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CLASSES OF p-VALENT ANALYTIC FUNCTIONS
WITH FIXED ARGUMENT OF COEFFICIENTS

Abstract. Using the integral operator 7 f(z) defined by Owa [6] and by Srivastava
and Owa [10] we consider some classes of functions with fixed argument of coefficients. In
those classes we determine coefficient estimates, distortion theorems and extreme points.

1. Introduction
Let A(p, k) denote the class of functions f of the form

1) fa) =2+ Y ana,
n=k

which are analytic in U = U(1), where U(r) = {z: z € C and |z| < r}. Also
let us put A(p) = A(p,p+1) and A = A(1).

We say that a function f € A is subordinate to a function F € A, and
write f < F, if and only if there exists a Schwarz function w € 4, w(0)=0,
lw(2)] < 1, z € U, such that f(2) = F(w(2)), z € U.

Let I denote the Gamma function. Owa [6] and Srivastava and Owa [10]
defined the fractional derivative operator D} as follows:

DEFINITION 1.1. The fractional integral of order A\, A < 0, is defined, for a
function f, by

1 S £(©)
DR
where f is an analytic function in a simply-connected region of the z-plane

containing the origin, and the multiplicity of (z — ¢)*~! is removed by re-
quiring log(z — ¢) to be real when z — { > 0.

D’ f(z) = d,

1991 Mathematics Subject Classification: 30C45, 26A33, 33C20.



56 J. Dziok

DEeFINITION 1.2. The fractional derivative of order A, 0 < A < 1, is defined,
for a function f, by

L_di f)
T-Ndz) -0

where f is an analytic function in a simply-connected region of the z-plane
containing the origin, and the multiplicity of (z — ¢)~* is removed as in
Definition 1.1.

DEFINITION 1.3. Under the hypotheses of Definition 1.2, the fractional
derivative of order n+ A, 0 < A < 1; n € NU {0}, is defined, for a function

f, by

D3f(2) = 5 dC,

DI () = - D(2)
By using these definitions of fractional calculus we define the linear
operator
Q, : Alp) — Alp)
by
F'p+1-2)
o = ——
Letp,keN, A,B,\,0e R, A<p<k,0<B<1,-B<A<B,(B#1
or cos @ < 0).
DEFINITION 1.4. Let H*(p, k; A, B) denote the class of functions f € A(p, k)
satisfying the following condition
QA
zP 1+ Bz
The class H*(p, k; A, B) for A = 0 and A = 1 have been investigated by
Stankiewicz et al. ([13] and [15]) (see also [1], [5] and [8]).

DEFINITION 1.5. Let H)(p,k;A,B) denote the subclass of the class
H>(p,k; A, B) of functions f of the form (1.1), such that arga, = 6 for
an #0,n=k,k+1,...

We can write every function f from the class H}(p, k; A, B) in the form

z’\D;\f(z) .

(1.3) f(z) = 2P + €% Z lan|2"™, 2z € U.
n=k
Let Qo(p, k; A, B) = H)(p, k; A, B), Ro(p, k; 4, B) = Hj(p, k; A, B).
These classes Q@ (p, k; A, B), Rx(p, k; A, B) have been studied by Srivas-
tava et al. ([9], [11] and [12]) (see also [2], [3] and [14]).
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DEFINITION 1.6. Let H)(p,k; A, B) denote the class of functions f of the
form (1.3) satisfying the following condition

(1.4) ) T;Ye| < 89, 4,B),
n=k
where
(1.5) 1..n=I‘(n,+1—)\)f‘(p+1) 5(6, A, B) = B-A

Fn+1)(p+1-2)’ V/1— B?5in20 — Bcosé
These classes of functions defined by Definitions 1.5 and 1.6 are called
the classes of functions with fixed argument of coefficients.
In the present paper we obtain coefficient estimates, distortion theorems
and extreme points for the classes of functions defined above.

2. Coeflicients estimates

LEMMA 2.1 [7]. Let f be a function of the form (1.1). If f < g and g is convex
function, then |a,| < 1,n=k,k+1,.

LEMMA 2.2 [4]. If a function f of the form (1.1) belongs to the class A(p, k),
then

oo

F(p+1 Fn+1)
A =P 4 2: n
Qf(z) =z ) F(n+1—/\)anz , 2E€EU.

