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A CHARACTERIZATION FOR THE LIMIT POINTS 
OF DOUBLE SEQUENCES 

A b s t r a c t . In 1944 R.P Agnew characterized limit points of single dimensional se-
quences by proving the following: Let A be regular and let xn be a bounded complex 
sequence, then there exists a subsequence yn of xn such that the set Ly of limit points of 
the transform Yn of yn includes the set Lx of limit points of the sequence xn- In this paper 
we shall use the definition of Pringsheim limit points in [6] to present a multidimensional 

I analogues of Agnew result in [1]. 

1. Introduction 
In [2]-[5], and [8] the four dimensional matrix transformation (Ax)mtTl = 

Σ Μ = Ι , Ι am,n,k,iXk,i was studied extensively by Robison and Hamilton. In 
their work and throughout this paper, the class of four dimensional matrices 
and double sequences are of real valued entry unless specified otherwise. Here 
we consider the behavior of four dimensional matrix transformations on the 
spaces of subsequences of a double sequence. Such a four dimensional matrix 
A is said to be RH-regular if it maps every bounded P-convergent sequence 
(defined below) into a P-convergent sequence with the same P-limit. In this 
papers we shall present an extension of Agnew's theorem in [1] concerning 
limit points and summability of subsequences. We give a double sequence 
analogue of Agnew's theorem as follows: Let A be an RH-regular matrix and 
Xkj be a bounded double complex sequence; then there exists a subsequence 
yjt / of ifc j such that the set Py of Pringsheim limit points of the transform 

of ykj includes the set Px of Pringsheim limit points of x. 

2. Definitions, notations and preliminary results 
DEFINITION 2 . 1 (Pringsheim, [7]) . A double sequence χ — [xFC,J] has Pring-
sheim limit L (denoted by P-l imx = L) provided that given e > 0 there 
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exists Ν e Ν such that |xjt / — L\ < t whenever k,l > N. We shall describe 
such an χ more briefly as P-convergent. 

DEFINITION 2 .2 (Pringsheim, [7]). A double sequence Χ is called definite di-
vergentif for every (arbitrarily large) G > 0 there exist two natural numbers 
ni and ri2 such that |χη,*| > G for η > ηχ,Λ > τΐ2· 

DEFINITION 2.3 . The double sequence [Y] is a double subsequence of the 
sequence [x] provided that there exist two increasing double index sequences 
{rij} and {kj} such that if Zj = xUj^, then y is formed by 

Z\ 22 Zw 
Zi Z3 z6 — 
zg ζ$ ζ7 — 

A two dimensional matrix transformation is said to be regular if it maps 
every convergent sequence into a convergent sequence with the same limit. 
The Silverman-Toeplitz theorem [9], [10] characterizes the regularity of two 
dimensional matrix transformations. In 1926 Robison presented a four di-
mensional analog of regularity for double sequences in which he added an 
additional assumption of boundedness. This assumption was made because a 
double sequence which is P-convergent is not necessarily bounded. The def-
inition of the regularity for four dimensional matrices will be stated next, 
followed by the Robison-Hamilton characterization of the regularity of four 
dimensional matrices. 

DEFINITION 2 .4 ([6]). The four dimensional matrix A is said to be Eli-
regular if it maps every bounded P-convergent sequence into a P-convergent 
sequence with the same P-limit. 

THEOREM 2.1 (Hamilton [2], Robison [8]). The four dimensional matrix A 
is RH-regular if and only if 

RH ι : F-limm)Tl a m n fc / = 0 for each k and 

RH2 : P-limmin Σ^,ί=ι,ι am,n,k,l = 1; 
RH3 : P-limm,n Σ,ί^ι \am,n,k,l\ = 0 for each Z; 
RHa : P-lirnm,n Σ ^ ! |am,n,fc,/| = 0 for each k\ 

RHb • ΣΤ, ί=ι , ι l°m,»»,fc,il i s P-convergent] and 

RH§ : there exist finite positive integers A and Β such that 

T,k,l>B lam,n,fc,jl < A -
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DEFINITION 2.5 ([6]). A number β is called a Pringsheim limit point of 
>he double sequence χ = [xn,fc] provided that there exists a subsequence 

= [yn,k] of [xn,fc] that has Pringsheim limit β : P- l imyn fc = β. 

AEMARK 2.1. The definition of a Pringsheim limit point can also be stated 
is follows: β is a Pringsheim limit point of χ provided that there exist two 
increasing index sequences {π* } and {fc,} such that limi xn,,k, = ß-

DEFINITION 2.6 ([6]). A double sequence χ is divergent in the Pringsheim 

sense (P-divergent) provided that χ does not converge in the Pringsheim 

sense (P-convergent). 

REMARK 2.2. Definition 2.6 can also be stated as follows: A double sequence 
χ is P-divergent provided that either χ contains at least two subsequences 
with distinct finite limit points or χ contains an unbounded subsequence. 
Also note that, if χ contains an unbounded subsequence then χ also con-
tains a definite divergent subsequence. In addition, note that if the dou-
ble sequence χ contains at most a finite number of unbounded rows andor 
columns then every subsequence of χ is bounded. Also the finite number 
of unbounded rows andor columns does not affect the P-convergence or 
P-divergence of χ and its subsequences. 

