
DEMONSTRATIO MATHEMATICA 
Vol. XXXIII No 3 2000 

M. K. Aouf, H. E. Darwish, A. E. Alhosseny 

A GENERALIZATION OF p-VALENT CLASSES 
RELATED TO C O N V E X F U N C T I O N S 

A b s t r a c t . In this paper we shall study some properties of the class C(b,p,A,B), 
where C(b,p, A, B) is defined as follows : 

1„ zf"(z) . 1 + Az 

where -< denote subordination, 6 / 0 complex, p £ IN and — 1 < J 3 < A < 1 . 

Introduction Let Ap(p G N) denote the class of functions of the form 
oo 

(1.1) m = z'+ Yl 
k=P+1 

which are analytic and p-valent in the unit disc U = {z : \z\ < 1}. 
For |A| < and p a fixed positive integer, let Sp(a) denote the class of 

functions f ( z ) € Ap which satisfy the inequality 

(1.2) R e | e i A ^ ^ | > a c o s A (z G U), 

for some a(0 < a < p). Following Patil and Thakare [9], we say that the 
functions belonging to the class Sp(a) are p-valent A-spiral-like functions of 
order a. 

Furthermore, for |A| < j and p a fixed positive integer, let Cp(a) denote 
the class of functions f ( z ) G Ap which satisfy the inequality 

(1.3) Re\elX[l + - j 7 ^ - ) } > acosX, z£U, 
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for some a(0 < a < p). We say that the functions belonging to the class 
Cp(a) are p-valent A-Robertson functions of order a. 

It follows from (1.2) and (1.3) that 

(1.4) f(z)eC£{a) if and only if zf'(z) 
e5p

A(a) . 

Def in i t ion 1 [1]. A function f ( z ) G Ap is said to be p-valent convex 
function of order b (b ^ 0 complex), that is f ( z ) G C(b,p) if and only if 

(1.5) > 0, z G U. 

For b ± 0 complex, p G N, and - 1 < B < ^ < 1 , let C(b,p, A, B) denote 
the class of functions of Ap which satisfy the condition 

1 + Az 
(1 .6) 1 */"(«) p+A1+iU p -< zeu. 

l + Bz' 
In other words f ( z ) G C(b,p,A, B) if and only if there exists a function 

w(z) € ¿7 such that 

n 71 */"(*) = ( p - l ) + [{A-B)pb+(p-l)B]w{z) 
K " ) f'(z) 1 + Bw(z) 
And the above condition is equivalent to 

(1 .8) 

„ 
1 + w ~ p 

pb(A-B)-B(l + Z-Ç^--p 
< 1, 

holds true for some b ^ 0 complex, p G N, —1 < B < A < 1, and for all 
z£U. 

It is noticed that, by giving specific values to b, p, A and B, we obtain the 
following important subclasses studied by various authors in earlier works: 

(i) C( 1,1,1, —1) — C is the well known class of convex functions; 
(ii) C(( l - a), 1,1, - 1 ) = C{a) (Robertson [11], and Pinchuk [10]); 

(iii) C(( l — a) cos Ae~1A, 1 , 1 , - 1 ) = C A (a) (Chichra [2] and Sizuk [13]); 
(iv) C(b, 1,1, - 1 ) = C(b) (Wiatrowski [14], Nasr and Aouf [6], [7]); 
(v) C(l,l,A,B) = C*(A, B) (Mazur [5] and Silverman and Siliva [12]); 

(vi) C(cos\e~lx,l,A,B) = CX(A,B), where CX{A,B) represents the 
class of functions f ( z ) G S satisfying the condition 

zf"(z) 1+ [B +{A - B)e~lx cos \}w(z) 
(1.9) 1 + f'iz) 
where w(z) G Q, |A| < and 

1 + Bw(z) 
-1 < B < A < 1; 
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(vii) C(l ,p, 1, —1) = C(p), is the class of p-valent convex functions con-
sidered by Goodman [4]; 

(viii) C(b,p, 1, - 1 ) = C ( M (Aouf [1]); 
(ix ) C(b, 1,A, B) = C(b,A,B)-, where C(b,A,B) represents the class of 

functions f(z) € S satisfing the condition 

(110) lz_nz)_=l + AW(z) 
K } b f'(z) 1 + Bw(z)' 
where w(z) € (2, b ^ 0 complex, and — 1 < B < A < 1. 

