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A GENERAL COINCIDENCE THEOREM 
FOR COMPATIBLE MULTIVALUED MAPPINGS 

SATISFYING A N IMPLICIT RELATION 

1. Introduction 

Let (X,d ) be a metric space. We denote by CB(X) the set off all 
nonempty closed bounded subsets of (X, d) and by H the Hausdorff-Pompeiu 
metric on CB(X), i.e. 

H(A, B) = max{sup d(x, B), sup d(x, >1)}, 

where A,B eCB(X) and 
d(x,A) = inf { d ( x , y ) } . 

y€A 

It is well known that ( C B ( X ) , H) is a metric space and the completeness 
of (X,d) implies the completeness of ( C B ( X ) , H ) . 

Let A, B € CB(X) and k > 1. In the sequel the following well known fact 
will be used [4]: for each a € A, there is 6 € B such that d(a, b) < kH(A, B). 

Let 5 and T be two self mappings of a metric space (X,d). Sessa [5] 
defines 5 and T to be weakly commuting if d(STx,TSx) < d(Tx,Sx) for 
all x in X. Jungck [2] defines S and T to be compatible if 

l i m d(STxn,TSxn) = 0, 
n—»oo 

whenever {xn} is a sequence in X such that 

lim Sxn = lim Txn = x 
n—»oo n—»oo 

for some x £ X. Clearly, commuting mappings are weakly commuting and 

1991 Mathematics Subject Classification: 54H25, 47H10. 
Key words and phrases: coincidence point, compatible mappings, implicit relation. 



160 V. P o p a 

weakly commuting mappings are compatible, but neither implication is re-
versible (Ex. 1 [6] and Ex. 2.2 [2]). 

Kaneko and Sessa extend the definition of compatibility to include mul-
tivalued mappings in the following way. 

DEFINITION 1 [3]. The mappings / : X X and T : X CB(X) are 
compatible if fTx € CB(X) for all x G X and 

lim H(Tfxn,fTxn) = 0, 
n—»oo 

whenever {xn} is a sequence in X such that 

lim Txn = Me CB(X) 
n—>oo 

and 
lim f(xn) = t e M. 

n—v oo 

DEFINITION 2. Consider / : X X and T : X - » C B ( X ) . A point Z E L 

is called a coincidence point of / and T if f z £Tz. 

T H E O R E M A [3]. Let (X, d) be a complete metric space, f : X —• X and T : 
X CB(X) be compatible continuous mappings such that T(X) C f ( X ) 
and H(Tx,Ty) < h.mBx{d(fxtfy),d(fxtTx),d(fyiTy)^(d(fx,Ty) + 
d(fy,Tx))} for all x,y in X, where h € (0,1). Then there exists a coin-
cidence point of f and T. 

T H E O R E M B [1]. Let (X, d) be a complete metric space. Let f,g : X —> X 
and S,T : X —y CB(X) be continuous mappings such that f is compatible 
with S and g is compatible with T. Assume that S(X) C g(X),T(X) C f ( X ) 
and that H(Sx,Ty) < rd(fx,gy) for all x,y € X, where 0 < r < 1. Then 
there is a coincidence point for f and S, as for g and T. 

The purpose of this paper is to extend and improve Theorems A and B. 

2. Implicit relations 

Let T be the set of all functions / : R(_j_ —» R satisfying the following 
conditions: 

T\ : F(ti,. • •, ¿6) is decreasing in variables ¿2» • • •, ¿6', 
there exist h € (0,1) and k > 1 with hk < 1 such that the inequality 

(Fa)' u < kt and F(t,v,v,u,u + u,0) < 0, or (Fb): u < kt and 
F(t, v, u, v, 0, u + v) < 0 implies t < hv. 

Ex.1. F(ti,..., te) — ti — mmax{t2,t3,ti, \ (ts + ¿6)}, where m £ (0,1). 

T\\ Obviously. 



General coincidence theorem 161 

fi'- Let be u > 0, u < kt and 

F(t,v,v,u,u + v, 0) = t — mmax{u,t), u + v)} < 0, 

where 1 < k < —. I£ u > v then u < kt < kmu < u, a contradiction. Thus m — — — ' 
v > u and t < mv = hv, where h = m < 1. Similarly, u > 0,u < kt and 
F(t,v,u,v,0,u+v) < 0 imply t < hv. If u = 0, then u < v and t < mv = hv. 

1 ¡1 
Ex.2. F(ti,...,t6) = ti -m[max.{t2,t3U,tzte,tzt5,UtQ)}] , where 0 < 

Obviously. 
Tv'. Let be u > 0, u < kt and 

F(t,v,v,u,u + v, 0) = t — m[max{u2, uv, 0, v(u + v)}f^2 < 0, with h = y/2m 
€ (0,1), k > 1 and kh < 1. If u > v then u < kt < km\/2u < u, a 
contradiction. Thus v > u and t < m-j2v = hv. Similarly, u > 0,u < kt 
and F(t,v,u,v,0,u -f v) < 0 imply t < hv. If u — 0, then u < v and 
t < m\Fiv = hv. 

Ex.3. F(ti,...,t6) = t\ + j j ^ j - {atl + btj + ctl), where a > 0, 6 > 0, 
c > 0 and a + b + c < 1. 

T\. Obviously. 

Let be u > 0, v > 0, u < kt and F(t,v,v,u,u + v, 0) < 0, where 
1 < k < v / Q^b + e . Then t2 + t-(av2 + bv2 + cu2) < 0 which implies t2 < av2 + 
bv2 + cu2. If u > v, then u2 < k2t2 < k2(a + b + c)u2 < u2, a contradiction. 
Thus u < v and t < \/a + b + cv = hv, where h = \/a + b + c G (0,1) and 
kh < 1. Similarly, u > 0,v > 0, u < kt and F(t, v,u, v, 0, u + v) < 0 imply 
t < hv. If u = 0, then u < v and t < \Ja + b + cv = hv. 

