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PROJECTIVE COLLINEATION AS A P R O D U C T 
OF SPECIAL HARMONIC HOMOLOGIES 

Abstract. The problem of decomposition of a projective collineation into special har-
monic homologies i.e. homologies with the fixed center and homologies with fundamental 
hyperspaces containing the fixed points, is considered. We prove that for every harmonic 
homology of the π-dimensional projective space there exists j < 3 such that the harmonic 
homology is a product of j harmonic homologies from the given class. 

1. Introduction 
The problem of decomposition of a projective collineation into any spe-

cial collineations was considered in many papers, for instance Cater [1], 
Ellers [2], Witczynski [4], [6], and many others. 

In this paper we deal with the n-dimensional projective space Pn(F), 
where F = R or F = C, and we present the decomposition of a projective 
collineation / into harmonic homologies satisfying some conditions presented 
below. 

Let si and 03 , . . . , a n be fixed projectively independent points belong-
ing to Pn(F). Let Φ (η) be the class of harmonic homologies of the space 
Pn(F) with the centre in the point si. Let Ψ (π) be the class of harmonic ho-
mologies of the space Pn(F) with fundamental hyperspaces including points 
a.2,03,..., an. Let θ(π) = Φ (η) U Ψ(η). 

We introduce some auxiliary notation. 
Let Z(x\, X2, • • •, Xfc) denote the subspace generated by points χχ, 

x2,...,xk€Pn(F). 
Let 

/ : (αι,α2, · · · ,α*) 1—• (bi,b2, bk) 
denote that / ( a t ) = 6j, i =, 2 , . . . , k, where / is a projective collineation of 
Pn(F). 

Let fa, η denote a harmonic homology with the centre a and the funda-
mental hyperspace Η. Matrices of collineations will be denoted by G, H, 
Μ . . . 
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2. Decomposition of a harmonic homology into harmonic homolo-
gies belonging to the class θ ( η ) 

Witczynski has proved the following theorem. 

THEOREM 1. (Witczydski (1981)) For every harmonic homology fa<H of 
Pn(F) there exists j < 7, such that fa<n is a composition of j transforma-
tions from the class θ (π ) . • 

Using the same arguments we obtain the following corollary. 

COROLLARY 1. For every harmonic homology fa<H of Pn(F), such that s i ^ 
H, there exists j < 3 such that fa,H is a composition of j transformations 
from the class θ (π ) . • 

In the theorems presented below we show that number seven can be 
diminished to three for every harmonic homology fa,H· 

THEOREM 2. For every harmonic homology fa,H of Pn(F), such that a # 

Z(a2,a3,..., an) and s i € H, there exists j < 3 such that fayu is a compo-

sition of j transformations from the class θ (π). 

P r o o f . Assume that fa,H & θ (η ) . Let α be a point such that α 6 Z(si ,o ) , 
ö φ si and ä φ a. Let Η be a hyperplane such that .£(02,03,... ,an) C Η 
and hä fj(si) = a. Let α η + ι Ε Η be a point such that points 02,03,... ,on, 
ö n + i are projectively independent and Η = ^(02,03,... ,a„ ,än+i ) . Then 

Η Π Η = Z(ä3,04, · ·. , ä n , ä n + i ) 

for some points 03,04,...,ön such that 03,ö4 , . . . , ön, ö n + i are projectively 
independent. Let /a,//(ä) = α'. The homology h& β is defined as follows 

hä,H '· ( °2,03 , . . . , ö n + i , s i , o , ö ' ) ι—• (a2 ,ä3 , . . . ,ön + i ,o ,s i ,ä ' ) . 

Let us define a harmonic homology gSl,Hi as follows 

9si,Hi : («I i 03, · · ·, ö n + i , ö , ö ' ) I—» (s i ,ö 3 , . . . ,än + i ,ö ' ,ö ) . 
Then 

fa,Η = h>ä,H9'uHihätH· 

• 
THEOREM 3. For every harmonic homology fa j{ of Pn(F), such that a E 
Ζ(θ2,θ3,... ,an) and s 1 € H, there exists j < 2 such that fa<H is a compo-

sition of j transformations from the class Θ(η). 

