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THE CONVOLUTION OF FUNCTIONS
AND DISTRIBUTIONS

Abstract. The non-commutative convolution product f*g of two distributions f and
g in D' is defined to be the limit of the sequence {(f7n) * g}, provided the limit exists,
where {7n} is a certain sequence of functions 7, in D converging to 1.

In the following, D denotes the space of infinitely differentiable functions
with compact support and D’ denotes the space of distributions defined
on D.

The convolution product of certain pairs of distributions in D’ is usually
defined as follows, see for example Gel’fand and Shilov [4].

DEFINITION 1. Let f and g be distributions in D’ satisfying either of the
following conditions:

(a) either f or g has bounded support,
(b) the supports of f and g are bounded on the same side.

Then the convolution product f * g is defined by the equation
(1) (f % 9)(=), p(@)) = (g(a), (F2), pla +)))
for arbitrary test function ¢ in D.
The classical definition of the convolution product is as follows :

DEFINITION 2. If f and g are locally summable functions then the convolu-
tion product f * g is defined by

o0 o0

(2) (fxg)@)= | fit)g(z—t)ydt= | fz—t)g(t)dt

— 00 — 00

for all z for which the integrals exist.
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Note that if f and g are locally summable functions satisfying either of
the conditions (a) or (b) in Definition 1, then Definition 1 is in agreement
with Definition 2.

It follows that if the convolution product f * g exists by Definitions 1 or
2 then the following equations hold:

(3) frg=gx*f,
(4) (fxg) =fxg =f'xg.

Definition 1 is rather restrictive and so a neutrix convolution product
was introduced in [2]. In order to define the neutrix convolution product, we
first of all let 7 be a function in D satisfying the following conditions:

(1) 7(z) = 7(-2),
(i) 0 < 7(z) <1,
(iii) 7(z) = 1,]z| < 3,
(iv) 7(z) = 0, |z| > 1.

The function 7, is now defined by

1, |lz| <=,
T(z) = 7(n"z — "), z>n,
r(n"z +n"*l), z < -n.

DEFINITION 3. Let f and g be distributions in D’ and let f, = fr, for
n = 1,2,.... Then the neutriz convolution product f &) g is defined to be
the neutrix limit of the sequence {f, * g}, provided the limit & exists in the
sense that
N-Lm(fn x g,¢) = (h, )
n—oo

for all ¢ in D, where N is the neutrix, see van der Corput [1], having domain
N'={1,2,...,n,...} and range the real numbers with negligible functions
finite linear sums of the functions

PIn""tn, In"n A>0,r=12..)

and all functions which converge to zero as n tends to infinity.

Note that the convolution product f, * g in this definition is in the sense
of Definition 1, the support of f,, being bounded. Note also that the neutrix
convolution product in this definition, is in general non-commutative.

It was proved in [2] that if the convolution product f * g exists by Defi-
nition 1, then the neutrix convolution product f &) g exists and

fxg=f®g,

showing that Definition 3 is a generalization of Definition 1.
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We now give a definition of the convolution product which generalizes
both Definitions 1 and 2 but is a particular case of Definition 3.

DEFINITION 4. Let f, f1,¢g and g, be distributions in D’ and let f, = f7,
and fin, = fim, for n = 1,2,.... Then the convolution product f x g is
defined to be the limit of the sequence {f, * g}, provided the limit h exists
in the sense that

Jim (fr % g,9) = (h,¢)

for all p in D.
Further, if f * g and f; * g1 do not exist, but

M (fn g+ frn*g1,0) = (B, )

for all ¢ in D, we will say that the sum f * g + f1 * g1 of the convolution
products f * g and f; * g1 exists and is equal to h.

We now prove our main theorem.

THEOREM 1. The convolution product x> * .'v_T_)‘—T and the sum of the con-
-A-1 p—1

volution products z* * n and —z" * Ty exist and

D=2+ oy

(5) 22 x g7 = z
I(A+r)
(=) *meot(mAN) (A +1) (,_,
+ T +7) 677 (z),

wt_ D) I'(=N)
L(—p)  T'(=2)
+ 7[cot(w ) ~ cot(mu)| H(z)

(6) z2 * a;;)‘_l -z xz

for u#0,£1,+£2,... andr=2,3,....
Proof We put (z?), = 22 7,(z). Then

(2 #2727 = (02 # 57T H(L - 2)) + [ H(z + 1) 07" H(z - 1)
+[(@2)nH (=2 = D) * ¢33 H(z - 1)),

where H denotes Heaviside’s function. The convolutions

®) P rpPTHO-2), [PHE+)] e HE - 1)

exist by Definition 1 and
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9) lim (z), * [m;’\_rH(l —z)] =z « [z;’\'rH(l - )],

n—-—00

since z7*""H(1 - z) and z* H(z + 1) have compact supports.
Further, (z2),H(—z — 1) is a locally summable function with compact
support and

