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A CHARACTERIZATION FOR THE LIMIT POINTS
OF DOUBLE SEQUENCES

Abstract. In 1944 R.P Agnew characterized limit points of single dimensional se-
quences by proving the following: Let A be regular and let z,, be a bounded complex
sequence, then there exists a subsequence yn of zn such that the set Ly of limit points of
the transform Yn of yn includes the set L. of limit points of the sequence zn,. In this paper
we shall use the definition of Pringsheim limit points in [6] to present a multidimensional
analogues of Agnew result in [1].

1. Introduction

In [2]-[5], and (8] the four dimensional matrix transformation (Az)m n =
YR 1211 @mnk 1Tk Was studied extensively by Robison and Hamilton. In
their work and throughout this paper, the class of four dimensional matrices
and double sequences are of real valued entry unless specified otherwise. Here
we consider the behavior of four dimensional matrix transformations on the
spaces of subsequences of a double sequence. Such a four dimensional matrix
A is said to be RH-regular if it maps every bounded P-convergent sequence
(defined below) into a P-convergent sequence with the same P-limit. In this
papers we shall present an extension of Agnew’s theorem in [1] concerning
limit points and summability of subsequences. We give a double sequence
analogue of Agnew’s theorem as follows: Let A be an RH-regular matrix and
z) be a bounded double complex sequence; then there exists a subsequence
Yk, of zx; such that the set P, of Pringsheim limit points of the transform
Yy, of yx; includes the set P, of Pringsheim limit points of z.

2. Definitions, notations and preliminary results

DEFINITION 2.1 (Pringsheim, [7]). A double sequence z = [z ;] has Pring-
sheim limit L (denoted by P-limz = L) provided that given € > 0 there
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exists N € N such that |zx; — L| < € whenever k,l > N. We shall describe
such an z more briefly as P-convergent.

DEFINITION 2.2 (Pringsheim, (7]). A double sequence z is called definite di-
vergent, if for every (arbitrarily large) G > 0 there exist two natural numbers
n1 and ny such that |z, x| > G for n > ny, k > na.

DEFINITION 2.3. The double sequence [y] is a double subsequence of the
sequence [z] provided that there exist two increasing double index sequences
{n;} and {k;} such that if z; = z,, s, then y is formed by

21 22 25 210
24 23 26 —
29 28 271 —

A two dimensional matrix transformation is said to be regular if it maps
every convergent sequence into a convergent sequence with the same limit.
The Silverman-Toeplitz theorem [9], [10] characterizes the regularity of two
dimensional matrix transformations. In 1926 Robison presented a four di-
mensional analog of regularity for double sequences in which he added an
additional assumption of boundedness. This assumption was made because a
double sequence which is P-convergent is not necessarily bounded. The def-
inition of the regularity for four dimensional matrices will be stated next,
followed by the Robison-Hamilton characterization of the regularity of four
dimensional matrices.

DEFINITION 2.4 ([6]). The four dimensional matrix A is said to be RH-
regular if it maps every bounded P-convergent sequence into a P-convergent
sequence with the same P-limit.

THEOREM 2.1 (Hamilton [2], Robison [8]). The four dimensional matriz A
18 RH-regular if and only if

RHy : P-limpy g amn kg = 0 for each k and ;

RH, . P-limm,n Z:l’:;.,l Amakl = 1;

RH3 : P-limmpn Y 52 amakit| = 0 for each i

RHy : Plimmpn 3121 |@mn kil =0 for each k;

RH : ZZ‘;‘:&A |@m,n kil is P-convergent,and

RHyg : there ezist finite positive integers A and B such that

Lki>B lamakil < A.
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DEFINITION 2.5 ([6]). A number 3 is called a Pringsheim limit point of
she double sequence £ = [z, ] provided that there exists a subsequence
= [ynk] of [Zn k] that has Pringsheim limit §: P-limy,x = 8.

AEMARK 2.1. The definition of a Pringsheim limit point can also be stated
as follows: (3 is a Pringsheim limit point of z provided that there exist two
fncreasing index sequences {n;} and {k;} such that lim; z,, &, = 8.

ense (P-divergent) provided that = does not converge in the Pringsheim

IDEFINITION 2.6 ([6]). A double sequence z is divergent in the Pringsheim
8
'sense (P-convergent).

REMARK 2.2. Definition 2.6 can also be stated as follows: A double sequence
z is P-divergent provided that either x contains at least two subsequences
with distinct finite limit points or z contains an unbounded subsequence.
Also note that, if £ contains an unbounded subsequence then z also con-
tains a definite divergent subsequence. In addition, note that if the dou-
ble sequence z contains at most a finite number of unbounded rows andér
columns then every subsequence of z is bounded. Also the finite number
of unbounded rows andér columns does not affect the P-convergence or
P-divergence of z and its subsequences.