THEOREM 2.1. If a function f of the form (1.3) belongs to the class
H)p, k; A, B), then it satisfies the condition (1.4).
Proof. Let f € H)(p, k; A, B). By Definition 1.3 we obtain
O f(z) 1+ Aw(z)
z¢ 1+ Buw(2)’

where w(z) is an analytic function in U, such that w(0) = 0 and |w(z)| < 1
for z € U. Thus we have

Q;}f(z) - 2P
BQ)f(z) — AzP

Using Lemma 2.2 we obtain

= |w(2)] < 1.

o0 o
| Y r;1|a,,|z"-P| < |B ~ A+ Be" 3" T7Yaal" 7,
n=k n=k

where I',, is defined by (1.5). Thus putting z = r,0 < r < 1, we have
(2.1) lw| < |B — A+ Bwe®|,
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where w =3 . I'71|a,|r" 7. Since w is real number, by (2.1) we have
(1 - B*)w? — (2B(B — A) cos)w — (B — A)? < 0.
Solving this inequality with respect to w we obtain
[o <]
Y Ttlan|r™ P < §(9, 4, B),
n=k

where §(60, A, B),T',, are defined by (1.5). Thus letting r — 1~ we obtain
(1.4).

From Theorem 2.1 we obtain
COROLLARY 2.1. H)(p,k; A, B) C H)(p, k; A, B).
From Definition 1.4 we have

COROLLARY 2.2. If a function f of the form (1.3) belongs to the class
Hp(p,k; A, B), then

(2.2) lan] < 6(0,A,B)T,, n=kk+1,...,

where I'y, is defined by (1.5). The result is sharp. The extremal functions are
functions f, of the form

(2.3) fa(2) = 2P + €% 6(0,A,B)T,.2", n=kk+1,....

THEOREM 2.2. If a function f of the form (1.1) belongs to the class
HX(p,k; A, B), then

(2.4) la,] < (B—-A)T,, n=kk+1,...,
where I'y, is defined by (1.5). The result is sharp.

Proof. Let a function f of the form (1.1) belong to the class H*(p, k; A, B)
and let us put

9(2) = (Q‘A’f(z) —1)/(A—B), h(z) = 1+sz.

2P

By (1.2) we have g < h. Since the function g is a function of the form
o0
9(2) = Z[(A — B)Ty] " anz""?
n=k

and the function A is convex in U, by Lemma 2.1 we obtain
(2.5) (B—- AT, Yanl <1, n=kk+1,...

Thus we have (2.4). The equality in (2.5) holds for the functions g, of the
form

gn(2) =h(z"P)=2""P+..., n=kk+1,...
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Thus the equality in (2.4) holds for the functions f, of the form
fa(2)=2P+(A-B)Ip2"+..., n=kk+1,...
By Corollary 2.1 and Corollary 2.2 we obtain
COROLLARY 2.3. If a function f of the form (1.3) belongs to the class
H}(p,k; A, B), then
lan| < 6(0,A,B),, n=kk+1,...,

where 6(0, A, B), '), are defined by (1.5). The result is sharp for 8 = n. The
extremal functions are functions f, of the form

B-A
(2.6) fa(z) = 2P - TTB L
Putting A = 0 and A = 1 in Corollary 2.3 we obtain the following two
corollaries:

COROLLARY 2.4. If a function f of the form (1.3) belongs to the class
Qy(p, k; A, B), then

lan| < 6(8,A,B), n=kk+1,...,
where 6(6, A, B) is defined by (1.5). The result is sharp for 6 = m. The
extremal functions are functions f, of the form

B-A
= 2P — n =
(2.7 fn(z2)=12 T B ™ k,k+1,...

COROLLARY 2.5. If a function f of the form (1.3) belongs to the class
R,(p, k; A, B), then

lan <5(6,4,B)%, n=kk+1,...,

2", n=kk+1,...

where §(6, A, B) is defined by (1.5). The result is sharp for § = n. The
eztremal functions are functions f, of the form

(2.8) fn(z)zzp—B—A-Ezn, n=kk+1,...

1+Bn

3. Distortion theorems and extreme points

THEOREM 3.1. If f € H)(p,k; A,B), |z| =7 < 1, then for 0< A< p
(3.1) rP — §(0, A, B)Twr* < |f(2)| < 7P + 6(8, A, B)Tir*

and for 1< A<p

(3.2) prP~! —k8(8, A, B)Thr* 1 < |f'(2)| < prP 1 + k8(6, A, B)[yr* 1,

where (8, A, B), Ty are defined by (1.5). The result is sharp for 0 = n. The
extremal function is function fi of the form (2.6).
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Proof. Let f € H)(p,k;A,B), |z| = r < 1. Since the sequences {T';}
for 0 < XA < p and {Enn} for 1 < A < p are decreasing and positive, by
Theorem 2.1 we obtain

(e, °]
(3.3) D lan| < 5(6,A,B)T; for0<A<p,
n=k
oo
(3.4) Z nja,| < k6(0,A,B)Iy for1 <A <p.
n=k
Since

o0 o0
@)= +6° Y lanle”| <72+ 3 lanlr™
n=k n=k

00 [s.<]
=rP 47k Z |an|r™ % < P 4 ok Z lan],
n=k

n=k
and

o0
>rP - Z lan|r™

n=k

o0
£@) =]+ Y lanl2”
n=k

oo o0
=7P —rk E lan|r™% > 1P —rk Z lan],
n=k

n=k

then by (3.3) we obtain (3.1). Using (3.4) we prove analogously the estima-
tions (3.2).

