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STABILITY OF THE P E X I D E R - T Y P E 
HOMOGENEOUS EQUATION 

Abstract . Let / be a function defined on a subset U (Rot/ C U) of a real linear space 
X with the values in a sequentially complete locally convex linear topological Hausdorff 
space Y. We show that if there exist a bounded subset V C Υ, a non-empty subset A C Ro, 
δ : A — [0,oo) and φ : A — Ro, Κ : U — [0,oo) such that φ(α)~1 f(ax) - f(x) € 

for all α € A, χ € U, then, under certain assumptions on A and K, there 
is a unique ^-homogeneous mapping F ·. U —» Y such that the difference F(x) — / ( x ) is 
suitably bounded on U. Next we investigate the stability of the Pexider-type homogeneous 
equation. 

Introduction 
J . Tabor proved in [6] that every mapping from a real vector space X 

into a normed space Y satisfying the inequality 

(1) | | α - 1 / ( α ι ) — /(x)|| < ε for α € R \ {Ο},χ 6 Χ , 

where ε > 0 is given, is homogeneous. Z. Kominek and J . Matkowski inves-
tigated in [4] the condition 

(2) a~lf(ax) - f{x) 6 V, α e A , χ e S , 

for the mapping / from a cone S C X into a sequentially complete locally 
convex linear topological Hausdorff space and a subset A C (l ,oo). Their 
result has next been generalized in [5]. J . Schwaiger has examined the con-
dition 

(3) / ( α χ ) - φ(α)/(χ) G V ( a ) for α <E A , χ G X , 

where 

— G is a semigroup with unit acting on the non-empty set X\ 
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— Y is a sequentially complete locally convex linear topological Hausdorff 
space Y over Κ € {R,C}; 

— A C G generates G as a semigroup; 
— φ : G —» Κ is a function; 
— V : G —> B(Y) is a mapping from G into the set B(Y) of bounded 

subsets of Y. 
It is proved there that if the functions / and φ satisfy (3) and f ( X ) is 
unbounded, then φ is a multiplicative function and there is a function F : 
X —* Y satisfying 

F(ax) = 0(a)F(x) for α G G, χ G Χ, 
(we say then that F is φ-homogeneous) and such that the difference F — f 
is suitably bounded on X. 

In [1] and [7] it has been investigated the inequality 

| | / ( a * ) - a V ( x ) l l <<?(a,x) , a G R \ { 0 } , x G X , 
with some functions g mapping R x l into R. Moreover S. Czerwik studied 
in [2] the following Pexider-type stability condition 

11/ (a®) - <Ka)s(x)|| < g (α, χ ) , a G R, χ € X. 
In this paper we investigate some kind of stability of the homogeneity 

and stability of the Pexider-type homogeneous equation. 

Main result 
Throughout this paper the letters N, No, R, R+, Ro stand for positive 

integers, non-negative integers, reals, non-negative reals, and reals different 
from zero, respectively. From now on X stands for a real linear space and Y -
for a sequentially complete locally convex linear topological Hausdorff space. 
The sequentially closure of V will be denoted by seqcl V. By conv V we will 
denote the convex hull of V. The subset V C Y is said to be bounded if for 
each neighbourhood W of zero there exists an r e Ro such that r V C W. 
By (j4) we denote a multiplicative group generated by the set A C Ro · 

It is known that for V C Y and 0 < a < ß, aV C /3conv(FU {0}) holds. 
Moreover, if V is symmetric with respect to the origin, then aV C β conv V. 

We have the following 
THEOREM 1. Let 0 φ U C X be such that EqU C U. Assume that the 
function Κ : U —> R+ satisfies 
(4) Κ (ax) < I a\pK(x) for a G Ro, χ G U, 
with certain ρ G R \ {1}. Fix A C Ro and let δ : A —• R+, φ : A —• Ro be 
given mappings. Let V C Y be a bounded set and let f : U Y satisfy 
(5) <^>(α)-1/(αχ) - f{x) G 6{a)K{x)V for all a € A, χ 6 U. 
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If A D AQ := {α € A : |<£(a)| φ la lP} Φ ihen there exists a unique 
hinction F : U —> Y satisfying 

F(ax) = </>(a)F(x) for a € A0,x eU, 
and such that 

F(x) - f(x) € cK(x)seqcl conv(V U (—V)), χ € U, 
where 

r- min ( inf *(«) W«)! - f δ(α)\φ(α)\\ c := nun mi , , . ., ;——, ml —; , . . ., , 
μ (α ) | - | a | P ' a e ^ |a|P - |0(a)| J 

4 := {a € A : |a|* < |*(a)|} , A2
0 := {A e A : |a|* > |^(a)|} . 