(10)  [(22)aH(-z - 1) * [T "H(z - 1)]
-1
= [ (- @~-t)*"H(z -t - 1)dt
+ _Sn Ta(t) (=) Mz — )~ 77 dt.
If —n < z < 0, we have
_S (=) (z—t)™* "H(z —t — 1) dt

-—n

= (-1 | '@ —z/t) " dt
r—1
=(=1)" [ [T+ Aot 4 ]dt
and it follows that
-1

(11) dp. | (-t (- t)*"H(z —t—1)dt =0,
-1
(12) dp. | (-)*@-t)*'H(z—t-1)dt=Inn,
for x < 0, and » = 2,3,..., where d.p. denotes the divergent part of the
integral.
If z > 0, we have
-1 -1

[ (@ "H@Ez-t-Ddi= | (- -t

—-n —-n
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—z—1 -1

- T eve-nras | coe-ooa
- ' —z—-1
—z—1 1
=17 [ BT Qe e e | (<) e - )T de

and it follows that
-1
dp. | (- @-t)*"H(z-t-1)dt=0,
-1
d.p. S (—t)z—t)"* 'H(z —t — 1)dt = Inn,
for z > 0 and r = 2,3,.... Equations (11) and (12) therefore hold for all =
andr=2,3,....
It is easily seen that

(13) lim | @)~z -t Tdt=0
n—oo
—-n—-n—"
for all z and it now follows from equations (7) to (12) that
d.p. (z})n *27*" =0,

d.p.[(z2), * :cl)‘_l — (2" * a:_T_‘“—l] =0

and so
(14 i (@2 x5
(15) lim [(22)n % 27— (@h)n x 27T

exist for A, u #0,£1,£2,... and 7 =2,3,....
It was proved in [3] that

() =AM +1) g

(16) 2@ = I(A+r) T
(=) rcot(ENLA+1) gy,
+ TO+7) 6 ),
_I'(=X)

(17) 22 ®z = -y + meot(wA)H(z) — In|z],

Ir'(=X)
for A\> -1, A #0,1,2,... and r = 2,3,..., where v denotes Euler’s con-
stant, and it was later proved in [4] that equations (16) and (17) held for
A<-1,A#-2,-83,...andr=2,3,....
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It follows from (14) and (15) that

lim (z2), 272" = N=lim(z2 ), * 27*"7,
n— 00

Jim [(22)nra3? 7 = (2t )nra it T = Nolim{(a )nsa i ™ — (22 )xay ]
and equations (5) and (6) follow from equations (16) and (17) for A\, u #
0,£1,£2,...and r =2,3,....

COROLLARY 1.1. The convolution product xf‘i_ * -2 and the sum of the
—x-1

\gorer _ PO+ oy meotELA+1) ()

. —u—1 .
convolution products T} * T and —zf * 2”¥7" exist and

(18) zi*xz """ = TO+1) T TO+1) ) (z),
(19) i 22— ok« gkt
D) - F=A m(cot(mA) — cot(m —z

for \u#0,£1,£2,... andr=2,3,....

Proof. Equations (18) and (19) follow immediately upon replacing = by
—z in equations (5) and (6).

COROLLARY 1.2. The convolution products |z|* * |z|~*~27~1, (sgnz.|z|*) *

(sgnz.|z|~*~27~1), (sgnz.|z|*) * |z| 272" and |z|* * (sgnz.|z|~*?") emist
and
gy 22— DIFA+1) _
) A A=2r—1 — 27‘,
(20) |21 * Ja] F(A+2r+1) *
2(2r — DA+ 1
(21) (sgnz.|z|*) * (sgnz.|z| 721 = (;(A +)2r(+ :_) ):c"z’",
e 227 =P +1) _
A A—2r _ 2r+1
(22 (g o)« o] -7 = L BLOAD o,
o 22 =2)IP(A+1) _
) A . A=2r - 2r4+1
23 o+ sgua.fo -7 = L2 2L
for \,#0,£1,x2,... andr=1,2,....
Proof. The convolution products z} * z7*™" and 2} x 272" exist by

Definition 1 and it is easily proved that

a—r _ (=1)"mcosec(mA) (A +1) (. _
(24) g x2M T = Ot 7) §r=2(x),
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A oa—r _ meosec(mA) (A +1) (._g
(25) g %z = o) 6 ()
for A#0,£1,£2,... and r =2,3,....
Now

(26) |z* % |z| A" =2k x 2T 42X waT AT b 2 2T 2w gD
and equation (20) follows from equations (5), (18), (24) and (25).
Equations (21), (22) and (23) follow similarly.
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