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Suyalatu

ON SOME GENERALIZATION OF LOCAL UNIFORM
SMOOTHNESS AND DUAL CONCEPTS

Abstract. In this paper, the conception of local k-uniform smoothness (LkUS) is in-
troduced on the base of the concept of k-uniform smoothness that introduced by Suyalatu
and Wu Congxin. It is proved that the local k-uniform smoothness and Sullivan’s lo-
cal k-uniform rotundity (LkUR) are the dual notions. X is a LkUS space, then X is a
L(k + 1)US space. However, the converse need not be true. In addition, we also obtain
two important results about LkUS space.

Throughout this paper, X will denote a real Banach space and X* will
denote its conjugate space. Set S(X) = {z:z € X,|z|| =1}, U(X) =
{z:ze X |z|| <1}, Sz = {z*: 2* € S(X*),z*(z) =1}, z € S(X). Wu
Congxin and Li Yongjin defined the notion of local uniform smoothness in
[1], which is the dual notion of local uniform convexity introduced by Lo-
vaglia in [2]. In this paper, we introduce the notion of locally k-uniformly
smooth space (LkU S), which is the extension of notion of locally uniformly
smooth space and dual of locally k-uniformly rotund space that introduced
by Sullivan in {3].

In (3], Sullivan defined the k-uniformly rotund space.By “fixing” one
variable he defined the notion of a locally k-uniformly rotund space. k-
uniformly rotund space is dual notion of k-uniformly smooth space that
introduced by us in [4]. Corresponding to the k-uniformly smooth space,
by “fixing” one variable we can define the notion of a locally k-uniformly
smooth space.

DEFINITION 1 [3]. A Banach space X is said to be a LkU R space if for any
€ >0,z € S(X), there is a § = §(z,€) > 0 such that for z1,...,z € S(X),
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if lz+ 21+ ...+ zk|| > (k+1) — 6, then

Az, zq,...,Zk)
1 1 1
zi(z) =zi(z1) ... zi(zk)
= sup 1, 1, 1, 1x1,...,Zy € S(X7) } <e
si(@) oi(or) .. oi(me)

DEFINITION 2 [4]. A Banach space X is said to be a k-uniformly smooth
space if for each € > 0, there is a d(€) > 0 such that for z3,...,z},, € S(X™),
if fla} + ... + x5 4]l > (k+ 1) =, then

B(z},...,z5,1)
1 1 1
zi(z1) z3(z1) ... Thy(21)
= sup ) ) +1, (Z,...,Zk € S(X) ) <e.
zi(ze) 5(k) ... Thia(zk)

By “fixing” one variable we define the notion of locally k-uniformly
smooth space (LkUS). i.e. The definition of LkUS is as follows:

DEFINITION 3. A Banach space X is said to be a LkU S space if for any € > 0,
z € §(X), z* € S, there is a § = §(z,z*,€) > 0 such that for z3,...,z} €
S(X*), if lz* + 27 + ...+ zf]| > (k+ 1) — §, then B(z*,z},...,2}) <e.

THEOREM 1 (Dual Theorem):

(a) If X* is LkUS space, then X is LkUR space,
(b) If X* is LkUR space, then X is LkUS space.

Proof. (a) If for any € > 0, z € §(X), there is a § = §(z,€) > 0 such that
for z1,z2,...,2r € S(X), if lc + 21+ ... + z¢]| > (k+ 1) — 4, then, by
Hahn-Banach Theorem, we can choose z* € S(X*) such that z*(z) =1, so
z(z*) =1and z € Sp«,Z1,Z2,...,2k € S(X**). Choose &' (z*,z,€¢) = 6 > 0,
then ||z +z1+...+ k|| > (k+1) —§'. By the assumption that X* is LkU S,
we have B(z,z1,...,Zx) < €, hence A(z,z1,...,2¢) = B(z,z1,...,2k) <€
This shows that X is LkU R space.

(b) Ifforany e > 0, z € S(X), z* € S, thereisad = 6(z,z*,¢) > 0such
that for z7,...,z; € S(X*), if ||z* +z}+...+z}|| > (k+1)—46, then we can
choose §'(z*,€) = § > 0, such that |{|z*+z] +...+z;|| > (k+1)—6'. By the
assumption that X* is LkUR, we have A(z*,z],...,z}) < €. Since, for any
z1,...,Zk € S(X), we have z1, ...,z € S(X**), hence B(z*,z3,...,z}) <
A(z*,z},...,2}) < e. This shows that X is LkUS space.