Proo f . There is no loss of generality in assuming that α = θ2· Let αη+ι € Η 
be a point such that the points 02,03,..., an, ä n + i are projectively indepen-
dent. Let Η — Z(a2,03,..., an, s i ) and = Ζ(θ2,03,.. . ,on , ä n + i ) . Then 

Π Η = Z(ä3, ä4,... ,än, ä n + i ) 
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tad 

ΗΠΗ = Z(ä3,ä4,...,än,s1) 

or some points ä3,04,..., än such that 03,04,..., ön, än+i are projectively 
ndependent. 

Let y € Z(si,a,2) be a point such that y φ « ι and y φ Let y' = 

fa,H(j/)i note that y' belongs to the line Z(si , a.2). Let us define homologies 
"iän+1,Ä and 9»i,Hi 845 follows: 

9auHi · {si,ä3,... ,än+1,a.2,y,y') <—• (s i ,ä 3 , . . . , ä n + i ,a 2 , y ' ,y ) 

|&nd 

hä„+1,H '· (si,ä3,... ,än+i,a2,x,x') 1—• (s i ,ä 3 , . . . ,ä„+ i ,a 2 ,x ' ,x ) , 

where χ is a choosen point such that χ G Z(si,ä„+i) and χ φ si and 
χ φ ά η + ι and ^„./^(x) = x'. We have 

fa3,H • (03, • · · , ö n + i , y , y ' , x ) 1—• (03,.. .,än+i,y',y,x) 

thus 

fa,Η = hän+uH9sltHi = 9»ι,Η^&η+1<Η· 
m 

Theorems 2, 3 and Corollary 1 show that for every harmonic homology 
of the space Pn(F) there exists j < 3 such that the harmonic homology 
is a composition of j homologies belonging to the class θ (η ) . The theorem 
below shows that the number three cannot be diminished in the case of the 
space P2(F). First we will show two lemmas about matrices of harmonic 
homologies with a fixed point. 

LEMMA 1. Let si = (0,0,1). Then a harmonic homology h of P2(F) such 

that h(si) = si, has in some coordinate system one of the matrices 

± 1 0 0 \ / ± 1 0 0 \ (ψΐ 0 0 

G i - I 0 ± 1 0 ) G ' i = [ 0 T l 0 G " j = j 0 ± 1 0 

0 0 =Fl/ V 0 0 ^ 1 / \ 0 0 T l . 

/ I 0 0 \ 
G 2 = 0 1 0 G 3 = 

G4 = Gs = 

G e = ζ - 1 0 G 7 = 
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G 8 = I 0 - 1 0 I G 9 = [ χ -z 
y 

where t = ±1, x,y,z e F and for the matrix G9, ζ φ —t and χ φ 0. 

P r o o f . Matrix G of a harmonic homology h such that h(si) = «ι, satisfies 
the conditions: 

and G G = dl 

for some constants c, d, with cd Φ 0, where I denotes the identity matrix. 
Solving above equations we obtain the assertion. • 

Lemma 2. Let si = (0,0 ,1). Then the harmonic homology of P2{F) with 
the centre si has one of the matrices 

G, = I 0 ±1 0 1 G 2 = I 0 1 0 
± 1 0 

0 \ ( 1 0 
0 H- t—·

 

0 G2 = 0 1 
0 0 w V X 0 

f l 0 
0 \ / I 0 

0 1 
0 

G 4 = 0 1 
y - 1 / V * y 

G 3 = 

where x,y G F. 

P r o o f . The matrix Μ of a harmonic homology with the centre si satisfies 
the conditions mentioned in the proof of Lemma 1. Moreover 

Msi = cs 1 

and for every point α, α φ dsi, where d G F — { 0 } 

Μα φ ca, 

where c φ 0. An easy computation shows that only matrices Gi , G2, G3, 
G4 from those mentioned in Lemma 1 have these properties. • 

Theorem 4. There exsists a harmonic homology fa,H £ θ (2 ) of the space 
P2(F), which is not a composition of two harmonic homologies belonging to 
the class θ(2). 

P r o o f . Consider three cases. 

I. Consider two transformations <7si,Hi and g3l<H2 belonging to the class 
Φ(2). Let fa,η be a harmonic homology such that α φ s\ and si ^ H. 
Then fa Η Φ GSI HI • 9SI H2 independently on a choice of fundamental lines 
HuH2CP2(F). 
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II. Consider two transformations hCl jjt and hC2jj2 belonging to the 
ilass Φ(2), thus a-i e H2 i 02 G H\. Let fa ,H be a harmonic homology such 
ihat α φ a2 and a2 H. Then fa,H φ hCl^^ο,,Η·, independently on a 
choice of points ci, C2 and fundamental straight lines H\ and H2 such that 
f u e f t n H2. 

