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SOME SEQUENCE SPACES
DEFINED BY ORLICZ FUNCTIONS

Abstract. The object of this paper is to introduce a new concept of lacunary strong
convergence with respect to an Orlicz function and examine some properties of the result-
ing sequence spaces. We establish some elementary connections between lacunary strong
convergence and lacunary strong convergence with respect to an Orlicz function which
satisfies Az-condition. It is also shown that if a sequence is lacunary strongly convergent
with respect to an Orlicz function then it is lacunary statistically convergent. In addi-
tion, lacunary strong convergence with respect to an Orlicz function is compared to other
summability methods.

1. Introduction

By a lacunary sequence 6 = (k,); 7 =0,1,2,..., where kg = 0, we shall
mean an increasing sequence of non-negative integers with k. — k,_1 — oc.
The intervals determined by 6 will be denoted by I, = (k,._1,k,], and we
let h, = k. — kr—1. The ratio k,/k._1 will be denoted by g,. The space of
lacunary strongly convergent sequences Ny was defined by Freedman et al.
(5] as follows

Y B T -1 o
Ny = {m = (zk) : T1_1+n;° h, Z |zk — £| = 0 for some Z}.
keIr
The space Ny is a BK-space with the norm
lallo = sup (k7 Y fal).
" kel

NJ denotes the subset of those sequences in Ny for which £ = 0. (N§, || - |ls)
is also a BK-space. There is a strong connection [5] between Ny and the
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space w of strongly Cesdro summable sequences, which is defined by

n
w= {m = (zx): lim n7! Z |z — £| = 0 for some E}.
n—oo
In the special case where § = (2"), we have Ny = w.

Recall [9)-[12] that an Orlicz function M is a continuous, convex, non-
decreasing function defined for z > 0 such that M(0) = 0 and M(z) > 0 for
z > 0. Lindenstrauss and Tzafriri [12] used the idea of Orlicz function to
construct the sequence space

o0
Ly = {z = (zx) Zlekl ) < oo for some p > 0}.
k=1

The space £p; with the norm

lkal
||m||_1nf{p>0 ZM - )51}

becomes a Banach space which is called an Orlicz sequence space. Linden-
strauss and Tzafriri proved that every Orlicz sequence space s contains
a subspace isomorphic to ¢, for some p > 1, thereby answering a general
conjecture that every infinite dimensional Banach space contains a closed
subspace isomorphic to ¢y or some £, positively for a class of spaces (see
[11] and [18] for discussion of this and related conjectures). For M (z) = z?;
1 < p < o0, the spaces £5s coincide with the classical sequence spaces £p,.

Recently, Parashar and Choudhary [20] have introduced and examined
some properties of four sequence spaces defined by using an Orlicz function
M, which generalized the well-known Orlicz sequence space £y and strongly
summable sequence spaces [C, 1,p], [C,1,p|o and [C, 1, p|eo. It may be noted
here that the spaces of strongly summable sequences were discussed by Mad-
dox [14]. Nuray and Giilcii [19], Demirci [3] and others have also used an
Orlicz function to construct some sequence spaces.

In the present paper we introduce a new concept of lacunary strong con-
vergence with respect to an Orlicz function and examine some properties of
the resulting spaces. We establish some elementary connections between la-
cunary strong convergence and lacunary strong convergence with respect to
an Orlicz function which satisfies As-condition. It is shown that if a sequence
is lacunary strongly convergent with respect to an Orlicz function then it
is lacunary statistically convergent. Also, lacunary strong convergence with
respect to an Orlicz function is compared to other summability methods.

We now introduce the generalizations of the spaces of lacunary strongly
convergent sequences.
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DEFINITION 1.1. Let M be an Orlicz function and p = (px) be any sequence
of strictly positive real numbers. We define the following sequence spaces

[Ng,M,p] = {m = (xk) 3

1 |z — ¢ _
Tlg&h Z [ ( >] = 0 for some /, andp>0},

kel,

[Ne, M, plo = {93 = (zk) :
rlivngoh 1 Z [ ('mkl)] ={ for somep>0},

kel,.

[NG,M,p]oo = {37 = (CEk) :

suph 1 Z [ (lxkl)] < oo for some p > O}.
kel
We denote [N9)Map]a [N97 >P]0 and [NO,M,P]oo as [NG’M], [NG,M]O
and [Ny, M| when p, = 1 for all k. If z € [Ny, M] we say that z is lacunary
strongly convergent with respect to the Orlicz function M.
Some well-known spaces are obtained by specializing §, M and p.