Furthermore, if F φ 0, then there is a unique multiplicative function 
φ ·. (AQ) —• Ro such that F is φ-homogeneous. I f , moreover, 0 € U and 
φ (αο) φ 1 for some c*o € Aq, then there exists a unique multiplicative 
function φ : (Ao) U {0} —> R, such that F is φ-homogeneous. 
Proo f . We give only the main idea of the proof, which follows as that one 
of Theorem 1 from [3]. Fix an α € j4o- Consider two cases: 

1) |α|* < \φ(α)\, 
2) |a|p > |*(a)|. 

In the first case one can show that {</>(α)_η/(αηχ) : η 6 Ν} is a Cauchy 
sequence. Hence we may define the function Fa :U —*Y, 

Fa(x) := lim φ(α)~ηf(anx) η—>oo 
which satisfies 
(6) FQ(ax) = lim φ ( a ) - n f ( a n + 1 x ) η—>oo 

= φ(α) lim <£(a)" ( n + 1 ) / (an + 1x) = 0(a)Fa(x). η—>οο 
Moreover 

( 7 ) *··<«> - / W e ' υ ( - " » • 

Now consider the second case. Replacing in (5) χ by a - 1 x we get 
φ(α)~1 f(x) - / ( a _ 1 x ) e i (a ) j r (a - 1 x)V; 

and so, using (4), we get 
(8) φ{α)ί{α~ιχ) - / ( χ ) € 5(α)|<^(α)||αΓρ/('(χ) conv(V U (-V)) . 
Similary as above we prove that {φ{α)ηf (a~nx) : n £ N } is a Cauchy se-
quence. The function Fa \ U Y given by 

Fe(®) := lim φ{α)ηί{α~ηχ) fl—>οο 
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is well de f ined a n d sa t i s f i es 

(9) Fa(ax) = 0 ( a ) F e ( x ) for χ G U. 
Moreove r we h a v e 

(10) Fa(x) - / ( » ) G ' ^ f ( f f ' a e q c l conv ( V U (-V)), xeU. 
|Q|P - \φ{α)\ 

L e t us n o t i c e t h a t f r o m (6) a n d (9) it fol lows t h a t 

Fa(anx) = 0 ( a ) n F Q ( i ) for a G A0,x G U,n G Z. 
Us ing t h i s f a c t a n d c o n s i d e r i n g s u i t a b l e cases (cf. [3]) o n e c a n p rove t h a t 

Fa = Fß for α, β € AQ. W h e n c e we m a y def ine 

F •.= F0, β € Ao, 
w h i c h sa t i s f ies 

(11) F(ax) = 0 ( q ) F ( X ) fo r all α G A0, χ € U. 

Moreover , by (7) a n d (10) we g e t 

F ( x ) - / ( x ) G cK(x) s e q c l conv ( V U ( - V ) ) , x e U , 
w h e r e c is g iven a s in t h e s t a t e m e n t of o u r T h e o r e m . T h e s i m p l y v e r i f i c a t i o n 
t h a t F is u n i q u e c a n b e c o n c l u d e d as in [3] a n d we le f t it t o t h e r e a d e r . 

N o w let u s a s s u m e t h a t F o b t a i n e d a b o v e is d i f f e r e n t f r o m 0, t h a t is 
t h e r e is a n xo G U w i t h F ( x o ) φ 0. F r o m (11) we h a v e t h a t 

F ( a _ 1 x ) = <f>(a)~1F(x) for all a€AQ,xeU. 

C o n s e q u e n t l y , fo r q = Ai · . . . · A ^ J " 1 · . . . · μ ^ 1 G (Ao), we o b t a i n 

(12) F(ax) = φ (A j ) •... • φ ( λ η ) φ ( μ ι ) - 1 •... • φ ( μ τ η ) - 1 F(x) fo r χ G U. 

D e f i n e a f u n c t i o n φ : (.Ao) —• Ro as fol lows. For a = λ ι · . . . · Χ η ^ ϊ 1 · . . . · μ ^ 1 G 
(Ao), we t a k e 

φ(α) :=φ(Χ1)·...·φ ( λ η ) φ (μ,)'1 -...-φ ( μ ™ ) " 1 . 

