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THE CAUCHY PROBLEM FOR CERTAIN GENERALIZED
DIFFERENTIAL EQUATIONS OF SECOND ORDER
WITH SINGULARITY

1. Introduction

Let X,Y be Banach spaces over the field R and let U and V be open
subsets of X and Y, respectively.

Let h1, ho be the mappings from U into X and F a mapping from U x V
into Y.

We shall start with defining a directional derivative of second order of
a function f in a direction of the pair of mappings hi,hs on U, denoted
by (V%hz,hl) f)(z) for z € U, and generalizing the well known notion of
the directional derivative of second order [3]. Then we consider the Cauchy
problem

(Vi) D) (@) + a(Vi, ) () = F(=, f(2))
f0)=0,  (Vnf)0)=0,

where a > 0, for mappings from a subset of a Banach space into a Ba-
nach space, which are defined in class of continuous mappings C, with the
assumption that 0 is a singular point (i.e. h1(0) = 0 and h2(0) = 0).

The subject matter refers to studies of generalized differential equations
of first order introduced in [4] and continued in [5].

In lemmas and theorems presented in this paper the real Banach space X
will be considered with a semi-inner product, defined as follows [2], [4], [5].

Let X* be the dual space of Y and

T(z) = {z" € X7 |l&’|| = 1, z*(z) = l|zl|}

forz € X.
Let Xp be a set of nonzero elements with norm equal to 1, chosen one
by one from each line in X through zero.
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Let o be any (fixed in further considerations) mapping from Xy into
X* such that So(y) € T(y) for y € Xo. Let S be the homogenous extension
of &g to the whole space X defined as follows

S(Ay) = AQo(y) for y € Xp,A€R.

Now we define a semi-inner product by

(z,y) =S(y)(z) for z,yeX.
This product has the following properties:

(a) it maps X x X into R,

(b) (z +y,2) = (z,2) + (y,2), (Az,y) = XMz,y), (z,Ay) = Mz,y) for
z,Y,z € X’ AER

(c) {z,z) = ||z||2 for z € X

() [z, 9)I? < (z,2){y, y) for z,y € X.

Denote by B, the open ball in X with radius p and centre zero, i. e.,
B,={z € X: || < p}.

The following definitions, lemmas and theorem will be needed throughout
the paper.

DEFINITION 1. A mapping h : B, — X of the class C! will be called a
regular mapping (in zero) if:
(i) is bounded with its first derivative Dh in B,,

(i) R(0) =0,

(iii) there exists such a constant C > 0 that
1) y*(Dh(O)y) 2 C
for y* € T(y) and for every y € X such that ||y]| = 1.

LEMMA 1. If h : B, — X is a regular mapping (in zero), then for every
a € (0,C) there exists a constant v € (0, p) such that a Cauchy problem

(2) %v(t,m) = —h(v(t,z)), v(0,z)==z

has in the domain [0, 00) x B, ezactly one continuously differentiable solution
v = v(t, z), having the properties

(3) lo(t, 2)|l < e~ *|lzl|  for te[0,00),z € By,
and
(4) v(t,v(r,z)) =v(t+7,2) for t,7€[0,00),z€ By.

LEMMA 2. If h: B, — X is a regular mapping (in zero) of class C?, then
for every B € (0,C) there exists such ¥ € (0,r]| (where r denotes the constant
from Lemma 1), that

(5) |Dov(t,z)|| < eP  for te[0,00),z€ B;.
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The proofs of Lemma 1 and Lemma 2 are presented in [5].

Let C? ’l(B.,O, Y') be the space of the continuous mappings f : By, = Y,
B, C X, such that for every mapping f there exists such a constant C, > 0
that || f(z)|| < Cillz|| for =z € By,.

Let
[fll« = inf{Cy > 0; [|f(z)|| < Cullzl| for = € Br}.

This functional is a norm.

THEOREM 1. The space CY'(By,,Y) with the norm |||+ is the Banach space
(compare [5]).

Let X,Y be areal Banach spaces, U an opensubsetof X and h: U — X
be a function of class C?, bounded together with its first derivative on U.

