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GENERAL PARTIAL DIFFERENTIAL SUBORDINATIONS
FOR HOLOMORPHIC MAPPINGS
IN COMPLEX BANACH SPACES

Abstract. In this paper, we will consider classes of subordinations involving partial
derivatives of holomorphic mappings in complex Banach spaces.

1. Introduction

S. S. Miller and P. T. Mocanu [7], [8] considered the analytic functions
defined on the unit disc, which satisfy some differential inequalities, and
obtained several results including inclusion relations, inequalities and some
sufficient conditions for univalence. P. Liczberski [6] and also G. Kohr and
M. Kohr-Ile [2], [3] obtained some results concerning partial differential sub-
ordination for holomorphic mappings defined on the unit Euclidean ball and
on the unit polydisc, respectively. G. Kohr and P. Liczberski [5] obtained
some similar results for holomorphic mappings defined on the unit ball in
C™ with an arbitrarily fixed norm.

It is natural to extend the above results to complex Banach spaces. In
this paper, we will present some similar results for holomorphic mappings
defined on the unit ball in an arbitrary complex Banach space.

2. Preliminaries

Let X be a complex Banach space with norm |-||. The open ball
{z € X : |lz|| < p} is denoted by B, and the unit ball is abbreviated
by B; = B. A holomorphic mapping f from a domain {2 in X into X is said
to be biholomorphic if the inverse f~! exists, is holomorphic on an open
set V. C X and f~}(V) = 2. Let X* be the dual space of X. For each
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z € X \ {0}, we define
T(z) ={z" € X" : [|z"]| = 1,27 (2) = ||=||}-

By the Hahn-Banach theorem, 7(z) is nonempty. The symbol Df(z), as
usual, means the Fréchet derivative of f at z.
Let U denote the unit disc in C. The following Jack’s lemma for holo-

morphic mappings into a complex Banach space [9] plays an important role
in this paper (cf. [1], [4], [6]).

LEMMA 1. Let f : U — X be a holomorphic mapping with f(0) = 0. If for
a (o € U\ {0}, we have

1 (Gl = maz{|[ £ (Ol : [{] < [¢ol} >0,

then there exists a real number m > 1 such that

b* (oD £ (o)) = mb*(£(o))
for all b* € T(b), where b= f({o) and

1D £ (So) (o) I = sll.f (o),

where s > m > 1.

3. Main results
We shall give the well known definition of the subordination.

DerFINITION 1. Let f,g: B — X be holomorphic mappings on the unit ball
Bin X. We say that f is subordinate to g on B, written f < g (f(2) < g(2))
if there exists a Schwarz mapping ¢ : B — X (i.e. ¢ is holomorphic in B,
g(0) = 0, ||g(2)|| < 1, for all z € B ) such that f(z) = g(¢(2)), z € B.

REMARK 1. If f is subordinate to g in B, then f(0) = g(0) and f(B) C g(B).
Moreover, if g is biholomorphic on B, then f < g if and only if f(0) = g(0)
and f(B) C g(B).

Now, applying the result of Lemma 1, we obtain the following theorem

(cf. (3], (5], [6])-

THEOREM 1. Let f : B — X be a holomorphic mapping and let g : B, — X
be a biholomorphic mapping, where p > 1. Suppose that f(0) = g(0) and
f is not subordinate to g on B. Then there exist numbers r € (0,1) and
s > 1, and points a € B and w € 0B such that

(1) f(a) = g(w),
(2) f(¢a)c g(B), ¢eU,
(3) sl (Dg(w))~*|7* < |IDf(a)(a)l] < sl|Dg(w)]-
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Proof. Since f is not subordinate to g, there exists a z € B such that
f(2) & g(B). Since f(0) € g(B), there exists a (o € U \ {0} such that
7(6o2) € 9(B) \ g(B) and that £(¢z) € g(B) for all ¢ with || < |Col- Let
a = (oz € B and let w = g~!(f(a)) € OB. Then we obtain the equality (1)
and the inclusion (2). The mapping
h(¢) = (97" e f)(Ca)
is holomorphic on U and satisfies the conditions:
h(0) =0, 1= A1)l =maz{||h()]:¢ €T}

Thus h satisfies the assumptions of Lemma 1, so there exists a real number
s > 1 such that ||[Dh(1)(1)|| = s. Since Dh(1) = (Dg(w))"1Df(a)(a), we
obtain the inequalities (3).

