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ON THE EXISTENCE OF AFFINE CONNECTIONS
WITH RECURRENT PROJECTIVE CURVATURE

Abstract. We find new examples of locally equiaffine connections with parallel or
recurrent projective curvature tensor. Certain applications in the theory of totally geodesic
affine immersions are also discussed.

1. Preliminaries

Let M be an n-dimensional differentiable manifold endowed with an
affine connection V with no torsion. Denote by R, Ric the Riemann-
Christoffel curvature tensor and the Ricci curvature tensor of V. We adopt
the following convention for the definitions of these objects

R(X,Y)=[Vx,Vy]-Vixy]
Ric(X,Y) = Trace{Z — R(Z,X)Y }

for any X,Y € X(M), X(M) being the Lie algebra of vector fields on M.

The Weyl projective curvature tensor P of V is defined by (see [1], [7]
or [10])

P(X,Y)Z = R(X,Y)Z - (L(X,Y) - L(Y,X))Z + L(Y,2)X - L(X, Z)Y
for any X,Y,Z € X(M), where L is the (0, 2)-tensor field given by
L(X,Y) = —(n? —1)"Y(n Ric(X,Y) + Ric(Y, X)).

It is classical that P is an invariant with respect to projective transforma-
tions of affine connections. P vanishes identically when dim M = 2; and in
the case when dim M > 3, P = 0 if and only if V is locally projectively flat.

An affine connection V is said to be with parallel projective curvature if

VP = 0. And it is called with recurrent projective curvature if P is non-zero
and there is a 1-form 1 (called the recurrence form of P) such that

(1) VP=y®P

In the above definition, “P is non-zero” means that there is a point on the
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manifold at which P does not vanish. However, it should be added that any
tensor field T satisfying the condition VT = ¢ ® T, for a certain 1-form 1,
must vanish either everywhere or nowhere on M ([11], [12]). Thus, for an
affine connection with recurrent projective curvature, tensor P is non-zero
at each point of the manifold and dim M > 3.

Any locally projectively flat affine connection as well as any affine locally
symmetric (VR = 0) has parallel projective curvature. And similarly, any
affine connection with recurrent curvature (VR = ¢ ® R, R # 0) and of
dimension > 3 is locally projectively flat (see [13] for affine connections
of this kind) or of recurrent projective curvature. It was shown in [4] that
(a) there are affine connections with parallel projective curvature which
are neither locally projectively flat nor locally symmetric; and (b) there
are affine connections with recurrent projective curvature which are neither
of recurrent curvature nor of parallel projective curvature. Both the above
assertions (a) and (b) do not hold in the class of Levi-Civita connections
related to (pseudo-)Riemannian metrics (see [3], [2], [5], [4])-

An affine connection V is said to be locally equiaffine if around each point
x € M there is a parallel volume element, that is, a nonvanishing n-form w
such that Vw = 0. An affine connection with no torsion is locally equiaffine
if and only if its Ricci tensor is symmetric (see [6]). In the case when V is
a locally equiaffine connection, the Weyl projective curvature tensor P can
be expressed in the following way

P(X,Y)Z = R(X,Y)Z ~ (n —1)"}(Ric(Y, Z)X — Ric(X,Z)Y)

for any X,Y,Z € X(M).
Our purpose is to find new examples of locally equiaffine connections
with parallel or recurrent projective curvature.

2. The connection

Throughout the rest of this paper, we always assume that n > 3 and
Latin indices take on values 1,2,...,n, while Greek indices vary on range
2,3,...,n.

Let (z!,22,...,2") be the Cartesian coordinates in the space R*. Con-
sider an open, connected subset U of R® and a non-zero vector field E on U,

0
Oz’
We endow U with an affine connection V by assuming
Vg0 =E, Vg 0,=0, Vp,1 =0 Vp,05=0.

Denoting by I‘fj the components of the connection V with respect to the

E=3%,f%0,, where 0,=
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natural basis, we write

Tt = f*6lé;.
The components of the curvature tensor R and the Ricci tensor Ric of V
are as follows

Rhis* = (Onf*)818} — (8: %8153,
Rij =Y ,(8,5°)6;8; — (8:f1)é;.

Hence we see that the Ricci tensor is symmetric, if and only if 8, f* = 0.

In the sequel, we suppose that V is equiaffine, so that 8,f! = 0 is
fulfilled. Thus, the possible non-zero components of the curvature tensor,
the Ricci tensor and the Weyl projective tensor of V are the following

(2) Rallﬁ = 6afﬂ»
3) Ri1 =¥, (0r ),
(4) Ponr? = 8af? — (n— 1)7132, (00 F)65.

Consequently, the only non-zero components of the covariant derivatives of
the curvature tensor, the Ricci tensor and the Weyl projective tensor are
the following

(5) ViRa11? = 8:0afP — 2f161 0. P,
(6) ViR1 = 0; (X202 1Y) — 2£'61 30, (00 ),
(7) ViPa11? = 8; (0af? — (n—1)"1%, (62 f*) 68)

—2f16} (BafP — (n = 1)1, (Orf) 68) .