3. Main Results 
The following is a double sequence analogue of the following theorem of 

Agnew [1]: Let A be regular and let xn be a bounded complex sequence. 
Then there exists a subsequence yn of x „ such that the set Ly of limit 
points of the transform Yn of yn includes the set Lx of limit points of the 
sequence xn. 

THEOREM 3.1. Let A be an RH-regular matrix and {Χ*;,/} be a bounded 

double complex sequence. Then there exists a subsequence {yk,i} of {x/t,/} 
such that the set Py of Pringsheim limit points of the transform {Yk,i} of 

{yjfc,/} includes the set Px of Pringsheim limit points of x. 

P r o o f . Since Px is a closed set and the set of complex numbers is separable, 
there exists a countably infinite or finite subset Ε of Px such that Ε = Px. 

Let {uhJ} be a double sequence in Ε that contains all elements of Ε with 
{ u j j } defined so that each P-limit point of χ is a P-limit point of {u i t j } . Thus 
for i, j = 1 ,2, . . . let xT.'3, r, s = 1 ,2, . . . be a subsequence of χ with P-limit 
points ü i j , where ü i j is a P-limit point of x. Let e t J be a bounded double 
sequence such that P - l im j j e t J = 0. Therefore there exist four increasing 
index sequences, 

mi <m2 <m3 < • • •, ki < < < • • •, 
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πι <n2 <n3 < ••·, Ii < h < h < 

which we use to define 

Τ . Σ ttm<> 
1 k,l=1 

: = = Σ ami,nj,k,h 
2 k<k,;lj<l<lj+1 

Σ : = Σ ami,nj,k^t 
3 k<ki;l>lj+i 

T . : = ami,nj,k,h 
4 ki<k<ki+i\l<lj 

5 3 : = Σ °m<,n>,fc,I> 
5 ki<k<ki^i\l>lj 

Σ : = Σ ami,nj,k,h 
6 k>ki+i;l<lj 

Σ : = Σ Gmi.rij,*,'' 
7 fc>fci+1;ij</<i>+l 

Σ : = Σ ami,nJ,fe,i' 
8 k>ki+l-,l>l} + l 

Σ : = Σ Grm.nj.k.l 

such that for i, j = 1,2, · · · and for m, and rij sufficiently large we have 

| Σ | = | Σ ^ Σ Ια"»„η>Λ,ίΙ < eO 
1 fc,I=l k,l=l 

by RHU 

| Σ + Σ | = | Σ ^ Σ l^i.ni.fc.il < eM 2 3 ik<fci;/>i> k<ki-,l>lj 

by RH4 and the fact that k is finite, 

| Σ | - Σ ami,njtk,l 

5 A:i<fc<A:i+i;i>iJ 

by RH4 and the fact that k is finite, 

s Σ 
k,<k<ki+1,l>lj 

am,,nj,k,l < e • j 

Σ + Σ | = | Σ ami,tij,k,l < Σ 
4 6 Jfc >ki;l<lj k>ki-,l<lj 

< € »J 
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iy RHz and the finiteness of I, and finally 
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Ι Σ Ι - y i Omi,njtk,l 
lj<l<lj+uk>ki+i 

s Σ 
«><l<J>+i;fc>fci+i 

by RHz and the finiteness of I, 

< e «J I Σ I — I Σ ^i.ij.fc, ' 

by RHQ. Thus by the above equality we have 
. 00,00 

Σ β«*.«,,« = Σ + " • + Σ + Σ > 
fc,/=l 1 8 9 

and 

Therefore by i?i/2 

00,00 

Σ = Σ «Wj,* , ! - ( Σ + · • · + Σ ) · 
9 fc,i= 1 1 8 

E = 1 + e w · 
9 

Having selected the subsequence y^ from χ for fixed i and j with k < ki 
and I < lj, we now choose y^/ with ki < k < fcj+i and lj < I < lj+\ from 
xr

fc;Y such that j/r)i is the predecessor of yjt.l in a; whenever r < k οτ s < I 
and 

Vk,l-üi,j <ti,j-

Note that the double sequence ytj is bounded because Xkti is bounded. 
Therefore by the inequalities above we obtain 

00,00 

(Ay)mi,n> = Σ Qrrii,nj,k,iyk,l = Σ + Σ + ' ' " + Σ 
fc,(=l 1 2 9 

= ^ + Σ · 
9 

Also, we obtain 

Σ = Σ Omi.nj.Miyfc.' "«»J +«<j ) 
9 fc.ieöi.j 

= fi<J Σ ami,nj,k,l+ Σ amt,n]tk,l{yk,l ~ Üij) 
fc.iefc.,; fc,/66«,j 

= fiij(l + Cij) + (1 + ejjJetj 
= « i j + « t j · 
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Hence, 
{Ay) m„nj = Hi j + e«j« 

which imphes that Py includes the set Px. • 
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