Putting A = 0 and A = 1 in Corollary 2.3 we obtain the following two
corollaries:

COROLLARY 3.1. If f € Qu(p,k; A,B), |z]=7r <1, then for 0< A <p
r? — §(6, A, B)yr* < |f(2)] < rP + (9, A, B)r*
and for1 <A <p
prP~t — k8(6, A, B)r¥~! < |f'(2)| < prP™! + ké(6, A, B)rF Y,

where 6(0, A, B) is defined by (1.5). The result is sharp for § = w. The
extremal function is function fyx of the form (2.7).

COROLLARY 3.2. If f € Ry(p,k;A,B), |2|=7 <1, then for 0 <A <p

v~ 25(8, 4, B)r* < |f(2)| < 17 + £6(6, 4, B)r*



p-valent analytic functions 61

and for1<A<p
prP~1 —pJS(é’,A,B)r’"1 <|f'(z) < prP! +p6(0,A,B)r’°"1,

where (0, A, B) is defined by (1.5). The result is sharp for 6 = =. The
extremal function is function fi of the form (2.8).

THEOREM 3.2. Let §(8, A, B), 'y, be defined by (1.5) and let us put:
(3.5) fa(2) = 2P +€%6(0,A,B)Tn2", n=k,k+1,..., fri_1(2)=2".

A function f belongs to the class I?é\(p,k;A,B) if and only if it is of the
form

o0

(3'6) f(z) = Z 'Ynfn(z)’ z€lU,

n=k-1

whereY oo, 1 Wm=1,m20forn=k-1kk+1...

Proof. (=) Let a function f of the form (1.3) belong to the class
H)p, k; A, B). Let us put

Yo =[0(8,A, B)YT,]) Yan|, n=kk+1,...

and

00
Ye-1 = 1- Z'Yn-
n=k

By the assumption we have v, > 0, n = k,k + 1,... By Definition 1.4 we
have vx_1 > 0. Thus

D Wfal(2) =M1 fro1(2) + Y nfalz) = (1 - Z%)Z”
n=k-1 n=k n=k

+ ) [6(8, A, B)T] " Yan|(2” + €6(6, A, B)Tn2")

n=k

= 27— [6(8, 4, B)Ts]) " an|2P+ Y [6(8, A, B)Ts] " |anl2?

n=k n=k

oo
+e* Y " lan|2? = f(2)
n=k

and the condition (3.6) follows.
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(<) Let the function f satisfy (3.6). Since

f(2) = z Ynfa(2) = Yo-1fr-1+ Z’Ynfn(z)
n=k—1 n=k

= (1 - io: 7") 2 + f:(zp + ei05(61 Aa B)Fnzn)’yﬂ
n=k n=k

e <]
=P +¢¥ Z 0(8, A, B)y,I'pz"

n=k
we can write the function f in the form (1.3), where
lan| = 6(6, A, B)ynln.

Moreover
Y Tillanl =D 1ad(8, A, B) = 6(6, A, B)(1 — 11-«) < (6, 4, B).
n=k n=k

Thus we have f € H)(p, k; A, B), which ends the proof.
We prove analogously the following:

THEOREM 3.3. Let fi.1(2) = 2P and let f,, n=k,k+1,... be defined by
(2.6). A function f belongs to the class H)(p, k; A, B) if and only if it is of
the form (3.6).

From Theorem 3.3 we obtain the following two corollaries:

COROLLARY 3.3. Let fr_1(z) = 2P and let f,,n =k, k+1,... be defined by
(2.7). A function f belongs to the class Q. (p, k; A, B) if and only if it is of
the form (3.6).

COROLLARY 3.4. Let fr—1(2) = 2P and let fo, n =k, k+1,... be defined by
(2.8). A function f belongs to the class R.(p, k; A, B) if and only if it is of
the form (3.6).

From Theorems 3.2, 3.3 and Corollaries 3.1, 3.2 we obtain the following
two corollaries:

COROLLARY 3.5. H)(p, k; A, B) = HX(p,k; A, B).

COROLLARY 3.6. These classes fIé\(p, k;A, B), H)(p, k;A, B), Q. (p, k;A, B),
R.(p,k; A, B) are convex. The eztremal points are functions of the form
(3.5), (2.6) and fr-1(2) = 2%, (2.7) and fr_1(z) = 2P, (2.8) and fr-1(z) =
zP, respectively.
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