In this paper we determine representation formulas, sharp coefficient 
estimates for the class C(b,p,A,B) and we maximize |ap+2 — Map+ll o v e r 

the class C(b,p,A,B). Also, we get sufficient condition for a function to 
be in the class C(6,p, A, B), and sharp radius of convexity for the class 
C(b,p,A,B). 

2. Representation formulas for the class C(b,p, A, B) 
We shall require the following lemmas in our investigation: 

LEMMA 1. Let the function w{z) defined by 

(2.1) w(z) = J 2 c k Z k 

k=1 
be in the class Q. Then 

(2.2) |ci| < 1 
and 
(2.3) |c2| < 1 - |Cl|2. 

LEMMA 2. Let the function f (z) be defined by (1 A). Then f(z)£C(b,p,A,B), 
p € N if and only if it can be represented as follows 

(2-4) f'(z)=pz*-1[h'(z)nz€U)i 

for some h(z) G C(b, A, B). 

P r o o f . By direct computation, we find from representation (2.4) that 

zf"(z) \ 1 zh"(z) 
(2.5) p + - 1 + -4-Y-P )=P 1 + - ^ b V f'(z) V V b h'(z) 
Now the assertion (2.4) follows from (2.5) in view of definition (2.4). 

LEMMA 3. Let the function f (z) be defined by (1 A). Then f(z)eC(b,p,A,B), 
p € N if and only if it can be represented as follows 

(2.6) f'(z)=pzp-1\g'(z)]pb (zeU), 

for some g{z) € C(l, 1,A,B) = C*(A,B). 
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P r o o f . By direct computation, we find from representation (2.6) that 

l/\ zf"(z) ( z9"(z) (2.7) p+ - l l + J-^-L-p )=p 1 + y ^ 
b V /'(*) V "V 9'(z) 

Now the assertion (2.6) follows from (2.7) in view of Definition 1. 

3. Coefficient estimates for the class C(b,p,A,B) 
We need in our investigation this lemma: 

LEMMA 4. Let the function w(z) defined by ( 2 .1 ) be in the class Q. Then 

(2.8) \c2 - fJ,cj\ < max{l, \n\}, 

for any complex number Equality in (2.8) may be attained with the func-
tions w(z) = z2 and w{z) = z for |/x| < 1 and |/x| > 1, respectively. 

THEOREM 1. If a function f(z) defined by ( 1 . 1 ) is in the class C(b,p,A,B) 
and if fj, is any complex number, then 

(3.1) \ap+2 - fia2p+1\ 

(A — B)p2\b\ f ir/„ , 2{A — B)(p + 2)p2b , 
* 2(p + 2) m a x I 1 ' - B ) p b - B ] - H 1 ? 

The result (3.1) is sharp for each fi. 
P r o o f . Since f(z) G C(b,p,A,B), then from ( 1 . 7 ) , we have 

tt 2̂1 , „ M = ( p - ! ) / ' ( * ) - * / " ( * ) ) w{z, B z f n { z ) _ [(p _ l ) B + {A_ B ) p b ] f ) { z ) , 

and applying the definition (1.1), it can be shown that 

a Q\ / \ ( P + 1 ) 
(3"3) W{Z) = (A - B)p>bap+lZ 

1 
+ 

{p+l?[{A-B)pb-B] 2 
2 ( p + 2)op+2 { A _ B ) p 2 b P+1 

(A - B)p2b 
Now compare the coefficients of z and z2 on both sides of (3.3), using the 
definition ( 2 . 1 ) . We thus obtain 

( 3 " 4 ) C l = { A - B ) p 2 b a p + U 

and 

(3>5) ~ (A - B)p2b 2 (A-B)2p%2 

Consequently, we have 

/ x (A - B ) P 2 b 
(3.6) ap+1 = Cl, 
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and 

(3"7) flp+2 = 2{p + 2) C2 + 2 ( i l -2? ) (p + 2)p»6 ^ 

Using (2.8), (3.6) and (3.7), we readily obtain (3.1). 
Finally, the assertion (3.1) of Theorem 1 is sharp in view of the fact that 

the assertion (2.8) of Lemma 4 is sharp. 

COROLLARY 1. If the function f(z) defined by ( 1 . 1 ) is in C(b,p, A, B), then 

(3.8) |ap+i| < ( p + 1 ) , 

and 

(3-9) |ap+2| < {\~pB^bl m a x { l > \(A - B)pb - B\}. 

