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ON RIGHT INVERSES FOR FUNCTIONAL SHIFTS 

In memory of Professor Siegfried Prossdorf 

A b s t r a c t . The paper is concerned with functional shifts and functional /Z-shifts for 
a right invertible operator D (cf. [30], [15]). Conditions for different kinds of invertibility 
of these functional shifts on a set of all D-monomials are established. 

0. Let X be a linear space over the field C of the complex numbers. Denote 
by L(X) the set of all linear operators with domains and ranges in X and 
by LQ(X) the set of those operators from L(X) which are defined on the 
whole space X. By R{X) we denote the set of all right invertible operators 
belonging to L(X), by Dt̂ » the set of all right inverses of a D E R{X), and 
by 3d the set of all initial operators for D, i.e. 

IHO := {R € Lo(X) : DR = I } , 

{F G LQ(X) : F2 = F, FX = ker L> and 3R e MD FR = 0}. 

In the sequel we shall assume that dimker D > 0, i.e. D is right invertible 
but not invertible. If we know at least one right inverse R, we can deter-
mine the set D\D of all right inverses and the set #£> of all initial operators 
for a given D E R(X). The theory of right invertible operators and its ap-
plications S is presented in detail by D. Przeworska-Rolewicz in the books 
[24], [30], 

Here and in the sequel we admit that 0° := 1. We also write: N for the 
set of all positive integers and No :=NU {0}. 
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For a given operator D G R{X), R G iHo we shall denote (cf. [24], [25], 
[32]): 

• the space of smooth elements by 

(0.1) Doc := H D"> 
fee N0 

where D0 := X, Dk := domDk (k G N), 
• the space of D-polynomials by 

oo 

(0.2) S:= (J ker-D* = lin{i2fcz : zekerD, k G N0}, 
¿=i 

• the space of exponentials by 

(0.3) E:= |J kei(D-XI), 

Aec 
• the space of D-analytic elements in a complete linear metric space X 

by 
oo 

(0.4) AR(D) : = | s G Doo : x = RNFDnx} = { x : Jin^ RNDnx = o } , 

n=0 
where F is an initial operator for D corresponding to an R G SKd, 

(0.5) A(D):= ( J AR(D), 

Re<RD 

• in a complete linear metric space with a p-homogeneous F-norm || || 
(0 < p < 1) by 

(0.6) Xx(D) := lx£ DQO : limsup ^/\\Dnx\\ < 11 , 
I. n—ioo J 

and 

(0.7) X2(D) := {x € Doo : {Dnx} is bounded}. 

In the sequel K will stand for a ring Kr := {h G C : 0 < |/i| < r } , 
0 < r < +oo (Koo — C \ {0 } ) . Denote by H(Q) the class of all functions 
analytic on a set flCC Suppose that a function / G H ( K ) has the following 
expansion 

(0.8) f(h)= akhk for all h G K, nG N0. 
fc = — 71 

For an operator D G R(X) we define the set 
oo 

(0.9) Sf(D) := G DQO : ^ a k h k D k x is convergent for all h G i f } . 
fc=0 
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DEFINITION 0 . 1 (of. [12], [15]) . Suppose that D G R(X), ker D £ { 0 } and 
R € iHo is arbitrarily fixed. A family T f ^ — {Tfth}he K C L0(X) is said to 
be a family of functional i?-shifts for the operator D induced by the function 
/ and R if 

oo n 

(0.10) Tfthx = akhkDkx+Y^a-kh~kRkx for all h G K\ X G Sf(D), 
k—0 k=1 

where / , Sf(D) are determined by formulae (0.8), (0.9), respectively. 

