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ANALYTIC SOLUTIONS
OF A NONLINEAR FUNCTIONAL DIFFERENTIAL
EQUATION WITH PROPORTIONAL DELAYS

Abstract. This paper is concerned with a nonlinear functional differential equation
of the form

60 LB = 3" p6(F (0.
7j=1

By means of the method of majorant series conditions are given for existence of analytic
solutions of the above equation.

It is well-known that the third Jabotinsky equation
(1) (-2 _ r(e)
plays an important role in iteration theory. This equation has been studied
by many authors [1-3]. In this paper, we will be concerned with a more
general class of equation of the form
dF(z)
dz
where p; and g; are complex numbers. It is clear that (2) includes equation
(1) as a special case. In the linear case, such equations with proportional
delays also have been studied to some extent by many authors [4-6]. By
means of the method of majorant series, we will discuss the existence of
analytic solutions of equation (2) in a neighborhood of the origin. Some
ideas in the proof of our main results are similar to that used in [3, 7, 8].
We now state and prove our main results in this note.

2) G2

= p1G(F(q12)) + p2G(F(g22)) + - .. + pnG(F (gm2)),
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THEOREM 1. Suppose that G(z) is analytic on a neighborhood of zero,
G(0) = 0,G'(0) # O,Z;’;l Ipjl <1 and |g;] < 1, then for any complez
number 1, equation (2) has an analytic solution F'(z) in a neighborhood of
the origin such that F(0) =0,F'(0)=n+ Z _1Dj-

Proof. Let

(3) G(Z) = Z a'nznv
n=0

Since G(z) is analytic on a neighborhood of the origin, there exists a positive
B such that
(4) lan| < 8" 1n=2,3,...
Introducing new functions f(z) == BF(871z) and g(z) = BG(B71z), we
obtain from (2)

d z

f( ijg[f g,2)

which is an equation of the form (2 ) From (3) and g(z) = BG(B712), we
have

9(z) = sz + Z anB ™2™

n=2
y (4) it follows that
an
<1,n=2,3,.
,3"
Therefore, without loss of generality, we assume that
(5) lan| <1,n=2,3,...
Let
(6) F(z)= Z b, 2"
n=1

be the expansion of a formal solution F(z) of equation (2). Inserting (3) and
(6) into (2) and equating the coefficients we obtain

a0t - Yom5) =0
j=1

and
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¢ (0= 50} st

m n—2
= ijq;‘ Z atbllb[2 . blt -— Z(k‘ + l)an_kbk+1, , W= 2, 3, e
j=1 L4 +li=n; k=0

Noting that ag = G(0) = 0, we choose by ~ > 7, p; = 7. Since a; =

G'(0) # 0 and |37 piq}| < Z;n=1 Ip;llg;|™ < Z;’;l Ipjl < 1, we see that
the sequence {b,}5%, is successively determined by the relation (7) in a
unique manner. Now, we show that the power series (6) converges in a
neighborhood of the origin. First of all, since
m
lim Ej:}n pJ'q;L _
NN~ Z]’:l p;d;

b

there exists a positive number M, such that for n > 2,
> ie1 P34}
n— 31 pid}
Thus if we define a sequence {B,};2; by B = o] + > ;. [p;| and

< M.

M 1 n—2
Bn=— Z Bl1Blz"'Ble+mkzz()Bk+l>n=2y3a"~a

Li+...+li=n;
t=2,3,...,n

then in view of (7) and the inequality (5),
(8) |bn] < Bp,m=1,2,...
Now if we define
W(z) = Z B,z",
n=1

then

o0

W(z) = Zanz” = (Inl + Zl lpjl)z + Zanz”
n= = n=
= (Inl+Y_Insl)
j=1
o M 1 n—2 .
_{_Z(m Z BllBlz...th+Hl§)Bk+l)z

n=2 li+...4+li=n;
t=23,...,n
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- (|n|+§:j|pj|)z
Z( Z BllBlz"'Bl‘)z-i_l—alTi(ZB’“‘H)zn

lalln =2 lLi+. +l=n; U a=2 “k=0
t=2,3,...,n
M [W(z)]? z
(ot L) it * 2O

That is, W(z) satisfies the implicit equation

~ (i + Y lpsl)e - o I L 2wy o

la1]| 1 =W(z) |ai|l-=2

Note that the left hand side of the above equation, when regarded as a
function R(z, W) = 0, satisfies R(0,0) = 0 and

Ry (0,0) =1 # 0.

According to the implicit function theorem, we see that the power series
W (z) converges in a neighborhood of the origin. This implies that (6) is
also convergent in a neighborhood of the origin. The proof is complete.

THEOREM 2. Suppose that G(z) is analytic on a neighbourhood of zero,
G(0) # 0, Z;n:l lpj| < 1 and |g;| < 1, then equation (2) has an analytic
solution F(z) in a neighborhood of the origin such that F(0) = 0, F'(0) =

Z;'n:l pj-

Proof. As in the proof of Theorem 1, we seek a power series solution of the
form (6), and (5) again holds. Since ap = G(0) # 0, by defining by = >_7"; p;
and then substituting (3) and (6) into (2), we see that the sequence {b,}5%,
is successively determined by the condition

(9) (n+ 1)agbn41 + (n - ijq;-‘)albn
i=1
m n—2
= ijq-;l Z atbllblz "'blt - Z(k-l_ 1)a’n—kbk+1))n= 2,3,. ..
j=1 L+.. . +li=n; k=0
t=2,3,...,n

in a unique manner. Furthermore, it is easy to see by (5) and (9) that
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ol < [P T B o)
nil = n+1 agp i
} > et Pﬂ?‘ 1 k+1
lat||b11||blz| Iblt| + Z ]an k”bk+1|
(n+1)|ao| Z |
lhi+...+le=n;
AP R
1 1 n—2
m Z |b11||b12|"'lbl:|+mZlan—kllbk+1|‘
Ol 4 4. Fle=n; 01 ko
t=2,3,...,n

Thus if we define a sequence {B,};2; by B1 = }_;_; Ip;| and

a1 1 1 «
—|B,+— E B;. B; ...Bl+—§ Bii1,m=2,3,...,
ao| " laol et T mn, T " aol

t=2,3,...,n

Bn+1 =

then |b,| < B, for n = 1,2,.... Now if we define

b(2) = Z Bp12™!
n=0
then

P(z) = (le]|)2+Bgz +2Bn+1z +1 (ilpﬂ)z

Jj=1 j=1
1 1 n—2
+B;z? +Z ( ol > BllBlz...Blt-i-m ZBkH)z""'l
L+.. . +Hle=n; k=0
t=2,3,...,'n
m a o0
= (Z|pi|>z+32z2+ hatd anzn+1
n=2

laol = Lt +l=n; laol 2= k=0
t=2,3,...,n
= (X i)+ B+ [ 2]s(26) - (T i)
2 2
1 2[2(x)* | 1 =2 o(2)
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That is, $(z) satisfies the implicit equation

ai
ao

2- ($;|pji)z— (B:-

jz:l; |le>22

ag

Note that the left hand side of the above equation, when regarded as a
function R(z,®) = 0, satisfies R(0,0) = 0 and

8
55 R(0.0) =170,

According to the implicit function theorem, we see that the power series
& converges in a neighborhood of the origin. This implies that (6) is also
convergent in a neighborhood of the origin. The proof is complete.
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