Theorem 1 shows that LkUR and LkUS are dual notions.
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COROLLARY 1 {1].
(a) If X* is L1US space, then X is LIUR space,
(b) If X* is LIUR space, then X is L1US space.

In fact, the L1IU R and L1U S space are, clearly, nothing else but the usual
LUR[2] and LUS[1] space, resp. Hence, the LkU S space is a generalization
of the locally smooth space.

DEFINITION 4 [5]. A Banach space X is said to be a k-strictly convex if and
only if for any (k + 1) elements zy, 23, ..., Tx41 of S(X) with || &1

=1
k1 z;|| implies that z;,z2,...,Zk+1 are linearly dependent.
=1 +

zi|| =

DEFINITION 5 [4]. A Banach space X is said to be a k-smooth space if and
only if for any z € S(X), dim S, < k.

DEFINITION 6 [4]. A Banach space X is said to be a k-strongly smooth
space if X is a k-smooth space. And for each z € S(X), if z, € S(X*)
z(z) — 1, then (z}) is relatively compact.

LEMMA 1 [6]. If X* is k-smooth space, then X is k-strictly convez space; if
X* is k-strictly convez space, then X is k-smooth space.

LEMMA 2. We have

1 1 1
0,1,2 01’3 al’k.*.z
a22 0423 ... G2k+2
Qk2 Qg3 ... QGkk+2
1 1 1 1 1
k+2 a1 412 ... G15-1 Q@141 ... Q1 k42
=Z(_1)J' 21 4G22 ... Q25-1 G241 .. G2k42].
=2 . . . . .
ak1 Qg2 .- Gkj-1 Gkj+1 --. Qkk42

Proof. Consider the determinant (this determinant is equal to zero)

1 1 .o 1

1 1 - 1
a1 @12 ... O1k42
a21 G22 ... Q2k421%°
Qg1 Qg2 ... Qkk42

Expanding in minors along the first row, we obtain the desired result.
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In [4], we have proved that k-uniformly smooth space implies k-strongly
smooth space (Theorem 4 in [4]). Using the similar method which is used in
proof of Theorem 4 in [4], we can prove the following lemma.

LEMMA 3. If X is a locally k-uniformly smooth space, then X is a k-strongly
smooth space.

LEMMA 4 [7]. Let (z,) be a bounded sequence in X and e be a positive real
number. If (z,) has no finite e-net, then for any positive integers ng, k and
any T € X, there exist ny,...,nx > ng, such that d(z,,,span{z}) > £ and

d(ZTn.yy,sPa0{L, Ty, .., Tn,}) > 5 fori=1,2,..., k-1
THEOREM 2. If X is a LkUS space, then X is a L(k + 1)US space.
Proof. If X is a LkU S space, then for any € > 0,z € S(X),z* € S, thereis

ad = d(z,z*,€) > Osuch that for z3,...,z; € S(X™*),if || +z1+.. . +2}|| >
(k+1) -4, then

(%) B(z*,z],...,z}) <

Suppose z7,...,z5,; € S(X*) and lz* + 27 +... + 25 4| > (k+2) -4,
then for each j we have ||z*+2]+...+2]_;+2}+.. . +2f ]| > (k+1)-4.
Using (x), we can deduce

* * * * * €
(%) B(z*, 2], s Tj_1,Tj 41y -+ Thp1) < HTT)

By Lemma 2, we have
* »® * €
(%) B(z},z3,...,T) < 3

Combining (**) and (**x), we have
B(z*,z},...,75.,) <€

This completes the proof that X is a L(k + 1)U S space.
The converse to Theorem 2 is not true.

EXAMPLE. There exists an infinite-dimensional LkU S space X which is not
L(k - 1)US space.

Let £ > 2 be an integer, and let i; < i3 < ... < 4. For each z =
(al,ag, .. ) € l,, define

=l? . = (Zk:laijl)2+ Z al.
=1

E241,00n 0k

The space X;, .. i, = (I, ]| @ |lis,... s, ) is k-uniformly rotund space!®! and

reflexive. Hence, X;* _ is k-uniformly rotund space. Obviously, X}

7Tk 114k
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is LkU R space, by Theorem 1, we know that X} . is LkUS space. But,

X:, i isnot L(k—1)US space. In fact, take e;; = (0,...,0, },O, )y i =

'tk
3
1,2,...,k, then |e; |li,,..;. = 1,7 = 1,2,...,k and {eij}le is linearly
independent. But || Z?=1 ei;lliy,...5. = k, this shows that X, . ; is not
(k-1)-strictly convex space. By Lemma 1, we know that X . is not

'7The

(k-1)-smooth space. By Definition 6 and Lemma 3, we know that X}
is not L(k — 1)US space.

