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GENERAL PARTIAL DIFFERENTIAL SUBORDINATIONS 
FOR HOLOMORPHIC MAPPINGS 
IN COMPLEX BANACH SPACES 

A b s t r a c t . In this paper, we will consider classes of subordinations involving partial 
derivatives of holomorphic mappings in complex Banach spaces. 

1. Introduction 
S. S. Miller and P. T. Mocanu [7], [8] considered the analytic functions 

defined on the unit disc, which satisfy some differential inequalities, and 
obtained several results including inclusion relations, inequalities and some 
sufficient conditions for univalence. P. Liczberski [6] and also G. Kohr and 
M. Kohr-Ile [2], [3] obtained some results concerning partial differential sub-
ordination for holomorphic mappings defined on the unit Euclidean ball and 
on the unit polydisc, respectively. G. Kohr and P. Liczberski [5] obtained 
some similar results for holomorphic mappings defined on the unit ball in 
C" with an arbitrarily fixed norm. 

It is natural to extend the above results to complex Banach spaces. In 
this paper, we will present some similar results for holomorphic mappings 
defined on the unit ball in an arbitrary complex Banach space. 

2. Preliminaries 
Let I be a complex Banach space with norm ||-||. The open ball 

{x G X : ||x|| < p} is denoted by Bp and the unit ball is abbreviated 
by B\ = B. A holomorphic mapping / from a domain Q in X into X is said 
to be biholomorphic if the inverse / - 1 exists, is holomorphic on an open 
set V C X and = (2. Let X* be the dual space of X. For each 
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z G X \ {0}, we define 

T(Z) = {z*€X*:\\Z*\\ = 1,Z*(Z) = \\Z\\}. 

By the Hahn-Banach theorem, T(z) is nonempty. The symbol Df(z), as 
usual, means the Frechet derivative of / at z. 

Let U denote the unit disc in C. The following Jack's lemma for holo-
morphic mappings into a complex Banach space [9] plays an important role 
in this paper (cf. [1], [4], [6]). 

LEMMA 1 . Let f : U —> X be a holomorphic mapping with / ( 0 ) = 0 . If for 
a Co G U \ {0}, we have 

where s > m > 1. 

3. Main results 
We shall give the well known definition of the subordination. 

DEFINITION 1. Let f,g:B-*Xbe holomorphic mappings on the unit ball 
B in X. We say that / is subordinate to g on B, written f < g { f ( z ) -< g(z)) 
if there exists a Schwarz mapping q : B X (i.e. q is holomorphic in B, 
q{0) = 0, ||g(z)|| < 1, for all z G B ) such that f ( z ) = g(q(z)), z € B. 

R EMARK 1 . If / is subordinate to g in B, then / ( 0 ) = 5(0) and f(B) c g(B). 
Moreover, if g is biholomorphic on B, then f < g if and only if / (0 ) = g(0) 
and / ( B ) C g(B). 

Now, applying the result of Lemma 1, we obtain the following theorem 

THEOREM 1 . Let f : B —> X be a holomorphic mapping and let g : Bp —> X 
be a biholomorphic mapping, where p > 1. Suppose that /(0) = 5(0) and 
f is not subordinate to g on B. Then there exist numbers r G (0,1) and 
s > 1, and points a G B and w G dB such that 

| | / « b ) | | = m a x { | | / ( O I | : | C l < l C o | } > 0 , 

then there exists a real number m > 1 such that 

&*(Co£>/(Co)) = m&*(/(Co)) 
for all b* G T{b), where b = /(Co) and 

ll^/(Co)(Co)| |=S | | / (Co)| | , 

(cf. [3], [5], [6]). 

( 1 ) 

(2) 
(3) 

f(a) = g(w), 

f((a)Cg(B), t€U, 

«IK^pH)-1!!"1 < \\Df(a){a)\\ < a||Z?^(«;)||. —in—1 
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P r o o f . Since / is not subordinate to g, there exists a z G B such that 
f(z) & g(B)_. Since / (0) € g(B), there exists a (o G 0 \ {0} such that 
/(Co*) G 9(B) \ g(B) and that f(Çz) G g(B) for all C with |C| < |Co|- Let 
a = Co* S B and let w = g~1(f(a)) G dB. Then we obtain the equality (1) 
and the inclusion (2). The mapping 

MC) = ( f f - 1 o/ ) (Ca) 

is holomorphic on U and satisfies the conditions: 

h(0) - 0, 1 - \\h(l)\\ = maxflWOII : C G i/}. 

Thus h satisfies the assumptions of Lemma 1, so there exists a real number 
s > 1 such that | |Dfc(l)(l)| | = s. Since Dh( 1) = (Dgiw^Df^ia), we 
obtain the inequalities (3). 

Now we will consider the differential subordinations. First, we will define 
the concept of the admissible class for mappings in X. 