W e s h o w t h a t φ is well d e f i n e d . T a k e λχ · . . . · Ατ,μ^-1 · . . . · μ ^ 1 = ηχ · . . . • 
ηρι>ϊ1 · . . . · y " 1 G (>lo)· T h e n we h a v e 

φ (Xl)·...· φ (Κ) Φ ( μ ι ) " 1 · · · · · Φ (μτηΓ1 F(x ο) 

= F ( λ ι · . . . · λ η μ ^ 1 · . . . · μ ^ χ ο ) = F (τ]ι • ... • • ...· f ^ x o ) 

= φ(ηι)·...·φ(ηρ)φ ( ^ ) - 1 .....φ ( „ , ) " 1 F ( x o ) . 

S ince F ( x o ) Φ 0, so we h a v e 

Φ (Αι) · . . . • φ(Xn)φ ( μ ι ) - 1 ·...· φ ( μ τ η ) - 1 

= Φ(ηι)·.·.·φ(ηΡ)Φ(νιΓ1··.··φ( 
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therefore φ is well defined. Moreover, by (12), we obtain 

13) F(ax) = 4>{a)F(x) for α G (Ao), χ G U. 

for α, β G (Ao) we have 

4>(aß)F(x0) = F(aßxo) = 4>(a)F(ßx0) = 4>(a)4>(ß)F(x0), 
ο φ(αβ) = φ(α)φ(β) ajid φ is a multiplicative function. The uniquenes 

we obtain from the construction of φ. Prom (13) we get that F is φ~ 
Aomogeneous. 

Next assume that F obtained above is different to 0, 0 6 U and φ (αο) φ 1 
Jor some ao € Ao- From (13) we get 

F( D) = F(a0 0) = 4>(ao)F(0), 

Bo F(0) = 0. By (13) we may uniquelly extend φ as follows 

φ(α) = ^ { α ) f ° r 
' \0 for a = 0, 

and then φ : (Ao) U {0} —» R is a unique multiplicative function such that 
F is ^-homogeneous. • 

REMARK 1. The similar example as in [3] shows that the estimation obtained 
in the assertion of above Theorem is the best one. 

Stability of Pexider-type homogeneous equation 
In this section we consider, for given functions f,g:U—*Y, the following 

stability condition 
(14) φ(α)~ι/(αχ) - g(x) € 6{a)K(x)V, a € A, χ € U, 

with a certain function φ : A —• Ro · 
We prove 

THEOREM 2. Let 0 / U C X be such that RoU C U. Assume that the 
function Κ : U R+ satisfies (4). Let {1} C A C Ro and let δ : A -* R+, 
φ : A —y Ro be given mappings. Assume that φ(1) = 1. Let V C Y be a 
bounded set and let functions f,g : U —* Y satisfy (14). 

If A D Ao := { a G A : |<£(a)| φ |a|p} ψ 0, then there exists a unique 
function F : U —*Y satisfying 

F(ax) = </»(a)F(x) for a G Ao,x G U, 
and such that 

F(x) - f(x) G ci Ä"(x)seqcl conv (V U ( - ^ ) ) , x G U, 

F(x) - g(x) G c2 K{x)seqcl conv (V U ( - V ) ) , χ G U, 
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where 

r • m i n I inf ( * ( « ) + W ) ) : n f (δ(θ) + δ(1)) \φ(«)\\ 
C\ : = m i n int — — ;—; , m i ;—; , , . . , , 

\aeAl | 0 ( a ) | - | a | P 'aeAl | α | Ρ - | φ ( α ) | J' 

( 6(a) |0(a)| +δ(1)\αρ δ(α) \φ{α)\ + δ(1)\α\'\ 
C2 • = m i n in ! — — ;—; , int ;—; ——r; . 

\aeAl \φ(α)\-\α\Ρ 'α€Λ* \α\Ρ-\φ(α)\ ) ' 

and the sets AQ, AQ are given as in Theorem 1. 

Furthermore, if F φ 0, then there is a unique multiplicative function 
φ : (.4ο) —> Ro such that F is φ-homogeneous. I f , moreover, 0 G U and 
φ (αο) φ 1 for some a o € Aq, then there exists a unique multiplicative 
function φ : (.Ao) U {0} —• R, such that F is φ-homogeneous. 

P r o o f . F r o m (14) we h a v e 

φ{α)~7(αχ) - f { x ) = φ(α)~7(αχ) - g{x) + g{x) - f { x ) 

G ( 5 ( a ) + 6 (1 ) ) K{x) c o n v ( V U { - V ) ) , 

a n d s imi l a r ly 

φ(a)~1g(ax) - g(x) = φ(a)~1g(ax) - φ(α)~λί(αχ) + φ{α)~ιί(αχ) - g(x) 

G ^ ( α ) Γ 1 <5(1)ΑΓ(αχ) ( - V ) + 6{a)K(x)V 

C (<5(1) |q |p | 0 ( α ) | _ 1 + 6{a)) K{x) c o n v (V U ( - 7 ) ) . 