Functional i?-shifts are induced by functions having a removable singu-
larities at h = 0 and they have been called functional shifts (cf. [8], [30]). 
Obviously, it this case f(h) = ^2<kLoakhk for all h G K and formula (0.10) 
has the form 

oo 
(0.11) Tfthx = J2akhkDkx for all h G K\ x G Sf(D). 

fc=0 
The definition of functional shifts is independent on R G 9\D- The theory of 
functional and sequential shifts induced by a right invertible is presented in 
detail in the author's works [1]—[11], [14], [30]. The theory of R-functional 
shifts induced by an operator D G R(X), R G £Hd and a function / G H(K) 
having an isolated singularity at the point h = 0 can be found in [12], [13], 
[15], [16]. For the entire collection of shifts for right invertible operators see 
D. Przeworska-Rolewicz [23]-[31] and [17], [18]. 

T H E O R E M 0.1 (cf. [30]). Suppose that D G R(X), dim ker D > 0 andTftK = 
{Tftx}heK is a family R-functional shifts for D induced by f G H(K). Then 

(i) 5 C Sf(D), 

ker(D - XI) c Sf(D) for all X : XK c K, 
E C Sf(D) for K = Koo, 

where S,E are defined by formulae (0.2), (0.3), respectively; 
(ii) if X is a complete linear metric space, Tftx is a family of continuous 

functional shifts, then 
A(D) c Sf(D) if D is closed, 
An1(D) c Sf(D) if R\ G Rd is continuous, 

where A(D), A ^ { D ) are defined by formulae (0.4), (0.5), respectively; 
(iii) if X is a complete linear metric space with p-homogeneous F-norrn 

(0 < p < 1) then 
Xi(D) c Sf(D) for K = K\, 
X2(D)cSf(D) far K = K^, 
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where Xi(D), X2(D) are defined by formulae 0.6, 0.7, respectively, SF(D) 
is determined by formula 0.9. 

THEOREM 0.2 (cf. [30]). Let D G R(X), kerD ^ {0} and let either K' = 
Ki U {0} or K' = C. Let T(K') be the set of all families of functional shifts 
for D induced by functions analytic on the set K', i.e. T(K') = {T9!K> ' g G 
H(K')}, where Tg,K, = {Tg,h}h€K,, Tg<0 := g{0)I. Write 

TY(K') = T(K')\Y — {T9iK'\Y • 9 G H(K')} forY C f | Sg(D). 

geH(K') 

If Y is the set S of all D-monomials then 

(i) the set T$(K') is a commutative algebra with the operations 
TF+G,K> = TFTK> + TGTKTAFTK, = ATFTK>, TF>K'TGTK> = TFG,K>, 

where f,ge H(K'),a€ C; 
(ii) the algebras H(K') and Ts(K') are isomorphic and T : / —> TftK>\s 

is an algebraic isomorphism from H(K') onto Ts(K'). 

REMARK 0.1 (cf. [30]). Suppose that all assumptions of Theorem 0.2 are 
satisfied. Results similar to Theorem 0.2 for the set Ts(K') hold for sets 
TY(K'), where 

' ker (D - XI) ± 0 for A € K', 
E for K' = C, 
S(D) = D S?{D), 

geH(K') 
K AR(D) if R G 9\D is continuous, 

oo 
Sf(D) = { x e D 0 0 : ^akhkDk+nx is convergent for all heK', n e N 0 } . 

k=0 
1. In this section, we shall assume that X is a complete linear metric space, 
K = Ki or K = K^. Let D G R{X), ker D ± {0} and TftK = {Tf<h}heK 

be a family of functional i?-shifts for D induced by a function / G H(K) 
and R G D\d. 

We consider the following equation 

(1.1) Tf<hx = y, heK; y £ X. 

Prom Theorem 0.2 we can conclude 

THEOREM 1.1. Suppose thatD £ R(X), kerD / {0} andTfiK = {Tf^}heK, 
Ti/f,K = {Ti/f,h}heK are families of functional shifts for D induced by 
functions /, 1// G H(K U {0}) respectively. IfyES then 

Y = 
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(i) the unique solution of equation (1.1) which belongs to the set S has 
the form 

(1-2) x = T1/fthy, heK; 

(ii) every solution of equation (1.1) is of the form 

(1.3) x = T1/fthy + w, 

where w G ker Ty ^ is arbitrary. 

