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ON THE KÔTHE-TOEPLITZ DUALS OF SOME 
GENERALIZED SETS OF DIFFERENCE SEQUENCES 

Abstract . In this paper we define the sequence sets £oo{u, A,p), c(u, A,p) and 
CQ(U, A,p), and give A— and ¡3— duals of these sets and the sequence space ¿oo(A rp) 
defined by Mursaleen et al. These sets generalizes some sets defined by Ahmad and Mur-
saleen [1], and Malkowsky [6]. 

1. Introduction 
We shall write u for the set of all sequences x — {x/c} with complex 

terms and p = {pk} will denote a certain sequence of positive real numbers. 
The following sets introduced and investigated by various authors. 

4 o ( p ) = {x e w : s u p \xk\Pk < oo}, 
k 

c(p) = {x € h) : \xk — I\Pk —> 0, for some complex I}, 
co(p) = {x E u : \xkr —» 0}, 

oo 

Op) = { x e u - . Y J ! ^ r f c < ([3]. [4], [5] a n d [8]). 
fc=l 

Let U be the set of all sequences u = {ufc}^.]^ such that u^ 0 and 
complex for all k=l,2, . . . . Throughout the paper we write Wk = ^ j . 

Given an arbitrary sequence p = {pk} of positive real numbers pk and 
given u £ f / we define the sets 

£OO(U, A , P ) = {x e UJ : {ukAxk} € £<*>(p)} 

c(u,A,p) = {x e u> : {ukAxk} £ c(p)} 

co(u, A,p) = {x 6 u : {ukAxk} G c 0 ( p ) } , 

where Axk = xk - xk+i, k = 1,2,... 
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If p = {pk} is a fixed bounded sequence of positive real numbers and 
u EU , then ¿^(U, A,P), c(U,A,P) and CQ(U, A,P) are linear spaces, under 
the usual operations 

x + y = {xn + yn} and ax = {axn} 

where a is any complex number. 

T h e o r e m 1 . 1 . Letp = {Pk} be a bounded, sequence of strictly positive real 
numbers pk and u E U. Then co(u, A,p) is a paranormed space with para-
norm g(x) — supfc |ufcAxfc|Pfc//M , where M = max{l,H = supfepfc}. If 
infkPk > 0 then ¿^(u, A,p) and c(u, A,p) are paranormed spaces with the 
same norm as above. 

The proof of this theorem is easy therefore we omit it. 

2. Kothe-Toeplitz duals 
In [7] Mursaleen et al. defined and studied the sequence space 

¿oo{Arp) = {x e u : Arx 6 4o(p), r > 0}. 

They give a-, /3- duals of ¿oo(Arp) in Theorem 2.1 in that paper. But they 
applied some argument which do not seem to hold : In the proof of Theorem 
2.1 (in [7]) it is expressed that " obviously Y%LI k~ r \ ak\Y!jZ{ N l / p j < 0 0 

implies a E £i". But this is not valid; for example, if we take r = 2, pk = 1, 
Gfc = \ (A: = 1,2, . . . ) and N > 1, then as easily seen the series 

oo k—1 oo , 1 

fc=l j=1 fc=l 

is convergent, but the series XlfcLi lafcl = X f̂cLi i divergent. 
In this paper we also determine the a- and /3-duals of the sequence space 

¿oo(Arp) in Corollary 2.3(i) and Corollary 2.5. 
For any subset X of u, the sets 

oo 

Xa = | a € UJ : ^ |afeXfc| < oo for all x G 
fc=i 

oo 
= | a G u) : ^ ^ akXk converges for all x G X | 

fc=i 
are called a- and /3-dual of X. We shall write Xaa = (Xa)a and X^ = 
{ X P f . 