The bounds in (3.8) and (3.9) are attained by the function f*(z) defined by 

(3.10) f*'(z) =pzp~1(l + Bz)ElA^S}i(B ^0). 

Proof . The assertions (3.8) and (3.9) of Corollary 1 follow directly from 
(3.6) and (3.1), respectively. 

We shall require the following Lemma in our investigation: 

LEMMA 5. If h(z) = z + bkzk E C(b, A, B), then 

(3.11) N < 

and 

(3.12) \b3\ < maxil, |(A - B)b - B\}. 
b 

The bounds in ( 3 . 1 1 ) and ( 3 . 1 2 ) are attained by the function h*(z) defined 
by 

(3.13) h*'(z) = (l + Bz)L±irA(B ¿0). 

The bounds on the modulus of the second and third coefficients for func-
tions in the class C(b,p, A, B) are attained by another method as follows: 

THEOREM 2. Let the function f(z) defined by ( 1 . 1 ) be in C(b,p,A,B), then 

(3.14) lap+il < ( p + 1 ) . 

and 
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(3.15) |ap+2| < { A - p B ^ b k m ^ { l A ( A - B ) b - B \ } + ( A - B ) ( p - m } -

These results are sharp with equality for f*(z) defined by (3.10). 

Proof . By Lemma 2, there exists an h(z) = z + Yhb=2 bkzk € C(b,A,B) 
such that 

oo oo _ 
(3.16) f'(z)=pzp~1 + Y, kakZ*-1 =pzr-1[l + Y,kbkzk-1Y 

k=p+1 k=z 

Expanding the right hand side of (3.16), we obtain 

(3.17) f'(z) = pzp-1 + 2 p2b2zp + p(3pb3 + 2 p(p - 1 )b2)zp+1 + .... 

Equating coefficients from (2.3.16) and (2.3.17), we have 

(3.18) {p + l)ap+1 = 2p2b2, 

(3-19) (p + 2 )a p + 2 = p(3pb3 + 2p(p - l)b22). 

Thus, the result follows from Lemma 5. 

Remarks on Corollary 1 and Theorem 2. Comparing the results in 
Corollary 1 and Theorem 2 we see that: 

(1) When max{l, - B)b - B|} in Theorem 2 is - B)b - B|, then 
Corollary 1 is a better result. 

(2) When max{l, |(A - B)b - J3|} in Theorem 2 is 1, then Theorem 2 is 
a better result. 

LEMMA 6 . If p and m are positive integers, 6 ^ 0 complex and — 1 < B < 
A < 1, then 

(,20) n ^ M 
j=0 KJ ' 

m—1 

+ [(A - B)2p2\b\2 - 2kBp(A - B) Re{6} + k2{B2 - 1)] 
fc=i 

\(A-B)pb-Bj\ 
U + i) : ><n 

j=0 

Proof . For m = 1, the assertion (3.20) is obvious. Thus, in order to prove 
Lemma 6 by induction on m, suppose that the result (3.20) holds true for 
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m — q — 1 (q — 1 , 2 , 3 , . . . ) . T h e n , o b s e r v i n g t h a t 

1 r m _ 1 

( 3 . 2 1 ) ± \ { A - B ) V \ b \ 2 + Y , 

473 

k=1 
(A - 5)-Y\b\2 - 2kBp(A - B) Re{6} 

k=1 
(A - B)2p2\b\2 - 2kBp(A - B) Re{b} 

n 
j=0 

\(A-B)pb-Bjf 
(.3 + I ) 2 

+ k2(B2 - 1) 
fc-i 

n 
j =0 

1 (A-B)pb-Bj\* 
U +1)2 

+ {A- B)2p2\b\2 + (q- 1 )2{B2 - 1) - 2 (q - l)Bp(A - B) Re{6} 

9 - 2 it a 

X 

n 
j=0 

\(A-B)pb-Bj\ 
(j +1)5 

q-l\2^\_(A-B)pb-Bj\2 

1 / " o U + I ) 5 

+ [(A - B) p \b\ - 2(q - 1 )Bp(A - B) R e { 6 } + {q- 1 )2(B2 - 1 ) ] 

9 - 2 \(A-B)pb-Bj |2 

0 ' + 1 ) 2 * I T 
3=0 

9-2 P - B)pb - Bj\2 - B)pb -(q- 1)B\2 n 
j=0 
9 - 1 

n 
J=0 

U + 1 ) 2 

( i + 1 ) 2 

w e c o n c l u d e t h a t t h e r e s u l t ( 3 . 2 0 ) is v a l i d a l s o f o r m = q. T h i s e v i d e n t l y 

c o m p l e t e s t h e p r o o f o f L e m m a 6 . 

