
DEMONSTRATIO MATHEMATICA 
Vol. XXXII No 4 1999 

Antoni Jakubowicz, Haiina Kleczewska 

ON CERTAIN RIEMANN SPACE WITH 
METRICAL TENSOR WITH SEPARABLE COORDINATES 

AND ITS APPLICATIONS 

1. Introduction 
The purpose of the present paper are properties of following three Rie-

mann spaces: first endowed with metrical tensor with coordinates of func-
tions of time t, second endowed with metrical tensor with coordinates of 
functions of radius r and third endowed with metrical tensor with coordi-
nates of functions with separable variables of t and r. 

We shall give an application to Einstein's theory of space-time. 

2. Formulas for curvature tensor 
Let V be a n-dimensional Riemann space with the metrical tensor 

(21) (9\ß) = diag(<?n, <722, • · • > 9nn) where 

= 9u{t,r), 922 = 922(t,r), g33 = g33(t, r), 

94i = T{6)g33{t,r), g55 = g55(t, r),..., gnn = gnn{t, r), 

t = x1, r = x2, θ = χ3, (t, r, θ, i4,..., in) = (xl,x2,x3,x4,...,xn) [1]. 

The curvature tensor is as follows: 

(2.2) 

' Jfi - ~9n pi ο'ϊ - ~ 9 2 2 p2 ./Τι ι — ™ Λι , XVo 9 — ilo ι 
1,1 9-ry ΊΊ " 9vv "" 

rfV _ ~911 pi _ -922 „2 _ pry iXo ι — " " XVο — ' " ill — ili ο» 9ηη 9v η 

R% = 933 d3 d" > p3 pi/ _ nuuu — 
_ ~9μμ 

RL· 

(y = 2,3, . . . , τι; η = 3 ,4 , . . . , τι; σ = 4 ,5 , . . . , η; μ + 1 = ν = 5 ,6 , . . . , π) (not 
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sum over 7 , 77, σ, μ, ι/), where 

4011 \ 022 011 011 022 J 

Dl _ 1 / ι 9ηη 9η9ηη 9η9η η\ 
Κ1ηη — ~λ I - Ζ9ηη Η 1 I ι 

η η 4011 V 9ηη 011 022 / 

Ώ2 _ 1 ( 9 // , 9ηη 9229ηη 9229ηη\ 

ρ2 _ 1 ί 0·> , 9229η Τ, 9ηη9η 9ηη9η η\ 
( 2 . 3 ) - 4 ^ ν -

_ _J_ f ~9339uu _ 9'339'uu λ 
3 l / " 4033 V 011 022 / 

1 / η' η' i ( 9μμ9νν 9μμ9νν ϋ μ = 
4 0 μ μ \ 0ιι 0 2 2 

(»7 = 3 , 4 , . . . , η; μ + 1 = ν = 5 , 6 , . . . , η) 
(not sum over η, μ, ν). The dot denotes differentiation with respect to t, the 
comma with respect to r . Remaining coordinates are null. 

3. The case of separable variables 

Let us take Riemann spaces V, V with metrical tensors 

(3.1) diag(i4i, A2, A 3 , A 3 , A 5 , . . . , An), 

Aa = AQ(t), (a = 1 , 2 , 3 , 5 , · · · . " ) » 

Aj = A2; 

(3.2) diag(£i , B 2 , B 3 , T B 3 , B 5 , . . . , B n ) , 

B a = B a ( r ) , ( a = 1 , 2 , 3 , 5 , . . . , n ) , 

Τ = Τ{Θ). 

The curvature tensors K\pe, ^xßQ {λ, β, Q, φ = 1 , 2 , . . . , π), Riccitensors 

Κ\\, L\\ (λ = 1 , 2 , . . . ,n), scalar curvatures Κ, L of spaces V, V can be 
calculated from (2.3), (2.2). 

Let we take a Riemann space V with the metrical tensor 

ά ι ^ { Α ι Β 1 , Α 2 Β 2 , Α 3 Β 3 , Τ Α 3 Β 3 , Α ι > Β ΐ > , . . . , Α η Β η ) , A3 = A2, 

Aa = A a ( t ) , B a = B a ( r ) ( a — 1 , 2 , 3 , 5 , . . . ,n), Τ = Τ(θ). 
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The formulas of the curvature tensor R\ße, of Ricci tensor R\p and of scalar 
curvature R of V are as follows: 
(3.4) R%e = a%eKlße + b*ßeL*ße (λ, ß, ρ, φ = 1 ,2 , . . . , η), 

R\\ = αχχΚχχ + bx\L\x, 

/ο c\ ρ _ 2 B 3 t s 2 Α3ΒΙ 2 2Αφ2 2 2 ^ 0 2 2 (3.5) «12 - -5-Α133 + ~Γ-ΞΓΚ\νν + ,4 ρ 133 + , ρ L 

1/ ß3 ΑνΒν
 ίνν Α3Β3 Α„Β, 

(λ = 1, 2 , . . . ,η;ι/ = 5 ,6 , . . . ,η) 

<3·6» Ä = Jr + i? 
where α>λ are functions of the variables r; b^ßß, b\\ are fmictions of 
the variable t; K\ße, L%ßg, Κ χ χ, L\\, Κ, L are the coordinates of curvature 
tensors, Ricci tensors and scalars curvatures of V, V respectively; all are 
calculated from (2.2), (2.3). 