(1) If M(z) = z, px = 1 for all k, then [Ny, M, p| = Ny, [Ng, M, plo = N,
(Freedman et al. [5]).

(i) If M(z) =z, 6 = (2), then [Ny, M,p] = [C,1,p], [Ne, M,plo =
[C,1,plo, [Ng, M,ploo = [C, 1, pleo (Maddox [14]).

(i) If M(z) = o, pr = 1 for all k, 8 = (2") then [Ny, M,p] = w,
[Ng, M, plo = wo, [Ng, M,p|loc = weo (Freedman et al. [5], Maddox
[14], [15], [17]).

(iv) If 6 = (27) then [Ng,M,p] = W(M,p), [Ng, M,plo = Wo(M,p),
[No, M,ploc = Weo(M,p) (Parashar and Choudhary [20]).

2. Linear topological structure of [Ny, M,p] spaces and inclusion
theorems
In this section we examine some topological properties of [Ng, M, p]
spaces and investigate some inclusion relations between these spaces.

THEOREM 2.1. For any Orlicz function M and a bounded sequence p = (px)
of strictly positive real numbers, [Ng, M, p|, [No, M, plo and [Ng, M, plec are
linear spaces over the set of compler numbers.

Proof. We shall prove only for [Ny, M, plo. The others can be treated sim-
ilarly. Let z,y € [Ny, M,plo and «,3 € C. In order to prove the result we
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need to find some p3 > 0 such that lim, h? Ekel, [M(lm”;#l)]l’k =0.
Since z,y € [Ng, M, p|o, there exist a positive p; and p, such that

e 3 () -
e 2 ()] -

kel,
Define p3 = max(2|a|p1, 2|8|p2). Since M is non-decreasing and convex,

g b=

kel,

<Y [ (|a$kl |ﬁykl)]

kel, P3 P3

<t 5 o [ (5) (8]
<t 3 [ (E) (2]

s 3 (] ot (3] o

kel, kel,.

where C = max(1,25¥-1), H = sup py; so that az + By € [Ny, M, p|o. This
proves that [Ng, M, plo is linear.

and

THEOREM 2.2. For any Orlicz function M and a bounded sequence p = (px)
of strictly positive real numbers, [Ng, M,plo is a topological linear space,
totally paranormed by

g(x):inf{p”'/H (h— ’g[M(lw—p’“lﬂpk)l/HgL r:1,2,...},

where H = max(1, supy, pk)-

Proof. Clearly g(z) = g(—z). By using Theorem 2.1 fora o = f =1, we
get g(z+y) < g(z)+g(y). Since M(0) = 0, we get inf{pPr/H} = 0 for z = 0.
Conversely, suppose g(z) = 0, then

wlpr (e [u(20) ) 51}
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This implies that for a given € > 0, there exists some p.(0 < pe < €) such

that
(o ()
kel Pe
Thus

(o (=D))< (e 2 (2] ) =

T |
€

(S WG] -

which is a contradiction. Therefore z,, = 0 for each m. Finally, we prove
that scalar multiplication is continuous. Let A be any complex number. By
definition,

g(Az) = inf{pPr/H : (h;l Z [M(l’”—p’c'ﬂpk)lm <1, r= 1,2,...}.

kel

Suppose z,, # 0 for some m € I,. Let € — 0, then ( ) — oo. It follows

that

Then

gva) =nt { (W' (1 3 [M(@)})/H <1,

keI,
r=12,... },
where s = p/|A|. Since [A[Pr < max(1, |A\[$*PPr), we have
|z e\ 1/H
g(\z) < (max(1,|,\15“PPr))1/Hinf{sPr/H; (h;l > [M(—)] ) <1,

s
kel
r=1,2,...}

Now suppose A, — 0 and z is fixed in [Ny, M, plo. For arbitrary € > 0,
let N be a positive integer such that

which converges to zero as x converges to zero in [Ng, M, plo.

Pk
hT_l Z [M<lzpk|>] < (G/Q)H for some p > 0 and all r > N.
kel,
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This implies that

|xkl pey 1/H
(h:lz:[M(—ﬂ ) < ¢€/2 for some p >0 and all r > N.

kel p
Let 0 < |A| < 1, using convexity of M, for r > N, we get

o p (] <2 p (S <o

kel
Since M is continuous everywhere in [0, c0), then for r < N,

- g ()

is continuous at 0. So there is 1 > § > 0 such that |f(t)| < (¢/2)F for
0 <t < 4. Let K be such that |A\,| < é for n > K, then for n > K and

r <N,
peN\ 1/H
(h:l ) [M(__'*"“”k'ﬂ ) <e/2.
kel,. p

(oo g o))<

for n > K and all r, so that g(Az) — 0 (A — 0).