THEOREM 3 . Let the function f(z) defined by ( 1 . 1 ) be in C(b,p,A,B). If 

( 3 . 2 2 ) (A - B)2p2\b\2 + k2(B2 - 1 ) > 2 k B P ( A - B) R e { 6 } , 
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then 

n m in \ <p 
( 3 " 2 3 ) ' n ' n ' 1 1 (jfeTl) ' 

The bounds in (3.23) are sharp for all admissible b, p, A and B, and for 
each integer n> p+ 1. 

P r o o f . Since f(z) G C(b,p,A,B), (1.7) gives 

(3.24) {Bzf'(z) - [B(p -1) + (A- B)pb}f'(z)}w(z) 
= {p-l)f'(z)-zf"(z), w€i2. 

Rewriting (3.24 ) in the form 
oo 

(3.25) {B\p(p - 1 )ZP~1 + + *)(? + k — 1 )ap+kzP+k~1} -
k=1 

oo 
- [B(p - 1 ) + (A- B)pb) • fpz"-1 + + fc)ap+**p+fc_1] }w(z) 

oo 
= (P - 1) pzP-1 + + fcJOp+fcZ^^1 

fc=1 ^ 
oo 

- p(p - 1 )z"-1 + + k)(P +k~ I J o p + f c ^ - 1 

fc=l 

or, equivalently, 
oo 

(3.26) { (A - B)p2b + ^(-Bk +(A- B)pb){p + k)ap+kzk}w(z) 
k=1 

oo 

= - + k)ap+kzk , 
k=1 

we find that 
oo OU / \ w 

(3.27) J2) [-Bk + (A-B)pb](p+k)ap+kzk U(z) = - ^ k(p+k)ap+kzk, 
k=0 ^ ' fc=0 

where ap = 1 and u>(z) is given, as before, by (2.1). 
Equating the coefficients of zm on both sides of (3.27), we obtain 

m—1 
(3.28) {{~Bk + {A - B)pb)ap+kCm-k = -m(p + m)ap+rn, 

k=o 
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which shows that ap+m on the right-hand side depends only on the coeffi-
cients 

dpi 1 j • • • > Q*p+m— 1 • 

Occuring on the left-hand side. Hence we can write 
m—1 

(3.29) + ( A ~ B)Pb)(P + k)]ap+kzk}w(z) 
fc=0 

m oo 
= Y^ kiP + k)ap+kzk + Akzk> 

k=0 fc=m+1 

for m = 1, 2, 3 , . . . , and for a proper choice of Ak(k > 0). 
Let z = reid, 0 < r < 1, 0 < Q < 2tt. Then 

m—1 
(3.30) \[-Bk + (A-B)pb(p + k)]\2\ap+k\2r2k 

fc=o 
1 27t m—1 

o fc=0 
_ 2ir m—1 

o fc=o 
1 27t m oo 

^ - t S \Y,k(p + k)rkeike + Y , Akrkeik0\2d9 

0 fc=0 fc=m+l 
m oo m > 5> 2 |a p + f c | 2 r 2 f c + ^ |A f c |V f c >^fc 2 |a p + f c |V f c . 

fc=0 fc=m+1 fe=0 

Letting r —> 1 in (3.30), we obtain 
m—1 

(3.31) £ + ( A - B)pb)(p + A:)]2 - k2{p + k)2]\ap+k\2 

fc=o 

> m2(p + m)2|ap+m|2. 

Setting m = n — p in (3.31), we are led finally to the inequality 

(3.32) n2(n-p)2\an\2 < (A-B)2p4\b\2 

n—p— 1 

+ J 2 [\{-Bk + {A-B)pb){p + k)\2-k2{p + k)2]\ap+k\2 

k=1 

(n = p + l , p + 2,p + 3 , . . . ) . 
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Then, for n = p -f 1, (3.3) immediately yields 

(3.33, l°p+il < 

which proves (3.24 ) for n = p + 1. 
To establish (3.23) for n > p + 1, we use an induction argument. 
Fix n, n > p + 2 and suppose (3.23) holds for k — 1, 2 , . . . , n — (p + 1). 