III. The only case remaining concerns the compositions of the form 
0*1,Hi ηα, Hi and h-ci,Hi9si,Hn where gSi,Hi G ̂ (2) a Qd hCl Hl G Φ(2). 

Take the coordinate system in F3 such that Si = (0,0,1) and a2 = 
(1,0,0) and Hi = Z((l, 0,0), (0,1,0)). Then the matrix of the homology 
hCl jj1 has the form 

for some v,w € F. In this case we do not consider the homologies with 
fundamental line Z((1,0,0), (0,0,1)) because if Hi = Z((1,0,0), (0,0,1)), 
then Si j . f fAi .Äiis i ) = KuHi9»i,Hi(si) = s i - Hence we cannot obtain a 
homology fa,H such that si φ a and si £ Η. 

Consider the products H G j and GjH, i = 2,3,4 (since the homology g 
with the matrix G j belongs to Φ(2)ΠΦ(2), and the compositions hg and gh, 
where h G Φ(2), were considered in the case II, we can ommit the matrix 
Gi). Let Μ € {HGi|i = 2,3,4} U {GiH|i = 2,3,4}; then Μ is a matrix of 
a harmonic homology if and only if M M = ci for some c 6 F and c φ 0. 
Calculations show that then 

By the cases I, II and III, we infer that if the harmonic homology fa,H is 
such that α φ si and α φ and Si £ Η and & H, then there do not 

3. Decomposition of a projective collineations in Pn(F) into har-
monic homologies belonging to the class θ(η) 

Let us recall some theorems on generating of the group of projective 
collineations by harmonic homologies. 

THEOREM 5 (Witczynski [4]). For every projective collineation in P2(F) 
there exists j < 3 such that this projective collineation is a composition of j 
harmonic homologies. • 

THEOREM 6 (Witczynski [5]). For every projective collineation in P3(C) 
there exists j < 4 such that this projective collineation is a composition of j 
harmonic homologies. • 

HGi = G j H = Ι, i = 2,3,4. 

exist h i ,h 2 € θ(2) such that / 0 i # = hih2. 
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THEOREM 7 (Witczynski [3]). For every projective collineation in Pn(F) 
there exists j < 6E(Ii^·) +1, where Ε (a) denotes the integer part of a, such 
that this projective collineation is a composition of j harmonic homologies. 

• 
By Theorems 2, 3, 5, 6 and 7 and Corollary 1 we obtain the corollaries. 

COROLLARY 2. The group of projective collineations of P2{F) is generated 
by the class θ(2) . The rank of generation is not greater than 9. m 
COROLLARY 3. The group of projective collineations of P3(C) is generated 
by the class θ(3) . The rank of generation is not greater than 12. • 

COROLLARY 4. The group of projective collineations of Pn(F), η > 2, is 
generated by the class θ(π). The rank of generation is not greater than 

[1] F. S. Cater ,Products of central collineations, Linear Algebra Appl. 19 (1978), 251-

[2] E. W. E l lers , Projective collineations as a products of homologies, elations and 
projective reflections, Aequationes Math. 25 (1982), 103-114. 

[3] K. W i t c z y n s k i , On generators of the group of projective transformations, Demon-
stratio Math. 14 (1981), 1053-1075. 

[4] K. W i t c z y n s k i , Sur les generateurs du groupe des transformations projectives du 
plan projectif, Zeszyty Nauk. Geom. 17 (1988), 109-113. 

[5] K. W i t c z y n s k i , Collineations in the projective complex space as products of har-
monic homologies, Zeszyty Nauk. Geom. 19 (1991), 81-85. 

[6] K. W i t c z y d s k i , On generating of the group of the projective collineations by two 
normal cyclic collineations, Proc. of 8th International Conference on Descreptive 
Geometry, Texas 1998. 

FACULTY OF MATHEMATICS AND INFORMATION SCIENCE 
WARSAW UNIVERSITY OF TECHNOLOGY 
PI. Politechniki 1 
00-661 WARSAW, POLAND 

References 

174. 

Received January 15, 1999. 