Lemma 1 specifies the additional properties of the solution of the problem
(2) for x in a neighbourhood of zero in the case of regular mapping h.

DEFINITION 2. We say that a mapping f : U — Y hasin a pointxz € U a
derivative in a direction of the mapping h if there exists a limit
) v(0,2)) — f(v(t, x
(1)) =ty L1007 F(0(52)

where v = v(t, z) is the solution of the problem (2) in a neighbourhood of a
point (0, ).

for teR,

We can use in Definition 2 the natural transformation generated by the
regular mapping h (for ¢ > 0), since
0
(Vaf(a) = = | 5/ 0(t, )

in a neighbourhood of a point z = 0.

t=0

2. The Cauchy problem for the generalized differential equations
of second order with singularity in a point zero

Let X,Y be real Banach spaces, U an open subset of X and
hi,hy : U — X be the functions of class C', bounded together with their
first derivatives on U.

DEFINITION 3. Let f : U — Y. A directional derivative of a function
XoUsz— (Vi f)x)eY

in a direction of a mapping he (if it exists) we shall denote by the symbol
(V%hz,hl)f)(m) and call the directional derivative of the second order of f in
the direction of the pair of mappings (hg, h1),

(Vihany)))(@) = (Vay (Vi ) (&) for z€U.
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From Theorem 10.4.5 and Theorem 10.8.2 in [1] it follows that for any
zg € U there exist the constants sg,ty > 0 and a neighbourhood Uy C U of
a point xg such that each of the following Cauchy problems

%vl(s,x) = —hi(vi(s, z)) %vz(t,m) = —ha(va(t, z))

(2" and
v1(0,2) =z v2(0,2) =z
has exactly one continuously differentiable solution, respectively: v; =
vi(s,z) in the domain (—sp,s0) X Uy and vo = wva(t,z) in the domain
(—to;to) % Up.
From the Definition 3 it follows that

(Vs ) P)(@) = [l F(01(s, 2l 9)s=obeo,

where v1 = v1(s, ), v2 = va(t,z) are the solutions of the Cauchy problems
(2') for s € (—s0,50),t € (—to,t0) and z € Up. The above equality is true
for the natural transformations generated by the regular mappings hi, kg in
a neighbourhood of a point z = 0 (for s,t > 0).

COROLLARY 1. If a mapping f : U — Y is twice differentiable at a point
x € U, then the following equality is true

(Vihon)F) (@) = D?f(2)(ha(2), ha(2)) + Df(2)(Dha() (ha(2))).

Proof. Since f is twice differentiable, by Definition 3, we obtain
of[o
2 = | — | —
(V@) = [ 516602 ]
0 \
= | 571D (w1(s, 2l ) (=P (wn (s, valts )

= - [ 0 (D (vz(t,x))(hl(vz(t,m)))]tﬂ}

= [D?f(va(t, 2)) (ha(va(t, @), ha(v2(t, 2)))
— Df(va(t, ) (Dha(v2(t, 2))(—ha(va(t, 2))))]e=0
= D*f(z)(h2(x), ha(e)) + Df(z)(Dhi(z)(h2(2))). =
DEFINITION 4. Let U and V' be open subsets of Banach spaces X and Y,
respectively. Let hy,hy : U — X be mappings of class C' and F be any
function fromU x V into Y.

Every function f : U — V which has a derivative of a second order in a
direction of a pair of mappings (hi, h2) in U and fulfills the equation

(*) (Vo h) (@) + a(Vn, f)(z) = F(z, f(z)) for z€U,

where a > 0, will be called a solution of (x).

t=0

We shall introduce the following assumption
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ASSUMPTION 1. Let h; : By, — X (¢ = 1,2), with B,, C X, be regular
mappings and let C; > 0 (i = 1,2) be the constants such that the following
conditions are fulfilled

(1) ¥y (Dhi(0)(y)) 2 Ci (i=1,2)

for y* € T(y) and for everyy € X such that ||y|| = 1. We shall assume that
a; are some constants from (0, C;), v; : [0,00) X B, — X, wherery € (0, p1),
are the natural transformations generated by the mappings h; (i = 1,2) and
the following inequalities take places

(3 llvi(s,z)|| < e ®®||z|]] for s€[0,00),z€ B, (1=1,2).