T H E O R E M 2 . 1 . For every sequence p = {pk } of strictly positive real numbers 
Pk, and for every u EU, we have 
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(i) [eoo(u,A,p)]a = Ma(p), 

(ii) [co{u,A,p)]a = Da(p), 

(iii) [c(u>A,p)]a = D(p), 

where 

oo oo fc—1 
Ma(p) = f | { a € w : \ a k \ J 2 N l / P j w i < 

N=2 fc=l j = l 
oo oo fc—1 

£> a (p) = U | a e w : Y , WklJ^N'^Wj < o o } 
7V=2 fc=l j = l 

and 

k-1 

D(p) = n |o € u : ^ |fflfc| Y ^ W j < oo} . 
k=l j=i 

P r o o f , (i) Let a e Ma(p) and a; e ^ ( u , A , p ) . For any iV > max{ l , 
supfc |ufeAxfc|Pfc}, obviously £ f c l i lafcl Z)j=i < oo implies 

|flfc| < oo and hence we have 

oo oo fc—1 oo 

fc=i fc=i j = i fc=i 
oo fc —1 oo 

< ^ |afc| ^ N 1 / P j W j + |xi| ^ |afe| < oo, 
fc=l j = i fc=i 

so we have a 6 A,p) ] a . Therefore Ma(p) C [4o(u, A,p) ] a . 

Conversely let a ^ Ma(p). Then Y1T=I \ a k Wj — oo for some 
integer N > 1. If we take xk = (k = 1 , 2 , . . . ) , then x € 
£oo(u, A,p) and YlkLi l^^fcl = This implies that a £ [¿oo{u, A ,p) ] a . 
Therefore [4o(u, A ,p) ] a C Ma{p) and hence Ma(p) = [4o(u, A,p) ] a . 

(ii) Let a G Da(p) and x € CQ(U, A ,p ) . Then there is an integer ko such 
that supfc>fco \ukAxk\Pk < i V - 1 , where N is the number in Da(p). We put 
M := maxi<fc<fco \ukAxk\Ph, m : = mini<fe<fcopfc, L := (M+1)N and define 
the sequence y by yk : = xkL~l/m (Ar = 1 , 2 , . . . ) . Then it is easy to see 
that supfc \v,kAyk\Pk < N-1, and as in (1) with N replaced by iV - 1 , we have 

oo oo 
^ \akxk\ = L1/m ^ \akyk\ < oo. 
fc=i fc=i 
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Conversely let a £ Da(p). Then we may choose a sequence {/c(s)} of 
integers such that k( 1) = 1, A;(l) < k(2) < ... < k(s) < k(s + 1) < ... and 

fc(s+l)-l fc-1 

M(p,s) = \ak\Y<(s + iy1/PiwJ>1 (5 = 1,2,...). 
k=k(s) j=1 

If we take 
s-l k(l+1)-1 fc-l 

X* = E E (i + v-1 / P j™j+ E (s + i y ^ w j , 
i=1 j=k(l) j=k(s) 

(k(s) < fc < fc(s + 1) - 1; s = 1, 2,...) 
then \ukAxk\Pk = j^j (k(s) < k < k(s + 1) - 1; 5 = 1,2,...) and so 
x G CQ(U, A,p). Then we can easily see that SfcLi lofĉ fcl > S^Li 1 = oo • 
This implies that a £ [co(u, A,p)]a. 

(iii) Let a € D(p) and x G c(u, A,p). Then \ukAxk - l\Pk 0 (k oo) 
for some complex number I. We define the sequence y — {yk} by 

k-1 
V k = x k + l ^ 2 u J 1 (A: = 1 , 2 , . . . ) . 

j=l 

Then y = {yk} G Co(u, A,p). Since a G D(p), then by (ii), we have 
oo oo fc —1 oo oo fc—1 

X ^ K ^ I ^ E i a f e i i E A 2 / j i + H E M + I ' l E i ^ i E ^ < 0 0 
k=1 fc=1 j = l fc=l fc=l j = l 

and hence a G [c(ix, A , p ) ] a . 
Now let a G [c(u, A,p)]a. Since 

[c(u, A,p)]a c [co(u, A,p)]Q and [c0(u, A,p)]a = Da(p) 
by (ii), then a G Da(p). If we put xk — f°r ^ = 1,2,..., then 
x G c(u, A,p) and therefore |a.fc| < 00• Thus a G D(p). 
THEOREM 2 . 2 . For every sequence p = {pk} of strictly positive real numbers 
pk, and for every u G U, we have: 