THEOREM. Suppose V is a locally equiaffine connection defined by

(8) V5,00 = E, V5,0,=0, Vs, 01=0, Vy,03=0.

on an open, connected subset U C R*, where E = Y f°0, with arbitrary
functions f2,..., f* and a function fl satisfying additionally the condition
9) aafl =0.

(2) Let U be additionally simply connected. If V is of recurrent projective
curvature, then there exist a non-zero, trace-free (n —1) X (n — 1)-matriz of
real constants [CP] and functions g,h : U — R such that h > 0 everywhere
on U and

(10) BafP = go? + hCP.

(1) The converse to (i) holds good without the additional assumption
that U 1is simply connected.
(#i) In (i) as well as in (i1), the recurrence form i of P is given by

(11) ¥; = 0;logh — 2167,
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(iv) In (i) as well as in (i), the connection V is of recurrent curvature
if and only if g = Dh, where D is a constant.

Proof. At first, we note that in view of (1), (4) and (7), connection V has
recurrent projective curvature tensor P if and only if

(12) O;F8 — 2f'61F8 = ¢, FP
for a certain 1-form 1, where we have assumed
(13) F§ = 8.7 = (n=1)7"%, (00185

(7) Suppose that U is simply connected and V is of recurrent projective
curvature. Because P is non-zero at every point of U, by (4), the matrix of
functions [F?] is a non-zero matrix at every point of U. Denoting

(14) ¥i = o +2f'6},
we rewrite system (12) in the following way
(15) OiFL = §:FY.
As an integrability condition of (15), we derive
(16) 8,5 — 0l = 0.
Indeed, by (15), we have
0 = 8,0,Ff — 8:0;F5 = (8% — Bib;) F&.

Condition (16) means that form ¥ = Estzsdz’ is closed. By the famous
Poincaré theorem (U is here simply connected), there exists a function

RU :— R such that

(17) ¥ = O;h.
Consequently, the only solutions of the system (15) are of the form
(18) F§ = hC3,

where h = e® > 0 and the real constants C# form a non-zero matrix. The
matrix [C?) is trace-free since 3, F3 = 0 (cf. (13)). Using (18) and (13), we
obtain immediately (10) with

g=(n-1)7"E\(6rf).

(i) It is a straightforward verification, that (10) always implies (12),
which is the recurrence of F.

(#3) By (14) and (17), the components of the recurrence form are given
by (11).
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(1) In view of (2) and (5), the curvature tensor R of V is recurrent if
and only if there exists a 1-form ¢ such that

(19) 0:(0af’) = 2£16}(9af") = ¢i(0af").
But by (10), condition (19) holds if and only if
(8:9)85 + (B:h)C8 = (2f16} + i) (98 + hCE),
which is clearly equivalent to
dig = (216} + wi)g and G;h = (2f16] + pi)h.

The last condition is fulfilled with a certain 1-form ¢ if and only if there is
a constant D such that g = Dh. This completes the proof.

In view of the above theorem, we see that to construct examples of locally

equiaffine connections with recurrent projective curvature it is suffcient to
seek solutions of the system of partial differential equations (10) and (9).
We consider the following cases:
CaSE 1. Let U = (a,b) x V, where (a,b) is an open interval, —oo <a < b <
+00, V is an open, connected subset of R*~! and the functions g, h depend
on the variable ! € (a,b) only. It is obvious that in this case, functions f?
satisfy (10) if and only if they are of the form

(20) Azt 2?,. .. z™) = g(aM)a? + h(xl)ZAsz’\ + kP (zY),

where kP : (a,b) — R.
It can be easily verified that Mikesh’s examples stated in [4] are just of

the type desribed in the above case with suitable specified functions g, h
and k8.

CASE 2. Let n > 4. Suppose that U = R™ and at every point z € R™ not
each of Oyh(z) vanishes. Then functions f# satisfy (10) if and only if they
are of the form

(21) fﬁ(a:l, z2,...,z") = ;n(:z:l)a:‘3 +u (zl, E,\anA) B+ kﬂ(:cl),

where ao, bg are constants with not each of a, and b® vanishing, u is a
function of two variables x!,y, for which g—; is positive everywhere, and p,

kP are functions of one variable. Functions h, g are given here by
(22) h(z*,z?,...,2") = -g—z (z', 3 anzt),
(23)  g(z*,2%,...,2") = qh(z*, 2%, ..., 2™) + p(z'), ¢ = conmst.
Proof. Let f? be functions fulfilling (10). Then we have

0400 f* = (849)85 + (85h)CE,
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and therefore
(24) (0+9)85 — (Bag)d5 + (85h)CE — (8ah)CE = 0.
Since [C?] is trace-free, contracting (24) with respect to o and 3, we obtain

(n —2) (By9) = 12, (9ah) C7.
Transvecting (24) with 9gh and using the last relation, we find

(n = 3) ((Ba9)(9sh) — (9h)(9p9)) =

Hence, since n > 4, we obtain
(25) 0ag = q0ah
for a certain function ¢. By virtue of (25), relation (24) can be rewritten in
the following form
(9yh)(g8E + C8) — (0ah) (¢85 + CF) =,
whence it follows that there are functions k% such that
(26) g2 + CP = (8,h)k°.