E X A M P L E 1 .1 . Let X = H(U), where U denotes the unit disk. The set H(U) 
is a Frechet space with the topology of uniform convergence on compact sets. 
We define the operators D, R as follows 

(Dx)(t) = ~g(0); (Rx)(t) = tx(t); xeX, t G U, 

where 
x(t) - x(0) 

: = *'(0). 
t=o 

The operators D, R are uniquely determined on the whole space X, i.e. 
D,R G L0(X), dimkerD = 1, codimRX = 1 (cf. [21]). The operator D is 
called a Pommiez operator or a backward shift operator (cf. [22], [19], [20]). 
We can prove that D G R(X), R G and 

S = lin{ii fci : k = 0,1, 2, • • •} = lin{l, t, i 2 , • • •}. 

Evidently, S = X . 
We take f(h) = ^ G X then 1 //(/») = 1 - h G X. Let TftU = 

{Tf,h}heui Ti/f tu = {Ti/f th}heu t»e families of functional shifts for the 
operator D induced by / , 1 / / , respectively. Then for x G X, h £ U (cf. [8]). 

tx(t) — hx(h) 
(Tf,hx)(t) = ^Thn(Dnx)(t) = 

n—0 

for t ^ h, 
t - h r ' 

k x(h) + hx'(h) for t = h, 
. . , x(t) - x(0) r 

x(t)-h ^ f o r i ^ O , (T1/fthx)(t) = [(I-hD)x] (i) = 

_ s(0) - hs'(O) for t = 0. 

Theorem 1.1 implies that the equations 

(1.4) Tfthx = y, ye X- he U, 
(1.5) Ti/f,hx = ue X; heU, 

have the unique solutions for y,u G S which are determined by the formulae 
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(1.6) x(t) = 
y ( t ) - h y - ^ B . for i / 0, 

y(0) - hy'{0) for t = 0, 

tu(t) — hu(h) 
,, , . * , for t ^ h, 
(1.7) x(t) = { t - h T ' 

ti(/i) + hu'(h) for t — h, 

respectively. 
Observe that for h € U we have ker T/^ = lcerT^/y^ = {0} . This implies 

that equations (1.4), (1.5) with y,u G X have the unique solutions which 
are determined by formulae (1.6), (1.7), respectively. 

E X A M P L E 1.2 (cf. [9], [30]). Let X, U and / be defined as in Example 1.1. Let 
D = J-t. Then R = g £ S = lin{fl fcl : Jfe € N0} = lin { l , t, g , g , . . . } 
and S = X. Let TftU = {T/ i h}h e C / , T1//)i7 = {T1//)/l}/ieC/ be families of func-
tional shifts for the operator D induced by the functions /, 1/f respectively. 
Then for all x G S, h G U the following formulae holds: 

oo oo 
(Tf,hx)(t) = Y^hn(Dnx)(t) = 

n=0 n=0 

and 

(T1/fthx){t) = [(/ - hD)x] (t) = x(t) - hx'(t), 

respectively. 
By Theorem 1.1 we obtain that the equations of the form (1.4) (1.5) have 

the unique solutions for y,u £ S, which are determined by the formulae 

x(t) = y(t)-hy'(t), hGU, 

and 

respectively. 
Observe that 

x(t) = ^hnuM(t), hGU, 
71 = 0 

kerTi//ih 
_ J {0} for h = 0, 
~ \ {Cei//l} for 0 ± h G U, 

where C denote arbitrary scalars. Clearly, for 0 / h G U 

kerT1/fthcS1/f\S and kerT1//ih D Sf{D) = {0} . 
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Theorem 1.1 implies that every solution of equation (1.5) with u G S, 
0 h G U is of the form 

oo 

x(t) = Ce*'h + ^Thnuin)(t), 
n=0 

where C is an arbitrary scalar. 
Obviously, we have also that the formula 

i * 

x(t) = C e - \ e-s'hu{s) ds, 
h o 

where, as above, C is an arbitrary scalar, determines all solution of equation 
(1.5) with u G X and 0 ^ h G U. 