DEFINITION 2. Let Q C X be a subset and let g : Bp —> X be a biholomor-
phic mapping, where p > 1. By ^( i? , g), we denote the class of all mappings 
i p - . X x X x B ^ X which satisfy the conditions 

fj>(g{0), 0,0) G Q 

and 

(4) ip(u,v,z) & Q 

for all z G B and all (u, v) € Q(g), where 

Q(g)= U Qs(g,w) 
s>l,\\w\\ = l 

with 

Qs{g,w) 
= {(«,«) E X x X : u — g(w), (^(xo))-1 H"1 < ||v|| < 5||A?M||}. 

The class is called the "admissible class". 

E X A M P L E 1. Let g — M • idx that is g(z) = Mz, z G X, where M is a 
positive number. Then g is biholomorphic on X and by simple computations 
we deduce in this case that 

Qs(g,w) = Qs(M • idx,w) = {(u,v) G X x X : u — Mw, ||u|| - sM}. 

Hence 

Q(M • idx) = {(«,«) G X x X : IMI = M, |M| > M). 
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In this case i7,g) = ^>( f2 ,M • idx) consists of those mappings tp : X x 
X x B —• X, xp{0,0,0) G Q, which satisfy the condition tp(u,v,z) $ Q for 
all (u,v) with \\u\\ = M, ||w|| > M and z € B. 

EXAMPLE 2. L e t 
oo 

£2 = {z = (z1,z2,...):\\z\\l = Y^^\2<0°}-
n=1 

Let us consider the biholomorphic mapping on defined by 

g(z) = (zi + az%,z2, • •.), 

where a is a positive real number. Then 

\\Dg(w)\\2 = IK^H)-1^ = o|w2| + Va2KI2 + l 

for every w with ||wj||2 = 1. Therefore the family ^>(f2,g) consists of those 
mappings tp : £2 x x B i 2 , -0(0,0,0) G Q and ip(u,v,z) 0 Q for all 
z G B, and u,v G £2, such that 

00 
|u'i - au\|2 + ^ |un|2 = 1, \/a2\u2\2 + 1 - a\u2\ < ||f ||2-

71 = 2 

E X A M P L E 3. L e t 

£00 = {z = (zi,z2,...) : Ĥ Hoo = sup{|2„| : n > 1} < 00}. 

Let g be as in Example 2. Then HDfl^Hoo = I K - D ^ w ) ) - 1 ! ^ = 1 + 2a|^2| 
for every w with ||tu||oo = 1- Therefore the family g) consists of those 
mappings xp : £00 x ¿ ^ x B —» i«, , -0(0,0,0) G fi and ip(u,v,z) £ Q for all 
z G B, and u, v G £00, such that 

max(|u! — au21, sup{|un\ : n > 2}) = 1, 1/(1 + 2a\u2\) < IMloo-

Now, we have the following theorem. 

THEOREM 2. Let f : B —> X be a holomorphic mapping and let g : Bp —> X 
be a biholomorphic mapping with g(0) = f(0), where p > 1. If there exists 
a mapping ijj G f2,g) such that for all z G B 

(5) 4(f(z),Df(z)(z),z)ei2, 

then f -< g on B. 

P r o o f . If the subordination / ~< g does not hold on B , then in view of 
Theorem 1, there exist points a G B, w G dB and a real number s > 1 
such that (1) and (3) hold. Let u = f(a) and v — Df(a)(a), then (u, v) G 
Qs(g,w) C Q(g) and according to (4), we deduce ip(u,v,a) $ Q. However, 
this contradicts with (5). Hence / -< g. 
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Furthermore, we suppose that Q is a subset of X such that there exists a 
holomorphic mapping h from B onto i2. Then using the result of Theorem 2 
and the notation V(h,g) for the class ^(h(B),g), we obtain the following 
corollary. 

COROLLARY 1. Let g : Bp —> X be a biholomorphic mapping, where p > 1 
and let f,h : B —> X be holomorphic mappings with / ( 0 ) = <7(0). If there 
exists a holomorphic mapping ip 6 g) such that the subordination 

(6) 1>{f{z),Df(z)(z),z)*h(z) 

holds on B, then f -< g on B. 

DEFINITION 3. We say that g is a dominant for the subordination ( 6 ) if 
(6) implies the subordination / -< g on B. Also, we say that g is the best 
dominant of (6) if g is a dominant of (6) and g is subordinate to all other 
dominants of (6) in B. 

Now we will give a sufficient condition such that g will be the best 
dominant of (6). 

T H E O R E M 3 . Let f,h : B — > X be holomorphic mappings and let g : -Bp—>X 
be biholomorphic mappings with g(0) = f(Q), where p > 1. Suppose that 
there exists a holomorphic mapping ty € ^f(h,g) such that g fulfils the dif-
ferential equation 

(7) iP(g(z), Dg{z)(z),z) - h(z), zeB. 

If the subordination 

i/,(f(z),Df(z)(z)tz)*h(z) 

holds on B, then f < g and g is the best dominant. 

Proof . By using the result of Corollary 1, we deduce that / is subordinate 
to g in B and because g satisfies the differential equation (7), g will be 
subordinate to all other dominants of (6), so g will be the best dominant 
of (6). 

4. Applications 
In this section, we will apply the results in the previous sections to some 

particular cases. 
First, we will prove two theorems. 