Note that every point of z € R™, not each of k#(z) vanishes. Indeed, other-
wise we would have q(z)82 + C? = 0, which should be an obvious cotradic-
tion. Differentiating (26) partially, we have

(27) (8;9)68 = (8;0.h)KP + (Boh)(B:K?).

Note that under any fixed index ¢, the algebraic rank (with respect to a, )
of the right hand side of (27) does not exceed 2. Therefore, (27) obviously
implies 8;¢ = 0 and 9; ((0xh)kP) = 0, i.e., ¢ and (Ooh)k? are constants.
Choose constants a, and b? such that (8,h)k? = a,bP. Thus, (26) takes the
form

(28) g2 + CP = a,bP.

Moreover, we have 9,h = ma, for a certain function m. Consequently, there
is a function U of two variables ! and say y such that % > 0 everywhere
and

(29) h(z',2?,...,2") =8 (2}, ¥, an2?).
Since q is constant, by (25), the function g takes the form (23), where p is

a function of z! only. In this situation, with the help of (23) and (28), we
modify (10) to the following form

0o f? = 985 + RCE = (qh + p)84 + hC?
= pbf + h(g85 + C5) = pé5 + haat’,
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or precisely, using also (29),
OufP(zt, 2%, ..., 2") = p(z1)6° + 4 (xl, Z,\a,\z’\) a.b?.
This system has solutions of the form mentioned in (21), where u is a func-
tion of two variables !, y such that %;—‘ = u. Finally, by (29), the function
h satisfies (22). The converse is also true. Thus, the proof is complete.
In the above case, we have assumed for simplicity that U = R™. One

can remark that this is not necessary. However, without this assumption,
functions realizing (10) can be described by (21) only locally.

Case 3. Consider the case n = 3 and assume that U = (a,b) x V, where
(a,b) is an open interval, —oo < a < b < 400, and V is an open, connected
and simply connected subset of R%. In this case, system (10) has solutions if
and only if the function h fulfils the following second order partial differential
equation

(30) C202h + (C3 — C2)8y03h — C382h =0

and the function g fulfils the following system of first order partial differential
equations

(a) Bzg = 0383’1 - Cgazh,

(b) B39 = C2d:h — C303h.

Then the procedure of finding solution of (10) steps in following way: take

a function h > 0 realizing (30); next find a function g realizing (31); and
finally solve the system (10) finding f2 and f3.

Proof. At first, rewrite (10) as follows

(32) 0of* =g +hC3, 8sf* = hCj,

(33) Do f% = hC3, Osf* = g+ hC3.

The system (32) of two equations with one unknown function f? has solution
if and only if the following integrability condition

(34) B3(g + hC3) — 82(hC}) =0

is satisfied on V. Similarly, the system (33) of two equations with one un-

known function f3 has solution if and only if the following integrability
condition

(35) 03(hC3) — B2(g + hC3) = 0

is satisfied on V. Conditions (34), (35) are just the same as (31)(a), (31)(b),
respectively. (30) is now a sufficient and necessary condition for (31) to have
solution with respect to g with given h. The rest of the assertion is obvious,
which completes the proof.

(31)
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3. Certain applications

One of the authors has proven the following theorem (see [8]): Let (M, V)
— (M, V) be a totally geodesic affine immersion and (M, V) be an affine
manifold of recurrent curvature, say VR = $® R. Then (M, V) is (a) locally
flat; or (b) of recurrent curvature, precisely VR = ¢ ® R, ¢ being the pull-
back of the recurrence form . Examples connected with this result have
been also given in [8].

Moreover, it is proved (see [9]): Let (M, V) +— (M,V) be a totally
geodesic affine immersion and (M,V) be an affine manifold of recurrent
projective curvature, say VP = $®P. Then (M, V) is (a) locally projectively
flat; or (b) of recurrent projective curvature, precisely VP = ¢ ® P, p being
the pull-back of the recurrence form @.

Additional examples illustrating both of the above cited theorems can
be constructed in the following way.

Namely, we take the set U and the connection defined in (8) as the
ambient affine manifold (M, V). Next we consider its affine submanifold
defined by the equation z' = const. with £ = 8/dz! as the transversal
vector field. By (8), it is obvious that the submanifold has vanishing second
fundamental form (i.e., it is totally geodesic) and the induced connection is
flat. Using our Theorem and functions described in Cases 1-3, the ambient
connection can be specified to be of recurrent curvature or of recurrent
projective curvature. This gives the desired examples.
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