football at this time.

In (3] there are analyzed a few examples of leagues, among others the
Polish 1938 season. It is assumed that the strength of the team is equal to the
number of finally scored points. Taking into account the observed outcomes
of all games of the season, the parameters of the model were estimated as:
a = 0.09956, b = 0.07959, ¢ = 1.16706.

The parameters a,b, ¢, which characterize the football as a branch of
sport, are rather stable from the season to season. The troublesome problem
lies in the estimation of the strength. In this note assuming that a, b, ¢ are
given for the 1939 season, we estimate the strengths of the teams. As result,
having a complete description of the model, we present the comparison of
scores of the played games of the 1939 season before the war and the expected
values obtained from the model. Next we estimate the expected final status
of the league table. By simulation 10 000 times the missing part of the season
we estimate the probabilities of league championship by the main teams of
the league.

3. Strength of the team

Let W = (w;;) denote the index of game: w;; = 1, if the game is played;
w;; = 0, otherwise. Let DV = (DZ’JV) = ((Xij — Yij)wi;). Let us introduce
the notations

n n
wi. = Zwij, w.j = Zwij,
j=1 i=1
n

n
D.=Y DY, D;=> DY,
j=1 i=1

1g — 1 =
TR P 5P
i=1 =1
In the vector description let

Wi = (wy.,...,wg.), Wa=(wi,...,wnp),
Di=(Di,...,Dn), Da=(Da,..., D).
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THEOREM 1. Let a,b,c be given. The last squares estimator m on the basis
DY has the form
(2) m = BA™!,

where A = (a+b)2I(Wh)+a2I(Wy)—a(a+b)(W+WT), B = (a+b)Dy~aDs,
and I(Wy) is the diagonal matriz with the vector Wy on the main diagonal,
k=1,2.

The estimator ™ is unbiased, with the covariance matriz

Csn = A_ICBA—I,
where Cp = (c;5),

n
=3 ((a, +b)*Var(DYY) + a2Var(D,V§’)),
=1

cij = —a(a+ b)(Var(D,V]V) + Var(D]VzV)),
Var(D,V]V) = wij(alm; —m;| +bm; +2c¢), 1 < 4,5 <1
COROLLARY 1. If a,b,c are given and wi; =1 for 1 < 4,5 < n, i # j, then

i = (n((a+b)*2+a2)—b2)2((a+b)Di.—aD.i+2a(a+b)nﬁ/b), 1<i<n.

Note the point strengths considered in [3]: provide 2 points for the win-
ning team and provide one point for each team in case of a tie; the condition
m = 2(n — 1) is then satisfied. This condition is not guaranteed for the es-
timator 71, hence we postulate it in the next theorem:.

THEOREM 2. In the class of the estimators satisfying the condition W =
2(n — 1) the regression estimator has the form

(3) m = (B + e)A7L,
wheree = (1,...,1), A = (eA71BT — 2n(n — 1))/(eA~1eT).
Proof of Theorem 1. From (1) we obtain the expected value E(D;;)

= a(m; — m;) + bm;. Let us consider the function

L(m|VV, DW) = Z (a(m,— - m,-) + bm; — Dij)z
(1,5)eW

n
= Z ((a, + b)m1 —amj — D1j>21(1,j)€W
j=2

n
+ Z ((a + b)m; — amy — Dil)zl(i,l)EW

~

2
-+ ((a + b)mi —am; — Dij) l(i,j)eW-
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By equating dL/0m; to zero we get the equation

(a + b) i ((a + b)m1 —amy; — Dlj)wlj
j=2

n
—-a Z ((a + b)mj —amj — Djl)wjl =0.
=2
Hence we obtain the first equation of the following system of equations

n
((a + b)2wi. + azw.i)mi - a(a + b) Z m; (’w,;j + wji) = (a +b)D;. —aD,;.
§=1, j#i
We denote this system as AmT = BT. Because A = AT, thus m = BA™L.
Its solution defines our estimator of the strength vector.

It is known that the regression estimators are unbiased. Now we consider
the covariance matrix of 7.

E((rh —m)T (i — m)) = E(((B - E(B))A™)T(B - E(B))A™")
= ATE((B-E(B))T(B-E(B))A™l=A"1Cpa™".

Since D;., D;., i # j, are mutually independent, D;, D.;, ¢ # j, are
mutually independent, we have Cov(D;., D;.) = Cov(D.;, D.;) = Var(Dy;),
cij = Cov((a + b)D;. — aD;.,(a+ b)D.; — aD.;). Hence

cij = —a(a + b)(wi; Var(Dy;) + wy Var(Dys)), i # 4,

n
Cii = Z ((a + b)%(w;, Var(Dy,) + a2wkiVar(Dk,-)), 1<4,5<n.
k=1
Note that w;; = 0, Var(D;;) = Var(X;)+ Var(Yi;) = ajm; +my| +bm; + 2c,
1<i,j <n. O

Proof of Corollary 1. Ifw;; = 1,1 < 4,5 < n, w; = 0, then w;. =
w.4 =(n—1),

n n
Z MjWi5 == MM — My, Z m;w;; = N — my,

The i-th equation of the system (2) has the form
((a+ b)2 + a®)m; — 2a(a + b)(n — m;) = (a + b)D;. — aD.;.