Moreover, this shows that the family Tf tu = {Tf^}heu^ where T f ^ is 
defined as follows Tfto = / , 

OO 1 t 

(Tfihx)(t) = - ^et/h\e~s/hx(s)ds O^hcU] x <E S 
n = 0 0 

is a family of functional shifts for D = d/dt induced by the function / = 
( 1 - f c ) - 1 . 

2. In this section we assume that X is a complete linear metric space. Let 
a function / G H(K), where K denotes either the ring K\ or the ring 
K<x> = C \ {0}, has the expansion 

oo 

(2.1) f(h) = £ akhk-, h£K, 
k= — n 

where a _ n ^ 0, i.e. / has a pole of order n G N at h = 0. 

PROPOSITION 2.1. Suppose that D G R(X), d i m k e r D > 0 and TftK = 
{Tf,h.}heK, Wf,K = {Wfth}heK are families of functional R-shifts for D 
and f , induced by £ d, respectively. Then for h G K 

(Tf,h-Wf,h)(Sf(D))ckevD\ 

where the set Sf(D) is defined by formula (0.9). In other words: A difference 
of two families of functional R-shifts for a given element x G Sf(D) is a 
subset of the set of constants for Dn. 

P r o o f . Let x G Sf(D); h G K be arbitrarily fixed. Then by the definition 
we have 

n 

Tf>hx - Wfthx = J2a-kh~k(RiX ~ Rl*)-
k=I 
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Hence, 

n 

Dn(Tfth - Wf,h)x=J2a~kh~k(DnRi ~ DnB%)x 
k=1 

n 

= Y^ cL-kh~k{Dn~k - Dn~k)x = 0. 
k=1 

Let TftK = {Tfih}heK, T9iK - {Tg,h}heK be families of functional 
i?-shifts for D,R induced by functions f,g, respectively, where g G H(K) 
has a pole of order m G N at h — 0. We can show (cf. [15]) that in general, 
on the set S, we have 

Tf,hTg>h + Tg>hTfth, TfihTgth ^ T f g t h for he K. 

In connection with the above, we suppose that the function 1 / / G H(K), 
where / G H(K) is determined by formula (2 .1 ) . In this case 1 / / has the 
following expansion 

oo 

(2.2) l/f(h) = Ythhk-, he K, 
k=n 

where the coefficients bk (n < k e N) satisfies the equations 

n^n — 1) 

(2.3) ^ 
at-kbk = 0 for I G N. 

k=n 

In order to show the right invertibility of the operators T ^ / ^ (h G K) 
on the set S, we will prove the next two propositions. 

PROPOSITION 2 .2 . Suppose that D G R(X) and an R G 9\d is arbitrarily 
fixed. Let TJ^K = {Tf^heK be a family of functional R-shifts for the opera-
tor D induced by the function f G H(K) and R. Let Ti/f ^ = {Ti/f,h}heK 
be a family of functional shifts for D induced by the function 1 / / G H(K). 
Then on the set S 

(2.4) T1/fihTf,h = I for all h G K. 

Proof . Let h G K, x e She arbitrarily fixed. This implies that there exists 
a number n < q e N such that Dq+1x = 0. We have 
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('Ti/f,hTf,h)x = T1/fih(Tf<hx) 
oo n oo 

- Y^ bkhkDk ( J ] a-jh-jRjx + ^ a^D^x) 
k—n j=1 j=0 

cx> n oo oo 
= a-jhhk-jDk~jx + ajhhk+jDk+jx. 