B y T h e o r e m 1 t h e r e ex i s t f u n c t i o n s F,G : U —» Y a n d r ea l c o n s t a n t s c i , c 2 
s u c h t h a t 

F(ax) = ^ ( a ) F ( x ) for a e A 0 , x e U , 

G(ax) - φ(α)ΰ(χ) fo r a G A0, x G U, 

a n d 

F(x) - f { x ) G c i AT(x)seqcl conv ( V U ( - V ) ) , x€U, 

G(x) - gix) G c 2 tf(x)seqcl c o n v ( V U ( - V ) ) , χ G U. 

W e a r e go ing t o s h o w t h a t F ( x ) = G ( x ) for each χ G U. L e t us cons ide r t w o 
cases : 

1) t h e r e ex i s t s a n α G Aq s u c h t h a t | a | p < |<£(a)|. T h e n 

F ( x ) = l i m φia)-nfianx),Gix) = l i m tf>(a)~n
5(anx) 

η—>oo η—»00 

a n d f r o m (14) we g e t 

Φ i a ) - n f i a n x ) - φ i a ) - n g i a n x ) G | 0 ( α ) Γ " < ! ) ( 1 ) Λ : ( α η χ ) c o n v ( 7 U ( - V ) ) 

C ( |α | ρ |< />(α) |~ 1 ) η (5(1)Λ' (χ) c o n v ( V U ( - V ) ) . 
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Consequently 

F(x) - G(x) = lim φ(α)~η/{αηχ) - lim <j>(a)~ng(anx) 
η—»oo η—»oo 

= lim^ (φ(α)~η/(αηχ) - <t>(a)-ng{anx)) = 0; 

2) there exists an α € AQ such that |α|ρ > |0(α)|. Then 

F ( x ) = lim <f>(a)nf(a~nx),G(x) = lim φ(α)ης(α~ηχ) 
η—>οο η—»oo 

and from (14) we obtain 

φ(α)ηf(a~nx) — φ(α)ης(οΓηχ) 6 |0(α)|ηί(1)/Γ(α-ηχ) conv(V U ( - V ) ) 

C (|<£(a)||a|p)n£(l)Ä"(ax)conv(V U (—V)), 

so we have 

F{x) - G(x) = l im φ{α)η/{α~ηχ) - l im φ(α)η9(α~ηχ) η—»oo η—>οο 

= J i n ^ (φ(α)η/(α~ηχ) - φ(α)η9{α~ηχ)) = 0. 

The last statement of our theorem we obtain similarly as in Theorem 1. • 

Stability in Banach spaces 
The conditions (5) and (14) may be considered, in a special case, for a 

normed space Y. We take V = {y £Y : ]|j/|| < 1}. Then (5) and (14) may 
be rewriten as 

(15) Mia)'1 f (ax) - /(x)|| < δ(α)Κ(χ), a e A , x e U , 

or 
(16) ||0(αΓ7(αχ) - 5(x)|| < δ(α)Κ(χ), a e A , x e U , 

respectively. 
From Theorems 1 and 2 we obtain 

THEOREM 3. Let X, U, Α, δ, Κ and AQ be as in Theorem 1. Let Y be a 

Banach space, (.Ao) = Ro and let φ \ A—*MQ be a given mapping. 

( i ) If a function f : U —* Y satisfies (15 ) , then there exists a unique 

function F : U Y such that 

F (αχ) = </>(a)F(x) for a € AQ,X € U, 

and 

||F(x) - /(x)|| < cK(x), xeU 

where c is defined as in Theorem 1. If F φ 0, 0 € U and φ ( α ο ) φ 1 

for some αο 6 Ao, then there exists a unique multiplicative function 

φ : R —> R such that F is φ- homogeneous. 
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(ii) If { 1 } C Ao, 0 ( 1 ) = 1 and functions f,g : U —> Y satisfy (16) , then 
there exists a unique function F : U —• Y such that 

F ( α χ ) = <t>(a)F(x) for a e A0,x eU, 

and 
\ \ F ( x ) - f ( x ) \ \ < C l K ( x ) , xeU, 

\\F(x)-g(x)\\<c2K(x), χ £ U, 

where c\, ci are defined as in Theorem. 2. If F φ 0, 0 6 U and φ (αο) φ 
1 for some αο € Ao, then there exists a unique multiplicative function 
φ : R —• R such that F is φ- homogeneous. 
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