For the mapping F : B, x By, =Y, with B, x By, C X xY, and for
a > 0 we consider the Cauchy problem

(Ving ) F)(@) + a(Vi, f)(2) = F(z, f(z)) for z € By,

(6)
fF0)=0,  (Vaf)(0)=0,

under Assumption 1.

LEMMA 3. Let F : By, x By, —» Y, with B, x B,, C X XY, be a continuous
mapping such that for certain constans p1 € (0, p1], p2 € (0, p2] and K > 0
we have

() [|1F(z, )l < Kll=l| for (z,y) € Bs, X Bp,.

Then for 7 = min(ry, p1) (where r1 is a constant from Assumption 1) and
for any continuous function f : By — Bj, two following conditions are
equivalent:

I. f is the solution of Cauchy problem (6) (in particular f is continuously
differentiable in a direction of the mapping h1 and twice differentiable in a
direction of the pair of mappings (ha, h1)).

II. f fulfills the equation

o0 00

(7) f(il)) = S S e_atF(v2(t,v1(s,a:)),f(vQ(t,vl(s,:B)))) dtds
00

for x € B;,, where the above integral is absolutely convergent.

Proof Let 71 = min(ry,4;). By (i) and (3'), any function f € B, C
C(B;,,Y) fulfills the following inequalities

(8) le™® F(va(t, ), £ (va(t, 2)))]| < ™2+ K |z

and

9)  lle™®F(ua(t,01(s,2)), f(v2(t, v1(5, 7)) < e %™ 2+ K g
for t,s € [0,00), z € B,.
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Let f € C(Br,,Y) be the solution of the problem (6). From Definition 3
it follows that

(th(Vhlf))(.’E) + a(vfuf)(m) = F(.’E, f(IB)) for z€ BT1'
Hence

2 e (T £ (w2l 2))] = €= Fwn(t, 2), f (va(t,2)))

ot
for te€[0,00),z € B,.
Integrating above equation with respect to t on the interval [0, ¢], we obtain

(10) —e™*(Va, F)(v2(t, 2)) + (Viy £)(v2(0, 2))
t
= Se_‘"F('vg(T, z), f(va(7,z)))dr for te0,00),z € By,.
0
Since lim;—,o0 v2(t, z) = 0 for every z € B,, by Lemma 1, from the continu-
ouity of the mapping Vy, f, due to the condition (V, f)(0) = 0, we conclude
that

Jim e~ (Vs f)(va(t,2)) =0 (a>0).

Consequently, by (10), we obtain

oo

(11) (Vi f) S Y F(va(T, z), f(v2(7, 7)))dT for z € By,

where the above 1ntegral is absolutely convergent by (8). The following equa-
tion is true

~% (vi(s,z)) = S e~ Y F(va(r,v1(s, x)), f(va(7,v1(8,z))))dT
0

for s € [0,00),z € B;,. Integrating the above equation with respect to s
on the interval [0, s], we have

(12) ~f(vi(s,z)) + f(v1(0, 7))
= { | e Floa(r,01(042)), £ (oa(r, 1(0,2)))) dr do
00

for s € [0,00),z € Br,.
Since limy_,oo v1(t,z) = 0 for every £ € B, by Lemma 1, from the
continuouity of the mapping f and (12), we obtain

o0 00

f(z) = S S e~V F(va(r,v1(0,%)), f(ve(7,v1(0,2))))drdo for =z € B,
00

where the above integral is absolutely convergent by (9).
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Now we shall show that every solution f € B;, C C(By,,Y’) of the above
integral equation is the solution of the problem (6). Notice that

f('Ul (S, ’Ug(t, .’12)))

[o oo o]