T H E O R E M 4. Let M and N be positive numbers, and let x,y : B —> C be 
functions which satisfy the inequality 

\x{z) + my(z)\ > NM'1, zeB 
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for all real numbers m > 1. Let f : B —> X be a holomorphic mapping with 
/ (0) = 0 such that 

||x(z)f(z) + y(z)Df(z)(z)\\ < N, z € B. 

Then \\f(z)\\ <M in B. 

P r o o f . Suppose that there exists a z G B such that ||/(z)|| > M. Then 
there exists a point a € B such that 

M=||/(o)||=max{||/(Ca)||:CG^}. 

Then a / 0 and b = f(a) ^ 0. Then the mapping F defined by 

F(C) = / (Ca| |a | | - 1 ) 

satisfies the assumption of Lemma 1 at = IMI • So, from Lemma 1, there 
exists a real number m such that m > 1 and b*(Df (a)(a)) = m||/(a)|| = 
mM for all b* eT(b). Then we have 

||x(a)/(o) + y(a)Z>/(o)(a)|| > |6*[x(o)/(o) + y(o)D/(o)(o)]| 

= | Mx(a) + mMy(a)\ = M\x(a) + my (a) \ > N, 
which contradicts with the hypothesis. Hence ||/(2;)|| < M in B. 

THEOREM 5. Let f : B —> X be a holomorphic mapping and let g : Bp —> X 
be a biholomorphic mapping with g{0) = /(0), where p > 1. Suppose that 

0 <M = infUKDgiw))-1]]-1 : |MI = 1} 

and \\Df(z)(z)\\ < M inB. Then f <g. 

P r o o f . If / is not subordinate to g in B, then from Theorem 1, we deduce 
that there exist points a E B, w € dB such that 

WDfiaWW^WiDgWy'r^M. 

This contradicts with the hypothesis. So f < g. 

If we put g = M-idx, we obtain the following corollaries from Theorems 2 
and 5. 

COROLLARY 2. Let f : B —> X be a holomorphic mapping with / ( 0 ) = 0 . 
Suppose that there exists a mapping ip G ^(i?, M • idx) such that for each 
zeB 

tl>(f(z),Df(z)(z)tz)ef2. 
Then \\f(z)\\ <M inB. 

COROLLARY 3. Let f : B —* X be a holomorphic mapping with / ( 0 ) = 0 . 
Suppose that \\Df(z){z)\\ <M inB. Then \\f(z)\\ <M inB. 



General partial differential subordinations 487 

Acknowledgements. The first author is partially supported by Grant-
in-Aid for Scientific Research (C) no. 11640194 from Japan Society for the 
Promotion of Science, 1999. 

References 

[1] I. S. J a c k , Functions starlike and convex of order a, J. London Math. Soc. 3 (1971), 
469-474. 

[2] G. K o h r and M. K o h r - I l e , Partial differential subordinations for holomorphic map-
pings of several complex variables, Studia Univ. Babe§-Bolyai Math. 40 (1995), 45-62. 

[3] G. K o h r and M. K o h r - I l e , Subordination theory for holomorphic mappings of seve-
ral complex variables, Banach Center Publ. 37 (1996), 129-134. 

[4] G. K o h r and P. L i c z b e r s k i , On some sufficient conditions for univalence in C n , 
Demonstratio Math. 29 (1996), 407-412. 

[5] G. K o h r and P. L i c z b e r s k i , General partial differential subordinations for holo-
morphic mappings in C " , Ann. Univ. Mariae Curie-Sklodowska, Sect.A 52 (1998), 
113-122. 

[6] P. L i c z b e r s k i , Jack's Lemma for holomorphic mappings in C " , Ann. Univ. Mariae 
Curie-Sklodowska, Sect.A 15 (1986), 131-139. 

[7] S. S. M i l l e r and P. T. M o c a n u , Second order differential inequalities in the complex 
plane, J. Math. Anal. Appl. 65 (1978), 289-305. 

[8] S. S. M i l l e r and P. T. M o c a n u , Differential subordinations and inequalities in the 
complex plane, J. Differential Equations 67 (1987), 199-211. 

[9] Gr. §t. S ä l ä g e a n and H. W i e s l e r , Jack's Lemma for holomorphic vector-value 
functions, Rev. Anal. Numer. Theor. Approx. 23(46) (1981), 85-90. 

H. Hamada 
FACULTY OF ENGINEERING 
KYUSHU KYORITSU UNIVERSITY 
1-8 Jiyugaoka, Yahatanishi-ku 
KITAKYUSHU 807-8585, JAPAN 
email: hamada@kyukyo-u.ac.jp 

G. Kohr 
FACULTY OF MATHEMATICS 
BABES-BOLYAI UNIVERSITY 
1 M. Kogälniceanu Str. 
3400 CLUJ-NAPOCA, ROMANIA 
email: gkohr@math.ubbcluj.ro 

P. Liczberski 
INSTITUTE OF MATHEMATICS 
TECHNICAL UNIVERSITY OF LÖDZ 
Politechniki 11 
90 - 924, LÖDZ, POLAND 
email: piliczb@ck-sg.p.lodz.pl 

Received October 25, 1999. 




