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THE INITIAL-BOUNDARY VALUE PROBLEM FOR THE 
FIRST ORDER DEGENERATED HYPERBOLIC SYSTEM 

Abstract. In this paper we consider the linear hyperbolic system of the first order 
with degeneracy at x —• 0 and x —• I. For such system we assume that initial data are 
unbounded on the interval (0,1). Some conditions of the uniqueness, existence and stability 
of solution for the initial-boundary value problem are obtained. 

The initial and initial-boundary value problem for the first order linear 
hyperbolic systems were investigated by many authors. In some of these 
papers [l]-[6] hyperbolic systems degenerated at t —• 0 were considered. In 
this paper we shall study the linear hyperbolic system of the first order with 
degeneracy at x —• 0 and x I. For such system we assume that initial 
data are unbounded on the interval {0,1). We obtain some conditions of 
the uniqueness, existence and stability of solutions for the initial-boundary 
value problem. Notice that the stability of solutions of some initial and 
initial-boundary value problems for linear hyperbolic systems and equations 
(without degeneracy) were studied in papers [7]—[18]. 

Let Q = {(z,i) : 0 < x < I, 0 < t < oo}. We shall consider in this 
domain the hyperbolic system of the form 

n 
(1) uit(x, t) + Xj(x)uix(x, + ajjjx, t)uj(x, t) = /¿(z,i) i = l,...,n. 

j=i 

Suppose that the following conditions for the functions Aj hold: 

Ai (*) > Ai (x) > . . . > Afcl (x) > 0, x G (0,1]; Ai (0) = . . . = Afcl (0)=0; 

(2) 0>A f c l + 1 (x )> . . .>A f c a (x ) > x€ [0 , i ) ; Afcl+1(l) = . . . = Afca(i) = 0; 

0 > Afca+i(x) > > A„(x), x € [0, /]. 
For the system (1) we consider initial data 

( 3 ) Ui(x,0) = ipi(x), i = l,...,n 
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and boundary data 
(4) Ui(l,t) = 0, i = k2 + 1,. • • ,n. 

Denote by H^ p ^O, I), a > 0, (3 > 0, a closed set of functions belonging to 
C§°[0,1] such that 

i 
J[p2(x) + A2(x)g2

x(x)]xa(l - xfdx < oo 

with the norm 

IMI <*,ß,\ = (x) + X2 (x)gl(x)]x 
\ 1/2 

a {I-xfdx J . 

Moreover, let 1) denote a closed set of functions belonging to Co°[0, /] 
such that 

\g2(x)xa{l - xfdx < oo 

with the norm 

\\g\\a,ß=(\g2(x)xa(l-xfdx 
\ 1/2 ) • 

Rewrite the matrix A = (aij) of the system (1) in the form 

K , J \A21(x,t) A22(x,t)J> 

where An is the square matrix of the size k2 x k2, A22 - the square matrix 
of the size (n — k2) x (n — k2), A\2 - the matrix of the size k2 x (n — k2), 
and A2i - the matrix of the size (n — k2) x k2. 

Define the sets I\ = { 1 , . . . , fci}, I2 = + 1 , . . . , fo}, and I3 = {k2 + 
1 , . . . ,n}. Let 

J /?, iehui2, 

Qt = {(x, t)-.0<x<l, 0 < t < T} , T > 0. 

THEOREM 1. Let the conditions ( 2 ) hold. Moreover, let 

x - 1 Aj G L°°(0, Z), i G h; 

(I — x)_1Ai G L°°(0,1), i G I2\ 

Aj G L°°(0,1), i G /3; 
Aii G L°°(0,1), t = 1,... ,n; 

di A 

dV ' 
11 &A 

dV 
12 

(I ~ xf'2, 
&A21 

dti 
(l-x) 

d>A22 

dti 
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j = 0,1, ¡3 > 0; 

( A n { x t t ) U ) > a ^ l 2 V I e Rk\ (x,t) e Q; 

(A22(x,t)7j,T}) > a2|T7|2 Vtj e Rn~k2, (x,t) e Q\ 

? J ± x « / \ l - x ) W e L 2 ( Q ) , i = l , . . . , n , j = 0 , 1 , a > 0; 

e Ha,p,\t(Q>l)> » = ipi{l) = 0, i = k2 + l , . . . , n . 