Now we will consider the differential subordinations. First, we will define
the concept of the admissible class for mappings in X.

DEFINITION 2. Let {2 C X be a subset and let g : B, — X be a biholomor-
phic mapping, where p > 1. By ¥({2, g), we denote the class of all mappings
¥ : X x X x B — X which satisfy the conditions

¥(9(0),0,0) € 2
and
@) Buv,2) & 2
for all z € B and all (u,v) € Q(g), where

Q)= U Q.lgw)
s21,ljwll=1
with
Qs(g,w)
={(u,v) € X x X 1 u=g(w), s|(Dg(w))™*[|7* < |lvl} < s[|Dg(w)}l}-
The class ¥(£2, g) is called the “admissible class”.

EXAMPLE 1. Let ¢ = M - idx that is g(z) = Mz, z € X, where M is a
positive number. Then g is biholomorphic on X and by simple computations
we deduce in this case that

Qs(g,w) = Qs(M -idx,w) = {(u,v) € X x X : u= Muw, |v| =sM}.
Hence

QM -idx) = {(v,v) € X x X : |lul| = M, |lo|| = M}.
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In this case ¥(£2,g9) = ¥(f2, M - idx) consists of those mappings ¥ : X X
X x B — X, 4(0,0,0) € {2, which satisfy the condition ¥(u,v,z) ¢ 2 for
all (u,v) with |[ul| = M, ||v|| > M and z € B.

ExXAMPLE 2. Let
o0
b ={z=(21,22,...) : |2ll} = Y J|* < 00}
n=1

Let us consider the biholomorphic mapping on £; defined by
9(z) = (21 + a2l 23,...),

where a is a positive real number. Then

IDg(w)ll2 = |(Dg(w)) ™|z = alwe| + v/a2[ws|? + 1
for every w with ||w|la = 1. Therefore the family ¥(f2, g) consists of those
mappings 9 : £y X €y x B — £2,4(0,0,0) € 2 and ¥(u,v,2) ¢ 2 for all
z € B, and u,v € {5, such that

[o 0]
= a3+ unf? =1, VP 1 - aluzl < ol

n=2

EXAMPLE 3. Let
oo = {z=(21,22,...) : ||2|lcc = sup{|zn|:n > 1} < 00}.

Let g be as in Example 2. Then ||Dg(w)]|oc = [|(Dg(w)) Moo = 1 + 2a|ws|
for every w with ||w| = 1. Therefore the family ¥({2, g) consists of those
mappings ¥ : oo X Loo X B — £, ¥(0,0,0) € 2 and ¥(u,v,z) & 2 for all
z € B, and u,v € £, such that

max(|u; — au3],sup{|un|:n>2}) =1, 1/(1+ 2ajuz]) < ||v]|co-
Now, we have the following theorem.

THEOREM 2. Let f : B — X be a holomorphic mapping and let g: B, — X
be a biholomorphic mapping with g(0) = f(0), where p > 1. If there exists
a mapping ¢ € ¥(§2,g) such that for all z€ B

(5) ¥(f(2), Df(z)(2),2) € 2,
then f < g on B.

Proof. If the subordination f < g does not hold on B, then in view of
Theorem 1, there exist points a € B, w € 0B and a real number s > 1
such that (1) and (3) hold. Let u = f(a) and v = Df(a)(a), then (u,v) €
Qs(g,w) C Q(g) and according to (4), we deduce ¥ (u,v,a) & §2. However,
this contradicts with (5). Hence f < g.
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Furthermore, we suppose that (2 is a subset of X such that there exists a
holomorphic mapping h from B onto §2. Then using the result of Theorem 2
and the notation ¥(h, g) for the class ¥(h(B), g), we obtain the following
corollary.