THEOREM. When the Riemann spaces V, V are local-Euclidean, or Ricci flat 
(for Ri2 = 0 in (3.5)), or with null scalar curvature, then the Riemann space 
V is local-Euclidean, or Ricci flat, or with null scalar curvature respectively. 

P r o o f . The theorem follows immediately from formulas (3.4), (3.5), (3.6). 

4. An application to Einstein's theory of space-time 
Let be a space-time with the following metrical tensor 

(4.1) d i a g ^ t f ! , - A 2 B 2 , - A 3 B 3 , -TA3B3). 
We shall investigate a particular case of (4.1), namely for A\ = 1, B\ = 1, 

A2 = A3 = S2(t), B2 = B2(r), B3 = B3(r),T = sin2 Θ. Then the space-time 
has the following metrical tensor: 
(4.2) diag(l, -S2B2,-S2B3,-S2B3 sin2 Θ). 

We give a solution of Einstein's equation on the space-time with metrical 
tensor (4.2). 

We shall use a method analogous to Friedman's solution in [1], [2]. 
On the base of the formulas in (2.3) for η = 4 we obtain the following 

four independence coordinates of the curvature tensor for (4.2) 

•R122 = SSB2, ÄJ33 = SSB3, 

(4.3) 
- j k ( « * * * - M i + S S + 0 

-4§kh2"· 
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By the method in [1], [2] we obtain the for space-time (4.2) and the 
curvature tensor (4.3) the following system of two equations of Einstein's 
equation 

3 5 1 , 
• y = 2 *(0 + 3p)> 

c c . o c 2 3^3 3B'2B3 B3
2 1 1 2 

5 5 + 2 5 _ TB2B3 i ß ^ ß f 2ßä = — 2 ~ 
Next after the elimination 5 we obtain the following equation 

(4.5) S2 + k(r) = ^-gS2, 

κ = —8nG, G-gravitationconstant, where 

1 Λ c·* «ζ ·. SB^B'S B'2 1 
{ ' {Γ) = + Ϊ6ΒξΒ~3

 + 8B2B3 + ΪΒ3 

The differential equation (4.5) assumes the following form: 

(4.7) S2 + k(r) = y , 

where jfe(r) is defined in (4.6), A2 = 8irG«>sn, A > 0. 
Equation (4.7) will be called the generalized equation of the Friedman's 

equation. To solve equation (4.7), we take the following parametrical solution 
(4-8) 

t = A2 ( ~ , S , M , 2 Λ/1 - k(r) s i n 2 ^ + 1-== arc sin ( y/k(r) sin $ ) ), 
V k(r) V 2 k(r)y/Üyj V 

S = A2 s i n 2 $ 
2 

for 0 < k(r) < ^ ^ , where ψ is parameter. 

EXAMPLE 1. For the generalized Reissner-Nordstrom space-time [2] 

diag ( l , —S2r2, —S2r2 sin2 θ] , 
(4.9) V E } 

Ε = 1 — — + " ''0 ; ro, Κ = constans, ro > 0 
r r 

we obtain 

(4.10) * ( r ) - 5 g l - ™ ί + < » + Μ. 

therefore the solution (4.8) for tq,K = constans surface (t, S) —* r = m(t, S) 
over the plane {(i, 5) : t > 0 , 5 > 0}. Since k(r) > 0, we call the model (4.8) 
with relatives (4.9), (4.10) the generalized closed Friedman's model [2]. 

Kr2 
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S x a m p l e 2. For the space-time of Robertson-Walker [1] 
- R 2 

4.11) diag(l, —j , -R2r2,-R2r2 sin2 Θ), R = R(t), k = constans 
Χ ΛΓ 

an the base of (4.6) we obtain k(r) = k = constans. Since k > 0, so k = 1 
Mid we obtain on the plane {(<, R) : t > 0, R > 0} a curve, which is cycloid, 
so it represents a closed model of Friedman. 
COROLLARY . The solution (4.8) with (4.6) represents a generalized closed 
Friedman model. 
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