(i) [¿00(uJA,p)]aa = Afatt(p), 
(ii) [c0(u,A,p))aa = Daa(p), 

where 
00 fc—1 

Maa(p) = |J {a G u : sup |afc| ( ̂  JV1/Pittfj) <00} 
N=2 k-2 j=1 

and 
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oo fc—1 
Daa(p) — P ) {a € u : s u p | a f c | ( E ^ ~ 1 / P i l 0 j ) < oo}. 

N=2 k-2 j=1 

P r o o f , (i) Let a 6 Maa(p) and x G [¿oo(u, A,p)]Q = Ma(p). Then we have 
oo oo fc—1 fc—1 

E = E m ( E N 1 / P i * > i ) ~ M E N l / P i w i 
k=2 k=2 j=1 j=l 

< fc—1 oo fc—1 
"sup |afc| ( E NVHWJ} ] E l®fcl E < 0 0 

k-2 j=1 " fc=2 j=l 
for some iV > 1, by Theorem 2.1(i). Hence a e [4o(u, A , p ) ] a a . 

Conversely let a ^ Maa(p). Then for every N > 1 we have 
fc-i 

s u p l a f c K E - ^ 1 7 ^ ' ) - 1 = 

Therefore we may choose a strictly increasing sequence {k(i)} of integers 
such that 

/ « - l ! 
I«*>l( E N l / P ^ ) > i 2 (¿ = 2 ,3 , . . . ) . 

j=l 
Put xk = Iflfe^l"1 (k = k(i)), xk = 0 (k^ k(i)). Then 

oo fc-1 oo k(i) — l oo 
E m E ^ ^ E M - 1 E N l / P i * > i < E r 2 < w 

fc=i j=i ¿=i j=i ¿=1 

for every integer N > 1. This yields that x 6 [¿oo(u, A,p)]Q and Xlfcli lafcxfc| 
= E , " i 1 = oo and so a ^ [¿«.(u, A ,p ) ] a a . Hence [^{u, A,p)]aa = Maa{p). 

(ii) Let us define 
oo fc—1 

EN(P) = { a € U : E M E N~1/PJ™I < 
fc=i j=i 

and fc-i 
FN(P) = | a G a; : SUP\AK\(^2N~1/PJ™J) < 

fc>2 i = 1 

where N = 2,3,... 
By Lemma 4(iv) in [3], FN(p) — [EN(p)]a for each integer N > 1. 
Let us define 

X ( A r p ) = {x = (xk) : Arx 6 X(p), r > 0}, 

where X = £oo,co or c and Arx = {krAxk}^L1. 
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If we put Ufc = kr then we have ¿oo(u,A,p) = ^ ( A r p ) , cq(u,A,p) = 
co(Arp) a n d c(u, A,p) = c(Arp). 

Now if we take Uk = kr, (r > 0) in Theorem 2.1 (i), (ii), (iii) then we 
have the following results. 

COROLLARY 2 . 3 . For every strictly positive sequence of reals p = {pk} and 
r > 0, we have 

(i) [^oo(Arp)]a = n ~ = 2 { a e u; : E ^ i M E , t i < oo}, 

(ii) [c 0(A rp)] a = U ~ = 2 ( a e w : E f c l i \ a k \ T , k j Z l j ~ r ^ ~ 1 / p j < oo}. 

(iii) [c(A rp)]a - [co(A rp)]a f){a G w : J2k=i M E ^ i 3~r converges}. 

T H E O R E M 2 . 4 . Let p = {pk} be a sequence of strictly positive real numbers. 
Then [4o(u, A,p)]P = Doo (p) where 

Doo(p) = 
oo fc—1 oo 

P i j a G u : ^ N1/pjwj converges and ^ N1/pkwk\Rk\ < oo} 
N>2 k=1 j=l k=1 

and 
oo 

Rk= (k = 1,2,...). 