= S S €™ Y F(va(r,v1(o,v1(s,v2(¢, 2)))), f(va(r, v1(0, v1(s,v2(t, 2)))))) dr do
00

for s,t € [0,0),z € By,. By Lemma 1 we have v1(0,v1(s,z)) = v1(0 + s, z)

for 0,5 € [0,0), € By,. Hence

f(vi(s, va(t, z)))

o0 OO

= S S e” Y F(va(r,v1(o,v2(t, z))), f(va(T,v1(0, v2(t, 2))))) dr do
50
for s,t € [0,00),z € B,.
Differentiating above equation with respect to s at a point s = 0, we
obtain

a o0
[gf(vl(swz(t,l‘)))] i | €79 F(va(7, va(t, ), f(v2(T, va(t, 2)))) dr.
5= 0
By Lemma 1 we have vo(7,v2(t, z)) = vo(7 + ¢, z) for 7,t € [0,00),z € B,.
Hence
x

(13) (vhlf)(vz(t’ (B)) = —e S e—aTF(v2(T’ ‘T)’ f(’l)z(T, IIJ))) dr
t
for t € [0,0),z € Br,. In particular

oo
(Vp, )x) = S e” Y F(va(T, z), f(ve(7,2)))dr for z € Bp
0
is a continuous function. Differentiating the equation (13) with respect to t,
we obtain
6 o0
71V (0(t, 2)) = —ae® | €7V F(vy(7, z), f(va(T, 2))) dr
t

+ F(va(t, z), f(va(t,z))) for z € By,.
Therefore, by (13), we have for t =0
(th (vhlf))(m) = _a‘(vhlf)(m) + F(:E, f(:L‘)) for z € By,.

Now, it is sufficient to show that f(0) = 0 and (V4, f)(0) = 0. Since
v(¢,0) = 0 for t € [0, 00), from the inequality (8) it follows that the condi-
tion (Vp, f)(0) = 0 is fulfilled. Moreover, since v;(s,0) = 0 for s € [0, 00),
from the inequality (9) it follows that the condition f(0) = 0 is fulfilled. =
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COROLLARY 2. Let F : B,, — Y, with B, C X, be a continuous mapping
such that for certain constants p1 € (0, p1] and K > 0 the following condition
takes place

(W) [F@)ll < Kllzl| for =z € Bp.

If a > 0 than for 7 = min(ry, p1) the problem (6) under the Assumption 1
has exactly one solution f € C(B,,,Y) of the form

f(z) = OSoTe_atF(vg(t,vl(s,:z;))) dtds for z € B;,.
00

This solution is in Ce* (By,,Y).

Proof. This remark follows immediately from Lemma 3 and f € o' (B,,Y)
by (9). =

The following theorem presents the sufficient conditions for the existence
of the solution of the problem (6) in the class C.

THEOREM 2. Let F' : B,, x By, — Y, with B, x B,,, be the continuous
mapping such that for certain constants p1 € (0, p1], p2 € (0, p2] and K, K,
(K% + K2 > 0), L > 0 the following conditions take places:

() |1F(z, )l < Kallzll + Kallyll  for (z,y) € Bpy, X Bp,.
(i) [|1F(z,y1) — F(z,y2)ll < Lllya — yall||zl| for = € B, and y1,y2 € B,
For K1 #0 let

min(rl, ﬁlaf)’%) Zf 0<
min(rl,ﬁl,’y%%/;) Z.f 1- ST <

min(ﬁ;ﬁlf)’mﬁ) if
min(rl,ﬁl,?ﬁlﬁ%ﬁ) if a=0,

and for Ky =0 let 7o = min(rl,ﬁl,'y%) (where v = az(az2+a) and a1, oz, r1
denote constants from Assumption 1).

Then the problem (6) has ezactly one solution f in the ball Bs, C
C(B,,Y). This solution is in Co’' (By,,Y).

L
To =

Proof. Let m = min(r1, p1). From (i) and (ii) it follows that for every
function f € B;, C C(Br,,Y) the inequalities are true:

(14) lle™® F(va(t, @), f (v2(t, 2))I| < (K1 + LI f(v2(t, 2))[)e™ 2+ e
for t € [0,00), z € B, and
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(15) le™* F(va(t, v1(s, 2)), f (valt, vi(s, 2))) |
< (K1 + L[ f (va(t, 01 (s,2))) e~ 1%~ (02+ " g

for s,t € [0,00), z € B;.