DEFINITION 7. A Banach space X is said to be LkS (resp. CLkS) if and
only if for any z € S(X), if for any sequence (z}) in U(X™*) and z* € S,

n

lim  |lz*+2; +...+2; || = k+ 1, then ||z}, — 2*|| — O (resp. (z},)

N1ye.yjp—00

is relatively compact). LkS (resp. CLkS) and LkR [7] (resp. CLkR) [9] are
dual notions.

THEOREM 3. If X is LkUS space, then X is CLkS space.
Proof Let z € S(X), * € Sz, (z;) be a sequence in U(X*) and
suppose

lim  fz*+z; +... 42z, |=k+1.

MN1yeeyNpe — OO

We prove that () is relatively compact.
If (z) is not relatively compact in X*, then (z}) has no finite €-
net, for some ¢ > 0. By Lemma 4, for any positive integer ng and any

T* € X*, there exist ny,...,ng > no, such that d(a:n ,span {z*}) > 2 and
d(%.ﬂaspan {CE :Enl, . ,xn } L fori=1,2,...,k—1.
Therefore, there exist n{™, g"‘),...,n;’") such that n{™ — oo and
such that for any n( ) ..,nim) we have d(:r:l(m),span{a;*}) > 2 and
1

d(z* (m),span{:v z* i ,z*(,,,)}) > £, fori=1,2,...,k — 1. By Hahn-
Bana‘.lel Theorem, we choose a: (m),:c (m), Sz (,,,) € S(X**) such that

(,,,)(:c (m)) > 2,z (,,,)( =0 for all y* e spa.n{:r } and z (,,,)(m (m)) >
L ’znﬁ"')( y*) =0 for all y* € span{z*,z* i znﬁ'_"l)} for i = 2,...k
Then

k
€0
A(z*’x;‘l"‘)" . ,CL':;S.,‘)) > ('5) > 0.

From the definition of A(a:",:c;(,,,), e ,z;(,,,)), we know that there are
1 k
Gy,...,Gr € S(X**) such that
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1 1 e 1
Gl (I*) G]_ (x;gm)) s G1 (:L':;im))

By Goldstine-Weston Theorem, there are (z§), (z%),...,(z§) € S(X) such

that z§ 5 Gy,... T %, Gk. So we have

1 1 . 1
z*(z1) :t:;g,,,,(:vl) :l::i,,,,(zl)
sup . . . 1 Z1,%2,..., Tk € S(X)
z*(z) xngm) (ze) ... :vni,,,,(:z:k)
1 1 . 1
z¢(z*) z‘f’(m;(m)) a:‘l"(a::(m))
. 1 k
> lim
a 3 . .
zi(z*) a:,‘:(m;(,,,,) mﬂ(“’:(m))
1 k
1 1 ... 1
Gi(z*) Gi (a:;(,,,)) e Gy (:1::(,,,))
1 k
Gi(z*) Gk(‘”:(m)) “ee Gk(z;(m))
1 k
e\
>(2) .
2(3)
Hence,
* % * €0\k
B yae e T ) > (2 .
(%) ($:$n(l) Tt ))_(2) >0

On the other hand

lz* +$;(m) + --.+x:(m)“ —k+1,m— oo.
By the assumption that X is LkUS space, we have B(z*,z* ngmyre s T (m))
— 0, (m — 00). This contridicts inequality (), so (z},) is relatlvely compa.ct

THEOREM 4. If X is LkUS space and X* is strictly convezr space, then X
is LkS space.
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Proof. Let ¢ € S(X),z* € S;, (z},) be a sequence in U(X*) and suppose

lim |lz"+z), +...+z; || =k+1

MlgeeeyNgg — OO

Since X is LkU S space, it follows from Theorem 3 that (z*) is relatively

compact in X*.Consequently there exist y* € X* and a subsequence (:z:;J)
of (z,) such that z;, — y*, obviously y* € S(X™).

On the other hand, we have
k+1= lim  |[z* 4z, +... 4+, |

Ny yNg — OO

k
= +kyt+ ) (zh - y")
j:

—

IA

k
* * : * *
lz* + ky*| + nh_}g{lqwz llen; — "]
J.‘:

Slz" +ky*|| <k +1

So |lz* + ky*|| = k + 1, hence ||z* + y*|| = 2. By the assumption that X* is
strictly convex space, we have z* = y*. Hence z; — z". This shows that
X is LkS space.
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