P r o o f . Let a G -Doo(p) and x G £oo(u,A,p). We may write 
n 71—1 n—1 n 

(2) ^ OfcXfc = — ^ AxkRk + R n ^ Axfe + Xi ^ afc (n = l , 2 , . . . ) . 
fc=i fe=i fc=i fc=i 

Obviously a £ Doa(p) implies the convergence of the series E f c l i ak- Since 
x € ¿oo{u,A,p) we may choose an integer N > max{l,sup f c \ukAxk\Pk} so 
that 

oo oo 
^ lAxfcHitlfcl < ^ N1/pkWk\Rk\ < oo. 
fc=i fc=i 

Therefore E f c l i A X k R k is absolutely convergent. From Corollary 2 in [2], the 
convergence of E f c l i ak E , = i wj implies that Rk E j = i jvVPJ tt;,- —» 0 (A; —> oo), and hence (2) yields that EfcLi afcxfc is convergent. Therefore 
a € [4o(«>A>p)]' J . 

Conversely let a € [^ (M , A,^)]^. Since e = { 1 , 1 , . . . } G i<x>{u, A,p) 
then we have that the series EfeLi is convergent. Define x = {ccfc} by 

- E , t i then x G ¿oo(u,A,p) and «fc EjZl 

is convergent. Again by Corollary 2 in [2] we have Rn E j = i AT1/?,- Wi—>0 
(n —» oo). By (2) we have the series i^xkRk converges for all a G 
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¿oo{u, A , p ) . S ince x E ^ ( u . A , ^ ) if and only if = { i i fcAx f c } G too (p ) , 
then { u _ 1 i ? f c } 6 [4o(p)]/ 5 . B y T h e o r e m 2 in ¡4] we have 

oo 
J2N1/pku>k\Rk\< oo 
k=1 

for all integer N > 1. Hence a G D^p). 
This completes the proof of the theorem. 

I f we take uk = kr, r > 0 in T h e o r e m 2.4, then we have the following 
result. 

COROLLARY 2 . 5 . For every strictly positive sequence of reals p = {pk} and 
r > 0, we have 

[€oo(APp)]" = 
oo oo k—1 oo 
P i ( a e u : converges and ^ k - r N 1 / p k \ R k \ < o o } . 

N=2 fc=1 j = l fc=l 

References 

[1] Z. U. Ahmad and Mursaleen , Kothe-Toeplitz duals of some new sequence spaces 
and their matrix maps, Publ. Inst. Math. (Beograd) 42(56) (1987), 57-61. 

[2] H. Kizmaz, On certain sequence spaces, Canadian Math. Bull. 24 (1981), 169-176. 
[3] C. G. Lascar ides , A study of certain sequence spaces of Maddox and a generaliza-

tion of a theorem of Iyer, Pacific J . Math. 38 (1971), 487-500. 
[4] C. G. L a s c a r i d e s and I. J . Maddox, Matrix transformations between some classes 

of sequences, Proc. Cambridge Phil. Soc. 68 (1970), 99-104. 
[5] I. J . Maddox, Continuous and Kothe-Toeplitz duals of certain sequence spaces, Proc. 

Cambridge Phil. Soc. 65 (1967), 471-475. 
[6] E. Malkowsky, A note on the Kothe-Toeplitz duals of generalized sets of bounded 

and convergent difference sequences, J . Analysis 4 (1996), 81-91. 
[7] Mursaleen, A. K. Gaur and A. H. Saif i , Some new sequence spaces, their duals 

and matrix transformations, Bull. Cal. Math. Soc. 88 (1996), 207-212. 
[8] S. Simons, The sequence spaces £(pv) and m(pv), Proc. London Math.Soc. 15 (1965), 

422-436. 

DEPARTMENT OF MATHEMATICS 
FIRAT UNIVERSITY 
23119, ELAZIG, T U R K E Y 
E-mail: rigdemas78iihot rnail.com 

Received February 7, 2000. 