By adding these equations side by side, we obtain 7 = D/b because under
the assumption of Corollary 1is > D.; = . D;.. Hence

i = ((n(a + b)2 + a?) — 2)"%((a + b)D.; — aD;. + 2a(a+ b)nD/b). O
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Proof of Theorem 2. Using the Lagrange method search of the mini-
mum L under the condition n = em” = 2n(n — 1) we obtain the system
of equations AmT = BT — \e. The solution is m? = A~1(B — Xe)T. The
condition em® = eA~1(B — Xe)T enables to calculate . a

4. Numerical results

Table 1 shows the league scores of the 1939 season in the stop of games
and its description from the model. The expected number of scored points
and goals are a fair fit to the outcome results. The measure chi-square of
accuracy is shown in the least row of Table 1. Note that it has a limited
usage to statistical inference because the standard assumptions of the chi-
square distribution are not satisfied here. The estimators of the strengths
of the teams are shown in the least column of Table 1. The standard er-
rors of the estimators, calculated from Theorem 1, are large (from 3.7
to 4.2).

Tables 2 and 3 show the expected results of the model for the remaining
games of the season and the expected final table of the league. The pre-
sented final order of teams is probable, but it is different than the transient
league Table in the stopping time. The differences between Warta, Wisla
and Pogon are small. Because the result of the game depends upon the ran-
dom element, the other orders in the Table are also possible but probably
differ.

The formula (1) enables the simulation of result of games and construc-
tion of the league scores. By drawing of 10000 Tables it is possible to esti-
mate the probability the league championship for every team exactly up to
1%. In the result Ruch has a 81% chance for championship of the league,
Wista — a 8% chance, and others teams in total a 11 % chance. The cham-
pionship and vice-championship for the pair Ruch - Warta has a chance of
32%, for the pair Ruch - Wista — a chance of 23%, for pair Ruch - Pogon —
a chance of 18%.

In addition we present the result of one numerical experiment. Recall
that in [3], having the results of the Polish league of the 1938 season, us-
ing points from table of the league as strengths of teams, we have esti-
mated a, b, c. Using the obtained parameters from Corollary 1 for this sea-
son one may calculate the strengths of the teams. It is proved that the
new strengths do not differ from the initial point strengths. We omit the
details.
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Table 1. The Polish football league of the 1939 season, the description of played games,
estimation of the strength of the teams.

Games Points Goals Goals Straingth
: scored scored lost (2)
pt Ept | & Eby | ba Ebo ™m
Ruch Chorzéw 14 18 204 |50 50.01}23 233 25.1
Wista Cracow 12 16 158 |31 31320 189 16.6
Pogonr Lwéw 13 16 143 |27 29522 251 14.0
AKS Chorzéw 12 15 154 (30 29814 19.0 14.9
Warta Poznan 12 15 164 | 34 36.1 ( 20 20.2 19.4
Cracovia 13 14 103 (23 20732 310 4.6
Polonia Warsaw 12 12 125|128 24628 239 12.3
Garbarnia Cracow 13 10 98 [ 17 206 | 32 325 4.5
Warszawianka 11 5 64|16 140129 293 0.6
Union-Touring L4édz 12 3 26 115 10.1 | 51 435 -8.1
x> =234 | x> =431 | x2 =381

Notations: pt — points scored, by — goals scored, by — goals lost, E — the expected values.

Table 2. The Polish football league of the 1939 season, the expected results of the
remaining games, final table.

Remaining games Final table

Games Ept Eby Eby | Ept Eby Ebg
Ruch Chorzéw 4 74 183 4.0 254 68.3 27.0
Warta Poznah 6 85 179 8.7 1235 519 287
Wista Cracow 6 7.4 163 11.3 | 23.4 473 313
Pogoir Lwéw 5 70 128 7.0 230 398 29.0
AKS Chorzéw 6 6.6 14.1 123 | 21.6 441 26.3
Polonia Warsaw 6 7.5 14.7 10.0 { 19.5 42.7 38.0
Cracovia 5 3.2 6.9 128 | 172 29.9 448
Garbarnia Cracow 5 35 6.9 114|135 239 434
Warszawianka 7 36 92 212 86 252 502
Union-Touring E46d% 6 1.2 51 233 42 201 743
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Table 3. The Polish football league of the 1939 season, the description of the games
realised, the estimation of strength of the teams, modified strengths.

Games Points Goals Goals Straingth
scored scored lost (3)
pt Ept | by Eb; | bg Ebo m
Ruch Chorzéw 14 18 192150 545 |23 281 33.1
Wista Cracow 12 16 155131 349 |20 224 24.2
Pogofi Lwéw 13 16 141 |27 334 |22 29.2 22.0
AKS Chorzéw 12 15 1514130 335114 226 22.5
Warta Poznan 12 15 159134 39520 234 26.4
Cracovia 13 14 107123 247132 351 12.5
Polonia Warsaw 12 12 125128 284 |28 276 20.0
Garbarnia Cracow 13 10 104 | 17 24532 36.5 11.8
Warszawianka 11 5 70116 175129 325 8.0
Union-Touring ¥.6dz 12 3 35|15 138 | 51 47.2 -0.5
x2=234|x*=582| x> =824

Table 4. The Polish league of the 1939 season, expected results of the games remaining,
final table, modified strengths.

Remaining games Final table

Games Ept Eb;y Eby Ept Eb; Ebo
Ruch Chorzéw 4 748 204 46 | 25.48 704 276
Pogont Lwéw 5 7.11 149 81| 23.11 419 30.1
Wista Cracow 6 7.08 18.0 13.3] 23.08 49.0 333
Warta Poznan 6 7.89 186 11.1 | 22.89 526 31.1
AKS Chorzéw 6 6.50 15.9 142 | 21.50 45.9 28.2
Polonia Warsaw 6 747 16.6 11.8 | 1947 446 39.8
Cracovia 5 3.78 89 13.8 | 17.78 319 45.8
Garbarnia Cracow 5 3.48 81 13.5 | 1348 251 455
Warszawianka 7 3.86 109 238 | 886 269 52.8
Union-Touring £.6dz 6 135 69 250} 435 219 76.0
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