DEFINITION 2.3 [10]. An Orlicz function M is said to satisfy Ax-condition for
all values of u, if there exists a constant K > 0 such that M(2u) < KM (u),
u > 0.

It is easy to see that always K > 2. The Aj-condition is equivalent to
the satisfaction of inequality M (fu) < K(£)M (u) for all values of u and for
£>1.

LEMMA 2.4. Let M be a an Orlicz function which satisfies A,-condition and
let 0 < 8 < 1. Then for each T > § we have M(z) < Kz6 *M(2) for some
constant K > 0.

Thus

Proof. Since M is non-decreasing and convex, and z < § ! z < 1+~ !z for
T > 4, it follows that M (z) < M(1+6~1z) = M(3-2+3-2671z) < 3M(2)+
iM(267'z). Since M satisfies Aj-condition, there is a constant K > 2
such that M(26~1z) < K& 1zM(2), therefore M(x) < K& 'eM(2) +
$K5-'zM(2) = K6~ 'z M(2) and hence the lemma.

THEOREM 2.5. For any Orlicz function M which satisfies As-condition, we
have Ng C [No, M].
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Proof. Let x € Ny so that

A,.Eh;12|mk-—£|—>0asr—>oo, for some £.
kel

Let € > 0 and choose § with 0 < § < 1 such that M(¢t) < efor 0 <t < 4.
We can write

RV M(ak—)=htt D M(lze—4)

kel kel |z —£| <6

+h7t Y Mz — 8) < by (Ree) + by KST M (2)R, A,
k€l |xi—£]>8

by Lemma 2.4. Letting r — oo, it follows that = € [Ny, M].

The method of the proof of Theorem 2.5 shows that, for any Orlicz
function M which satisfies A,-condition, we have N C [Ny, M]o and Ng° C
[Ng, M]oo.-

THEOREM 2.6. Let 0 < px < qx and (qr/px) be bounded. Then [Ng, M,q] C
[NOa Mvp]

Proof. Let z € [Ny, M,q]. We write wy = [M(l"”"Tf“)]q", Pe/q = Mk,
so that 0 < A < Ag < 1, with A constant. Now define up = wg(wi > 1),
Uk = O(lUk < 1), vV = O(wk > 1), vV = wk(wk < 1), so that wg = ug + vk,

wi* = ul* + v}k, It follows that u* < ug < wk and vp* < vy. Therefore
k k k k k k

-1 Ak -1 -1 by
hr Zke[r wk S hr Zke[,. Wk + h'r ZkEIr vk .
Now, for each r,

Ry wvp = (A o) (A

kel,. kel,
A 1-X
(o) (St
kel kel,
by Holder’s inequality
= (b7t Y w0,

kel,
and so,
-1 by - _
ED IS SRS L
kel, kel, kel,.

and hence z € [Ny, M, p].
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3. Comparison with other summability methods

In this section lacunary strong convergence with respect to an Orlicz
function is compared to lacunary statistical convergence and other summa-
bility methods.

We first study the inclusions [w, M,p] C [Ny, M,p] and [Ny, M,p| C
[w, M, p] under certain restrictions on 6 = (k,).

LeMMA 3.1. Let @ = (k;) be a lacunary sequence with liminf, g, > 1, then
for any Orlicz function M, {w, M, p| C [Ny, M, p}, where

s fomtor g A ()

k=1
for some ¢, and p > 0

(we write [w, M,p| = [w, M, plo in the case when £ =0).