k=nj=1 k=nj=0 

Our assumptions and equations (2.3) together imply 

oo n 

k=n j=l n q+n n q+n-j 
= J 2 J 2 a - j b k h k ~ j D k - j x = Y^ YL a-jbi+jhlDlx 

j=1k—n j=1l=n—j 

n q n—1 q 
= Y2 a-jbi+jhlDlx = ^2^2ar-nbi+n-rhlDlx 

j=1 l=n—j r=0 l=r 

n—1 n—1 
= ( X/ ar-nbi+n-rhlDlx + ^ ar-nbi+n-rhl Dl X^j 

r=0 l=r l=n 
n—1 I q n—1 

= ar-n&Z+n-r) h lD lX + X ] ( X I ar-nfy+n-r) /i'-D'z 
/=0 r=0 l=n r=0 

g n—1 
= a-nbnx + a-r-nbi+n-r^) hlDlx 

l=n r=0 
q n— 1 

= Z + X] ( X] ar-nbl+n-r^ hlDlX, 
l=n r=0 

oo oo 

k=n j=0 
00 q q q 

= Y,Y,*3hhk+jDk+ix = Y,J2aibkhk+jDk+jx 

k=nj=0 k=nj=0 

q k+q q q 
= ai-kbkhlDlx = ai-kbkhlDlx 

k=nl=k k=n l—k 

1 . I 

= Y2(J2ai-kbk)hlDlx-
l=n k=n 
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Hence, 
q n—1 q I 

(T1/fihTfth)x = X + J2 ( ar-nbi+n~r)hlDlx + ( <*i-kh) hlDlx 
l=n r=0 l=n k=n 

q n—1 
= X + ^ ( ar-nbl+n-r + ^ CLl-kh) hlDl 

l=n r=0 k=n 
q l+n I 

= + ai-kh + ^ai-kbk]hlDlx 
l=n k=l+1 k=n 

q l+n 
= X + ( ai-kbk^jhlDlx = x. 

l=n k=n 
PROPOSITION 2.3 . Suppose that all assumptions of Proposition 2 .2 are sat-
isfied. Then on the set S 

oo n j — 1 
(2.5) TfthT1/fth = I - J2Y,Y,a-jbkhk~jRPFDP+k~j' h e K ' 

k=nj=1p=0 
where F £ Jc is an initial operator for D corresponding to the operator 

P r o o f . Let h E K~, x E S be arbitrarily fixed and let Dq+1x = 0 for a 
n < q € N. Write 

Tf,hTi/f,hX = Tfth(T1/fthx) 
n oo oo 

= ( a-jh~jRj + Y^ aihjr>j) ( bkhkDkx) 
j=1 j=0 k=n 
n q oo q 

= a-jh-jRj ( J2 bkhkDkx) + ajhjDj ( bkhkDkx^j 
j=1 k=n j=0 fc=n 

n q oo q 

= a-jbkhk~jRjDkx + Y2Y1 ajbkhk+jDk+jx 
j=lk=n j=0fc=n 

n q+n q q 
= a-jbkhk-jRjDkx + J2J2 ajhhk+i Dk+j x 

j=1fc=n j=0k=n 
n q+n q q 

= a-jbkhk'jRjDjDk~jx + j2j2ajbkhk+j Dk+jx. 
j=lfc=n k=nj=0 

By the Taylor Expansion Formula for right inyertible operators (cf. [24]) 
and equations (2.3) we obtain 
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Tf,hTi/f,hX 
n q+n j-1 q I 

= Y , X) a_jbkhk'j ( / - X) RPFDp)Dk~jx + X ( S ai-kh)hlDlx 
j=1 fc=n p=0 l=n k=n 

q n—1 g+n n j—1 
= X + J l ( Y , "r-nbl+n-r) hlDlX - ^ X D 0.-3^-'BP X 

¡=N T=0 k=nj=lp=0 

q I 

+Y/(J2ai-kbk)hlL>lx 

l=n k=n 

q l+n q+n n j —1 

= * + J 2 ( ai-kbk)hlDlx - Y , Y1J2a-jhhk-iB?FD',+k->x 

l=n k=n k=n j=l p=0 

q+n n j—1 = x~ Y2J2J2a-ibkhk~jRPFDP+k~jx> 
k=nj=1p=0 

where F is an initial operator for D corresponding to R. 
Proposition 2.2 and Proposition 2.3 together imply 