COROLLARY 1. Let g : B, — X be a biholomorphic mapping, where p > 1
and let f,h : B — X be holomorphic mappings with f(0) = g(0). If there
exists a holomorphic mapping v € ¥(h,g) such that the subordination

(6) ¥(f(2), Df(2)(2),2) < h(2)
holds on B, then f < g on B.

DEFINITION 3. We say that g is a dominant for the subordination (6) if
(6) implies the subordination f < g on B. Also, we say that g is the best
dominant of (6) if g is a dominant of (6) and g is subordinate to all other
dominants of (6) in B.

Now we will give a sufficient condition such that g will be the best
dominant of (6).

THEOREM 3. Let f,h: B— X be holomorphic mappings and let g : B,— X
be biholomorphic mappings with g(0) = f(0), where p > 1. Suppose that
there exists a holomorphic mapping ¢ € V(h,g) such that g fulfils the dif-
ferential equation

(7) ¥(9(2), Dg(2)(2),2) = h(z), z€ B.

If the subordination

¥(f(z), Df(2)(2), 2) < h(z)
holds on B, then f < g and g is the best dominant.

Proof. By using the result of Corollary 1, we deduce that f is subordinate
to g in B and because g satisfies the differential equation (7), g will be
subordinate to all other dominants of (6), so g will be the best dominant
of (6).

4. Applications

In this section, we will apply the results in the previous sections to some
particular cases.

First, we will prove two theorems.

THEOREM 4. Let M and N be positive numbers, and let z,y : B — C be
functions which satisfy the inequality

z(z) + my(z)] > NM™1, z¢eB
|lz(2) + my(2)]
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for all real numbers m > 1. Let f : B — X be a holomorphic mapping with
f(0) = 0 such that

lz(2)f(2) + y(2)Df(2)(2)|| < N, z € B.
Then || f(2)|| < M in B.

Proof. Suppose that there exists a z € B such that ||f(z)|| > M. Then
there exists a point a € B such that

M = || f(a)ll = maz{]|f(Ca)]| : ¢ € TU}.
Then a # 0 and b = f(a) # 0. Then the mapping F defined by
F(¢) = f(Callal™")
satisfies the assumption of Lemma 1 at (o = ||al||. So, from Lemma 1, there

exists a real number m such that m > 1 and b*(Df(a)(a)) = m|f(a)| =
mM for all b* € T(b). Then we have

|z(a)f(a) + y(a)Df(a)(a)ll > [6*[x(a)f(a) + y(a) D f(a)(a)]l
= |Ma(a) + mMy(a)] = Mls(a) +my(a)| > N,
which contradicts with the hypothesis. Hence || f(z)|| < M in B.

THEOREM 5. Let f: B — X be a holomorphic mapping and let g: B, — X
be a biholomorphic mapping with g(0) = f(0), where p > 1. Suppose that

0 < M =inf{||(Dg(w)) ™" : |wll = 1}
and |[Df(z)(2)]] < M in B. Then f < g.

Proof If f is not subordinate to ¢ in B, then from Theorem 1, we deduce
that there exist points a € B, w € 0B such that

IDf(a)(@)ll > [(Dg(w))™!| ™! > M.
This contradicts with the hypothesis. So f < g.

If we put g = M -idx, we obtain the following corollaries from Theorems 2
and 5.

COROLLARY 2. Let f : B — X be a holomorphic mapping with f(0) = 0.
Suppose that there erists a mapping ¢ € V(§2, M - idx) such that for each
z€B

Y(f(2),Df(2)(2),2) € 12.
Then ||f(2)|| < M in B.

COROLLARY 3. Let f : B — X be a holomorphic mapping with f(0) = 0.
Suppose that ||Df(z)(z)|| < M in B. Then ||f(2)|| < M in B.
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