Proof. It sufficient to show that {w, M,plo C [Ne, M, plo; the general in-
clusion follows by linearity. Suppose liminf, g, > 1, then there exists § > 0
such that ¢, = (k,/kr_1) > 1+ for all r > 1. Then for z € [w, M, p|o, we
write

The terms

(D] e 2 E ()

both converge to zero, and it follows that A, converges to 0 as r — oo, that
iS, TE [N07Map]0'

LEMMA 3.2. Let § = (k,) be a lacunary sequence with limsup, ¢, < 0o, then
for any Orlicz function M, [Ng, M,p| C [w, M, p].
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Proof. If limsup, ¢, < oo, there exists B > 0 such that ¢, < B for all
r > 1. Let = € [Ng, M, p]o and € > 0. There exists R > 0 such that for every
jZR

A_hlz |mkl )PE < e.
kel;
We can also find K > 0 such that A; < K for all j =1,2,.... Now let m be
any integer with k,_1 < m < k., where r > R. Then

mry ()]
I |
=k:-ﬂ{k§[ E s ]S ()]

kel P
Pk ko — k Pk
= Ot [ (l—)] + ";C l(kg—kl)—lz[M(l-ﬂ')} +...
k€I1 p r—1 keIQ p
kr —kgp_ T P
+——Rk Bl (kg —kr) ™t Y [M(M” +...
r—1 kelr P
kr_kr— Pk
it g ()
r—1 kel, P
_ k1 ko — ky kr — kr-1
TR TR BT TR
kR+1 — kR kr - kr—l
e
k k. —k
< (sup Aj)—— + (sup 4;)— &
j21 r—1 >R r—1
<KR LB
kr—l

Since k,_1 — 00 as m — oo, it follows that

m™} Z [ <|zk|)] — 0 and, consequently z € [w, M, plo.

The next result follows from Lemmas 3.1 and 3.2.
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THEOREM 3.3. Let 6 = (k) be a lacunary sequence with 1 < liminf, ¢, <
limsup, g, < co. Then for any Orlicz function M, [w, M, p] = [Ng, M, p|.
The famous space ¢ of all almost convergent sequences was defined by
Lorentz [13]. The space of strongly almost convergent sequence [¢] was in-
troduced by Maddox {16] and also independently by Freedman et. al. [5] as
follows:
pt+n
¢l = {x = (z;): lim n7! Z |z; — €| = 0 uniformly in p, for some E}.
n—oo
i=p+1
For any Orlicz function M and a bounded sequence p = (pi) of strictly
positive real numbers, we extend the space [¢] to [é, M, p| as defined below:

(&, M,p] = {x= (2x) + lim nin [M(ka ‘e)]pk =0

k=m-+1 P

uniformly in m for some £, and p > 0}.

Note that if we take M(z) = z and pr = 1 for all k, then [¢, M, p] = [d].

THEOREM 3.4. Let M be any Orlicz function and p = (px) be any bounded
sequence of strictly positive real numbers, then [é, M,p] C [Ng, M,p] for
every lacunary sequence 6.

Proof. Let z € [¢,M,p] and € > 0. There exists a positive integer ng, a

number £, and p > 0 such that n=! Z;":;:H[M(%)]p“ < ¢ for n > ny,
m = 0,1,2,.... Since § is lacunary, we can choose R > 0 such that r > R
implies h, > ng and consequently, A, = ;' >, o, [M (II’%ZI)]”" < €. Thus
z € [Ny, M, p|.

To show that [Ng, M, p] strictly contains [é, M, p], we proceed as in [5,
p. 513]. We define £ = (z) by zx = 1 if kr—; < k < kpy1 + [VRy] for
some r and zp = 0 otherwise. Then there are arbitrarily long strings of
0’s in the coordinates of x, as well as arbitrarily long strings of consecutive
I’s, from which it follows that z ¢ [é, M, p]. However, z € [Ng, M}y since
hit Yger, M(lzkl) = bt [VR]M (1) — 0 as 7 — oo where [ ] denotes the
greatest integer function.

We now introduce a natural relationship between lacunary strong con-
vergence with respect to an Orlicz function and lacunary statistical con-
vergence. The notion of statistical convergence was given in earlier works
(1], [4], [7], [21]. Recently, Fridy and Orhan [8] introduced the concept of
lacunary statistical convergence as follows.

DEFINITION 3.5 [8]. Let 8 be a lacunary sequence. Then a sequence z = (z)
is said to be lacunary statistically convergent to a number £ if for every
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€ > 0, imh 1| Kg(e)| = 0, where Ky(e) = {kel, : |z — £| > €} and |K4(€)|
denotes cardinality of Ky(e). The set of all lacunary statistically convergent
sequences is denoted by Sg.

We now establish an inclusion relation between [Ny, M| and Sp.

THEOREM 3.6. For any Orlicz function M, [Ny, M] C Sp.
Proof. Let z € [Ny, M] and € > 0. Then

gl e 2 ()

kel kel |z—£|>€
> h ' M(e/p)| Ko (e)|
from which it follows that z € Sp.
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