Then there exists the only solution u = ( i t i , . . . , un) of the problem ( 1 ) , ( 3 ) , 
(4) and 

i 

(5) $[u2(:r,i) + u? t(x,i) + Xi(x)u^x(x,t)]xa(l - x)*dx < C(T), 
o 

t e ( 0 , T ) , i = 1,... ,n. 

P r o o f . We shall use the system of functions <pk = sin ^f-x, k = 1,2, 
This system is complete in each of the spaces H* p. x.(0,l), i = 1 , . . . ,n. 
Consider the sequence of functions 

N 
u?(xyt) = YicZ(t)<pk(x), N = 1 ,2 , . . . , 

fc=i 

where c ^ , . . . , i = 1 , . . . , n, axe solutions of the following Cauchy prob-
lems: 

(6) Kuit<Pk + \uix<pk -\-^iaijUjipk - fi<pkJxa(l - x)0idx = 0 , 
j=l ' 

(7) 4 ( 0 ) = ^ , i = l , . . . , n , k = l , . . . , N , 

with defined by the conditions: 

N 

= Jim H i 1 3 ^ = 0 , z = 1 , . . . ,n. 
' jV—» oo fc=l 

Multiplying every equation of the system (6) by the function re-
spectively, adding from k = l to k=N and integrating on the interval (0,r), 
r > 0, we obtain the equality 

(8) 5 ¡ ( " » W + X i u ? * u ? + i t w W - f i u ? ) x ° ( l - x ^ d x d t = 0, 
0 (A j=1 ' 

i = 1,... ,n. 
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Denote 

o12 = sup(p1 2(:M)| |(Z - x f / 2 ) ; a21 = sup(\\ A21(x,t)\\(l -
Q Q 

and put 

{2ai - Aix(x) - ax~1A i(x) - e(a12 + a21) - ó, i G h , 
2oi - Aix(x) + (3(1 - x)_ 1Ai(x) - e(ai2 + a21) -6, i G I2, 

2a2 - Aix(x) - ~(a12 + a21) - 6, i e J3, 
where e > 0, 5 > 0. 

Taking into account the assumptions of the theorem it is easy to obtain 
the inequality 

I n 
(9) 5 J 3 ( u f r ( ® ) r ) ) V ( i - x ) ^ d x 

0 t=l 
ri n 

+S S S h i(x> £> (x-1))2®0^ - x ) P i d x d t 

0 0 t=l 

In rln 
< \ Y^W" (x))2xa(l - x)0idx + S S E f i f a t)xa(l - x)0tdx dt. 

0 t=l 0 0 1=1 
Putting in the estimate (9) e — 6 = 1 and using Gronwall-Bellman inequality 
we get 

i n pi n 
(10) S J ^ t t ^ x , r)) V ( l - x)*dx < C i ( t ) J £(Vi(x)) 2* a (Z - x )* dx 

o ¿=i 4) t=i 
rln 

+ \\Y^fì{x,t)xa{l-xfidxdt = C2(t), 0 < T < OO. 
0 0 i = l 

Differentiating the system (6) with respect to t, then multiplying every 
equation respectively by the function adding on k from 1 to N and 
integrating on the interval [0, r], we obtain the system 

(11) J ¡ ( « + Xiugtu" + ¿«y«J i t i £ f 

n v 
+ J2 aijtu?u?t - fuug )xa(l- x)*dx dt = 0, i = 1 , . . . , n. 

j=l ' 
Prom the assumptions and the estimate (10) it is easy from (11) to get the 
inequality 



i n 

Initial-boundary value problem 

I n 

79 

0 i=l 
(12) J (x, r))2xa(l - x)*dx < \ (*> 0 ) ) 2 x a ( l - x)*dx 

0 t=l 
t I n 

+C2 (r) J J £ /¿(x, t)xa(l - xf'dx dt. 
0 0 ¿=1 

To estimate the first term in the right hand side of (12) we shall use the 
system (6) for t = 0. Multiplying every equation of this system respectively 
by c^ t(0), adding on k from 1 to N we obtain the estimate 