3. Main Results

The following is a double sequence analogue of the following theorem of
Agnew [1]: Let A be regular and let z, be a bounded complex sequence.
Then there exists a subsequence y, of z, such that the set L, of limit
points of the transform Y, of y, includes the set L, of limit points of the
sequence I,

THEOREM 3.1. Let A be an RH-regular matriz and {zx;} be a bounded
double complex sequence. Then there ezists a subsequence {yk i} of {zk.}
such that the set P, of Pringsheim limit points of the transform {Yy,} of
{yk:} tncludes the set Py of Pringsheim limit points of x.

Proof. Since P, is a closed set and the set of complex numbers is separable,
there exists a countably infinite or finite subset E of P, such that E = P;.
Let {u;;} be a double sequence in E that contains all elements of E with
{ui;} defined so that each P-limit point of x is a P-limit point of {u; ;}. Thus
fori,j =1,2,... let z;'.-a.l,- r,s = 1,2,... be a subsequence of z with P-limit
points #;j, where 1i; ; is a P-limit point of z. Let ¢; ; be a bounded double
sequence such that P-lim; ;¢ ; = 0. Therefore there exist four increasing
index sequences,

m<ma<mg<---, kiy<kyg<ksz<---,
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Mm<na<nzg<---, 11<12<13<"',

which we use to define
= a’m,‘,ﬂj,k,l)

L am.-,n_, ,k,l)
k<kili<i<lip

= 2 a‘"l.’,ﬂj,k,l)

k<kiid>li41

= Z Qm, KOTLEE

D

1
>

2
2

3
2

4 k,‘<k<k.’+1;151j
Z = Z afng,nj,k,lv
5
2
6
2
7
2

ki<k< k,‘+1 ;lzlj

= E a'fni,nj,k,l»
k>ki ;1<

= Z @ nj kb

k2kip1ili<i<ljsg

= Z am.-,nj,k,ly

8 k>kip1id>1541
E = Z Om;n; .kl
9 k,lebi‘j

such that for 7,5 = 1,2, - and for m; and n; sufficiently large we have

n] " J
)Z’ = | z am.,n,,kl‘ < E |am,,n,,kl' < €
k=1
by RHl,
IE +El = l > am,-,nj,k,ll < Y 'am.-,nj,k,l‘ <€
2 3 k<kiI>1; k<kii>l;

by RH,4 and the fact that k is finite,

|Zl = ‘ z am,‘,ﬂj,k.ll < E |am,-,n,-,k,l| < €5
5

ki<k<ki+1;121]’ k.‘<k<k.‘+1;lzlj
by RH,4 and the fact that k is finite,

'E + Zl = l amg,nj,k,ll < E Iami.ﬂj,k.l\ < € j
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by RHj and the finiteness of I, and finally

Z = Z a'm.-,nj,k,l S Z ayni‘n,-,k,[ <€j'j
7

lj<l<1j+1;k2k|‘+1 l,‘(l(l,‘+1;k2k.‘+1
by RH3 and the finiteness of [,

|z:| = l E a'm.-,nj,k,l| < €i,j
8

k2kiy1;l2li

by RHg. Thus by the above equality we have

. 00,00
PRLTED DL IEE DD D!
1 8 9

k=1
and
Z > G = (S + 2.
ki=1 1 8
Therefore by RH;

Z=1+€,"j.

9
Having selected the subsequence yj; from z for fixed ¢ and j with k < k;
and ! < lj, we now choose yix; with k; < k < kiy1 and [; <l < lj4) from
1:;':,]_ such that y, , is the predecessor of yx; in z whenever r < k or s < [

and

lyk,l - ﬁi.jl < €&
Note that the double sequence yi; is bounded because zx; is bounded.
Therefore by the inequa.lities above we obtain

(AY)mm; = Zam.,n,.klykl—Z'*'Z'*' +Z

k=1
=€, + Z .
9
Also, we obtain

Yo= D tmmkd(Ykg — g + @i g)
9 k,leb; ;

i D Gminkdt D Gmyn ki(Ykt — i)
k,l€b; ; k,1€b; ;

i(1+ ei_-,') +(1+ ei,j)e,-,j
+ €.

Il
5:

i 5
s
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Hence,
(AY)min, = Bij + €,
which implies that P, includes the set P;. =
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