Then 

71-(P+1) 
+ [(A-B)2p2\b\2-2kBp(A-B)Re{b} + k2(B2-l)} 

l 

Jn
1\(A-B)pb-Bj\2 

M + D 2 

Thus from (3.32), (3.34) and Lemma 2.3.1 with m = n — p, we obtain 

2 p2 n-^1\(A-B)pb-Bj\2 

An < ~2 • I I / • , ,x2 • 
n

 J = o V + 1 > 

This completes the proof of (3.23). This proof is based on a technique 
found in Clunie [3]. 

4. A sufficient condition for the class C(b,p, A, B) 
We now establish a sufficient condition for a function to be in the class 

C(b,p,A,B). 

T H E O R E M 4 . Let the function f ( z ) defined by ( 1 .1 ) be analytic in U. Then 
f ( z ) G C{b,p,A, B) i f , for 6 ^ 0 complex, p£N, and 1 < B < A < 1, 

oo n 
(4.1) ^ ^{(n-p)B\}\an\<p(A-B)\b\. 

n=p+1^ 

P r o o f . Let \z\ = r < 1. Noting that 

(4.2) \zf"(z)-(p-l)f'(z)\< ]T n(n-p)\an\r, 
n=p+1 
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and 

(4.3) \pb(A - B)f'(z) - B[zf"(z) - (p - l)f'(z)}\ 
oo 

>{p2\b\(A-B)- £ n\pb(A-B)-(n-p)B\an\}r, 
n=p+1 

we see that 

(4.4) |zf"(z) - ( p - l)/'(z)| - |p6(A - B)/'(z) - B[zf"(z) - ( p - l)/'(*)]l 
oo 

< { E n { ( n - p ) + | p i > ( ^ - J B ) - ( n - p ) B | } K | - p 2 ( A - J B ) | 6 | } r . 
n=p+l 

The right-hand side of (4.4) is non-positive by (4.1), so that f(z) € 
C(b,p,A,B) by Definition 1. 

5. Radius of convexity for the class C(b,p, A, B) 

THEOREM 5. The sharp radius of convexity of the class C(b,p, A, B) is given 
by 
(5-1) 

i 2 {(A- B)\b\^/W{A - BY + 4 B[B + {A-B) Re{6}]} 1 {B + 0), 
C { { m } - 1 (B = 0). 

(5.1) is real and finite only when B / 0 and suc/i that 

(5.2) \b\2(A - B)2 + 4 £ [ 5 + (A — B) Re{fc}] > 0. 

The bounds in (5.1) are sharp for the function f*(z) given by 

(5.3) r \ z ) = h z P - 1 ( 1 + B ^ J ^ F S 1 

[ pzP-1 exp {pbAz} (-6 = 0). 

Proof . Since f(z) G C(b,p,A,B), the condition (1.9) in conjunction with 
the Schwarz lemma [8] implies that 

zf"(z) 
C < R, 

where 

and 

C = 
(p - 1) - B[(p - 1 )B + pb(A - B)]r2 

1 - B 2 r 2 

Hence we have 
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(5.4) 
p - p\b\(A - B)r - B\pB + pRe{b}(A - B)]r2 

< Re U + 
zf"(z) < 

1 - B2r2 

p + p\b\(A - B)r - B\pB + PRe{b}{A - B)]r2 

f'(z) J 1 — B2r2 

Prom the first part of the inequalities in (5.4), it follows readily that 

(5.5) R e < l + 
'(*) J 

zf"(z) 

f 
> 0 for \z\ < r c , 

where rc is given by (5.1), provided that the condition (5.2) is satisfied. To 
show that the result (5.1) is sharp, we let / * (z) be given (5.3), and put 

(5.6) 

We thus obtain 

C / * " ( 0 

c = 

Br2 + 
A ) 

1 + B 

¡1 

B + 0 , 

B = 0. 

(5.7) 1 + 
/ " ( C ) 

p — p(A — B)\b\r - pB[B + (A- B)b)r2 

1 - B2r2 
B ^ 0 

B = 0 p(l-A\b\r), 

which obviously has a zero real part when r is given by (5.1). This completes 
the proof of Theorem 5. 
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