The analysis similar to that in the proof of Lemma 3 (when (14) replaces
(8) and (15) replaces (9)) shows that the problem (6) in the ball B;, C
C(B.,Y), ™ < 7, is equivalent to the equation

oo

f(z)= S e F(vo(t,vi(s, 2)), flva(t,vi(s,z))))dt for =z € B;.
0

Let 75 be as assumed. For every 7 < 72 we prove existence and uniqueness
of the solution f € Bs, C C(B;,Y) of the equation (7):

o0 o0

f(z) = S S e" % F(vy(t,v1(s,z)), f(v2(t, v1(s,x))))dtds, z € By,
00

equivalent to the problem (6).

The condition (i) implies that for every function f € B;, C C(B;,Y) we
have

(16)  lle™™F(va(t, @), f(va(t, @) < Kre™ |z + Kyppe™™
for te€[0,00),z € By and

(17) lle™® F(va(t, v1(s, 2)), f(va(t, va(s, 2)))
< Kle—alse—(a2+a)t||z|| +K2f526_a‘t

for s,t € [0,0), z € B;.
Using the Banach fixed point theorem ([3] Theorem VIII.1), consider a
mapping S on the closed ball B;, C C(B,,Y) defined by

[e el o]

S(f)x) = § e F(ua(t,v1(s,2)), f(va(t, v1(s,2)))) dt ds
00

for z € B,, f € B;,. From the inequality (15) we obtain

(18) IS @) < | § (K1 + Ll f(v2(t, 015, 2))) e~ %2 |z || dt ds
00
(K1 + Lpa)||=|| 5

We shall prove that S is a contraction. Let fi, fo € Bz, C C(Br,Y). Then
from the assumption (ii) we have
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(19) 15(f1)(=z) = S(f2)(=)]l

< § | Lem 2072t £y (ug(t, v (s, ) = falva(t, va(s, )l lle]f dt ds

OL’:8
O g

Ljz|]

- a1(a2+a)
In the case of K; # 0 and 0 < Eaz < W%E’ with a # 0 we have
1-Kjs/a

K1/p2 )’

is equivalent to £ > 1;{1[‘;2./ 2 and from

fi — foll for =z € B,.

) 1
T = min | 1, p1, 1(az + @)+, c1(a2 + a)

L
K1/[72

because the condition &2 >1-

the condition £2 < K/ 7 it follows that & /p -z < 1}{5";/“ By (17) and
Ks/a

the condition 72 < aj(a2 +a )Wp_ we obtain

IS(F)(@) < | § (Kremorem 2otz 4 Kypoeet) dt ds

1—K2/a

2 4 Kopoe ) dtds
K\ /5 202~ %)

00
o 00
< S S(Kle'alse_(0‘2+“)t7+Kzﬁge_at) dtds
00
o0 00
S S(Kle_alse_(a2+a)ta1(a2+a)
00

=(1-Ka/a)p2 +
= fo for xEBr,fEB,-,z.

The inequality 72 < ay(as + a)% is true, hence we conclude from (19) that
the mapping S is a contraction.
Now let —2 > 717—[’— (and a # 0) or a =0 or K1 = 0. Then

. - 1
To = Iin (7‘1,/)1,01((12 + a)m>

From (18) and the condition 7 < a;(ag + a,)mp—+ it follows that

IS < p2 for f€Bp,.
Thus S is a well-defined mapping and S : B;, — Bj, C Bj3,.

Since 72 < ‘I"{l(/?;% < al(a2+a) , then, from the inequality (19) it follows
that S is a contraction. So, the a.ssumptlons of the Banach fixed point the-
orem hold. Therefore, there exists only one mapping f, € 3;,2 c C(B,,Y)
which is a fixed point of the mapping S and so it is the solution of the

problem (6); in addition f, = S(f;) belongs to the open ball Bj,. From




The Cauchy problem 781

the uniqueness of the solution we obtain the equality f = f | B; for
T < 7 < Ty. The searched solution f € B;, ¢ C(By,,Y) coincide with the
function f; on every ball B, i.e.

f(z)=fr(z) for z€B;,7<7
By (18), f € CY'Y(B,,,Y) what completes our considerations.
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