3. Main result 

THEOREM. Let (X,d) be a complete metric space. Let f,g : X —> X and, 
S,T : X —> CB(X) be continuous mappings such that f is compatible with 
S and g is compatible with T. Assume S(X) Cg(X),T{X) C f { X ) and for 
all x, y € X 

(1) F(H(Sx,Ty),d{fx,gy),d(fx,Sx)>d(gy>Ty),d(fx,Ty),d(gy,Sx)) < 0, 

where Then f and S and g and T have a common coincidence point. 

P r o o f . Let XQ be an arbitrary but fixed element in X. We shall construct 
two sequences {a;n}, {yn} of elements in X and sequence {An} of elements in 
CB(X). Since S(X) C g(X), there exists x\ G X such that y\ — gxi G SxQ. 
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Then there exists an element 3/2 = f(x2) €E Tx 1 = A\, because T(X) C 
f{X), such that 

d(yi,y2) = d(gxi,fx2) < kH(Sx0,Txi). 

Since S(X) C g(X), we may choose X3 € X such that 2/3 — gx3 € Sx2 = A2 
and 

d(y2,y3)<tcH(Tx1,Sx2). 
By induction we produce the sequences {xn}> {3/n} and {-An} such that 

(2) P2k+1 = 9X2k+l € Sx2k = A2k, 
(3) V2k+2 = fx2k+2 e Tx2k+1 = A2k+1, 
(4) d{v2k+uV2k) < kH(Sx2k,Tx2k-i), 

(5) d(y2k+i,y2k+2) < kH(Sx2k,Tx2k+i) for every keN. 

Letting x = X2k,y = %2k+i in condition (1), we have succesively 

F(H(Sx2k, Tx2k+i), d(fx2k,gx2k+i),d(fx2k, Sx2k),d{gx2k+i, Tx 2jt+i), 
d(fx2k,Tx2k+i),d(gx2k+i,Sx2k)) < 0, 
F(H(Sx2k+i,Tx2k+i),d(y2k,y2k+i),d(y2k,y2k+i),d(y2k+i,y2k+2), 
d(y2k,y2k+2),d(y2k+i,y2k+i)) < 0. 

Thus 

(6) F(H(Sx 2k, Tx2k+1), d(y2k,y2k+i), d(y2k,y2k+i), 

d{y2k+i,y2k+2),d{y2k,y2k+i) + d(y2k+i,y2k+2),0) < 0. 

By (5), (6) and (Fa) we have 

(7) H(Sx2k,Tx2k+1) = H(A2k,A2k+i) < hd(y2k,y2k+i), 

(8) d(y2k+i,y2k+2) < khd(y2k,y2k+i)-

Similarly, by (1), (4) and (Fb), we obtain 

(9) H{Sx2k, Tx2k-1) = H(A2k, A2k-i) < hd{y2k-i,y2k), 

(10) d(y2k,y2k+i) < khd(y2k-i,y2k)-

Since kh € (0,1) it follows from (8) and (10) that {y„} is a Cauchy sequence. 
Hence there exists z in X such that yn —> z. Therefore, gx2k+\ —> z and 
fx2k+2 z- Moreover, gfx2k+2 -* gz, Sfx2k+2 -* Sz, fgx2k+1 fz and 
Tgx2k+i —» Tz, by the continuity. Also from (7), (9), h € (0,1) and the fact 
that {yn} is a Cauchy sequence it follows that {Afe} is a Cauchy sequence 
in the complete metric space (CB(X),H). Thus Ak -» A € CB(X). This 
implies Tx2k+\ A, Sx2k+2 A and therefore z € A, because 

d(z,A) = lim d(yn,A)< lim H(An-i,An) = 0. 



General coincidence theorem 163 

Observe that then 
lim fx2k = z € A = lim Sx2k-k—»00 fc—• 00 

Hence, by compatibility of / and S, we have 

Therefore 

lim H(fSx2k,Sfx2fc) = 0. 
k—>oo 

lim d(fy2k+i,Sy2k) = 0. fc—• 00 
Hence d(/z, S.z) = 0, so /z € 5z. Similarly gz G Tz. 

Theorem and Ex. 1.3 imply the following result. 
COROLLARYI. Let (X,d) be a complete metric space. Let f,g : X X and 
S,T : X —> CB(X) be continuous mappings such that f is compatible with 
S and g is compatible with T. Assume that S(X) C g(X),T(X) C f(X) 
and for all x,y e X there is 
(1.1) H(Sx,Ty) < mmzx{d(fx,gy),d(fx,Sx),d(gx,Ty), 

i(d(/x,Ty) + d(gy, Sx))}, where m G (0,1), 
or 
(1.2) H2(Sx,Ty) < m2max{d2(fx,gy),d(fx,Sx)d{gy,Ty),d(fx,Ty) 

d(gy,Sx),d(fx,Ty)d(fx,Sx),d(gy,Ty)d(gy,Sx)}, where 0 < m2 < 
or 

(1.3) BHSz.Ty) + d ( / J ^ % ) + l ' + 

+ cd2(gy,Ty)) < 0, where a,b,c> 0 and a + b + c< 1. 
Then f and S as g and T have a common coincidence point. 

REMARK . By Corollary 1 and (1.1) for S = T and f = g, we obtain 
Theorem A. Theorem B follows from Corollary (1) and (1.1), because 

d{fx>9V) < max{d(fx,gy),d{fx,Sx),d(gytTy),±(d(fx,Ty) + d(gy,Sx))}. 
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