THEOREM 2 .1 . Suppose that all assumptions of Proposition 2 .2 are satis-
fied and F £ is an initial operator for D corresponding to the operator 
R<E9\D. Then 

(i) the operator T^/f^ (h £ K) is right invertible on the set S and the 
operator Tf,h is a right inverse ofTi/f^, 

(i i) the operator 

oo n J — 1 
( 2 . 6 ) F1/fth := Y J ^ J 2 a - i b k h k ~ j R P F D P + k ~ j > h e K 

k=nj=1p=0 

is an initial operator T\jcorresponding to the operator Tf^-

REMARK 2 .1 . Suppose that all assumptions of Theorem 2 . 1 are satisfied. 
Then the operator -Fi//,/i (h G K) defined by formula (2.6) preserve con-
stants of the operator D, i.e. 

Fi/fthz — z for all 2GkerZ), h&K. 

Theorem 2.1. implies (cf. [24]). 

THEOREM 2 .2 . Suppose that all assumptions of Proposition 2 . 2 are satisfied. 
Then 
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(i) the equation 

Tf,hx = y, yeS; heK 
has the unique solution of the form 

® = T1/fthy-

(ii) every solution of the equation 

Ti/f,hx = y, y € S; heK 
is of the form 

(2-7) x = T f i h y + v, 

where v e ker T\j is arbitrary and, T f t K = {Tfth}hei< ^ induced by arbi-
trarily fixed R € 9Î£>. 

R E M A R K 2 . 2 . The inclusion ker Dn c k e r T i / ^ , and Proposition 2 . 1 imply 
that a change of the right inverse R e implies only a change of the 
constant v (which is arbitrarily fixed) in formula ( 2 . 7 ) . 

E X A M P L E 2 . 1 . Suppose that X,K,D,R are defined as in Example 1 .1 . Take 
f ( h ) = (1 - h)/h. Then 1 /f(h) = h/( 1 - h) and / e H(K), 1 // G 
H(K U{0}). We have 

/(/i) = I - l , l / f ( h ) = h + h2+ ••• for h e K . 

The equality (cf. [8]) 

V hn(F>n-A(f\ - J (* ~ h)'1^^) - hx(h)) for t + h» 
^ 1 ) [ ) ~ 1 x(h) + hx'(h) for t = h, 
n = 0 

implies ÎOT h € K] x € X 

for t = h, heK; x £ X 

oo 

¿ - i V l hx'(h) for i = /i. n = l ^ v ' 

This proves that Siy/CD) = X . Obviously, also Sf(D) = X. 
Moreover, this shows that the families TftK = {Tfth}heK, î//,/<r = 

{Ti/f,h}heK, where Tfih,T1/fih are defined as follows 

and 

(Tf>hx){t) = ï - ^ x ( t ) , heK; i e l , 

are the unique family of functional /¿-shifts for D induced by the function / 
and the operator R and the unique family of functional shifts for D induced 
by the function 1//, respectively. 
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For h G K, x £ X we have 

(TfihT1/fthx)(t) = x(t)-x(h), 

and 
(T1/fthTfthx)(t) = x(t). 

This implies that for h G K the operator T \ / i s right invertible on X 
and Tfth is a right inverse of The operator 

{F1/fihx)(t) = x(t)-(Tf,hT1/fx){t) = x{h), h e K ; 

is the initial operator for Tyfj^ corresponding to the operator Tf^. 
Evidently, the every solution of the equation 

T i / f , h x = y, y&X- h e K , 

is of the form 

x{t) = (Tf,hym + C = t - ^ y ( t ) + C, 

where C € C is arbitrary. 
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