(13) ¡ ¿ K ? ( x , r ) ) 2 x a ( Z - x ) * d x 

< Cz{r) J A?(«£(*, 0))2 + £ / 2 (x , 0)2 

0 i=l 

0 Li=l 
r n 

i=1 
xa(l-xf*dx 

< C 4 ( r ) E 11^11-a.A,+S E /?(*» °)®a( ' - *)*<*» • 
-t=l 0 t=l 

Thus, due to the estimates (10), (12), (13) we have 

(14) ||«filL°°((o,:r);i,2 i/s (o,J)) + I hit lli~((o,t);z,» i(3 (o,0) -

for arbitrary T > 0, i — 1 , . . . , n. Since the sequences {uf(x,t)}, {u^(x, £)} 
axe bounded we can choose subsequences {u™(x,i)}, {u™(x, i ) } such that 

u?{x,t) »Ui(x,i) * —weak in L°°((0,T); L2a<0i(O, I)), m—• oo 
and 

u%(x,t) >uit(x,t) * —weak in L°°((0,T); L2 »(0,1)) m—*oo 
for arbitrary T > 0, i = 1 , . . . , n. 

Now using equations of the system (6) and data (7) it is easy to show 
that the functions i t i , . . . , un satisfy the system 

r i 

( 1 5 ) SS 
0 0 

uuVi — XìxUìVì — XiUiVix — ax XìUìVì 

n 
+0(1 - x)_1AìUìVì + - fiVi 

3=1 

xa(l-x)!3idxdt = 0 

for arbitrary functions Vi £ Cq°(Q), i = 1 , . . . ,n, and the initial data (3) 
hold. 

Consider the distribution (AiUi)x € (Cq°[0, I])'. By (15) we have 
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{(A iUi)X}<pxa(l-x)^) 
i 

= - (\iUU(<pxa(l - x)?')*) = - \\iui(<pxa(l - xf>)xdx 
0 

— \ \[ ^ixV-i-nit-J2 aiiui + ^ ) <Pxa{l - x)^dx dt 
0 (A j=l ' 

- (A ixUi - uit - + fi, ipxa(l - x ) M , i = 1,..., 
^ 7 = 1 ' 

for all functions <p G CQ°[0, Z]. From the latter we get 
n 

(Ajiij)x — Aii;Hi — tijt — ^ y OLjjUj -}- fi, i — 1, . . . ,71. 
j=1 

In other words the functions i t i , . . . ,un are the solutions of the system (1). 
Moreover, these functions satisfy the initial data (3), boundary data (4) 

and ui G Hioc(Q), i = 1 , . . . ,n . Thus, Ui G C(Q), i = 1 , . . . ,n . 
Using the method of characteristic [19], [20] it is easy to show that the 

problem (1), (3), (4) can have no more than one continuous solution in Q. 
The theorem is proved. 

Denote 

ai2 + a 2i bi = min min [2ao — AjX (x)l ' 
i=fc2+l,-,nxe[0,l] 

bi = min min [ 2 — ax 1Xi(x) - AiX(x)] - &i(ai2 + a21), 
i=i,...,fci ie[o,i] 

63 = min min [2ai + ¡3{l - x)_ 1Ai(x) - Aia;(x)] - bi(ai2 + 021)-
»=fci+i,...,fc2 ie[o,/] 

THEOREM 2. Let all conditions of Theorem 1 be satisfied and bj > 0, j = 
1,2,3; fi G L2((0,OO); L^^OJ)), i = 1 ,...,n. Then the solution of the 
problem (1), (3), (4) is asymptotically stable with respect to data (3) and the 
right hand side functions fi. 

P r o o f . Since bj > 0, j = 1,2,3, we can choose such numbers e > 0, S > 0 
that hi(x;e,5) > So > 0, i = 1 , . . . , n for all x G [0,/]. Then from the 
estimate (9) we have 

In rln 
\ (x, T ) ) V ( Z - x)0idx + So J 5 ^ ( u f ( x , t))2xa(l - xf'dxdt 
0 ¿=1 0 0i=l 
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/ I n r l n \ 

< C 6 S E W - i (*) f x a {l - x ) A dx + \ \ J 2 f h * , t)xa (* - dx d i J = C 7 ) 

\ ) i = l 0 0 t= l ' 
for N = 1 ,2 , . . . , where C7 does not depend on t. In particular from the 
above inequality we obtain the esimates 

ll«»(-) i)llL~((0,oo) iL* i(S.(0,0) -

(16) f 
\ llut(-,i)||z,=»((0,oo);L2 ^(0,l))dt ^ I = I, • • • ,n. 
0 

The estimates (16) imply the conclusion of the theorem. 
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