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THE GROWTH OF HARMONIC FUNCTIONS
IN HYPERSPHERES

Abstract. The present paper deals with the growth of solutions (harmonic in n-
dimensional Euclidean space R") of Laplace’s differential equation.
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Characterizations of g-order and g-type of harmonic functions H(z) have been obtained
explicitly in terms of the m-th gradients |V, H(0)|. The H(z) are taken to be regular in

a finite hyperball Bg = {z : |z| < R}, where |z| = (z% + 23 +... + z3)!/2.

1. Introduction

A real valued function H(z), z = (z1,22,...,Zs) is said to be harmonic
in n-dimensional Euclidean space R™ if it has continuous partial derivatives
of the first and second order and satisfies the Laplace equation

0z 9z T 0zx2

throughout a neighbourhood of the origin in R™. Such functions have spher-
ical harmonic expansions

=0,

(11) H(z)= ) Hn(z),
m=0
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where H,,(z) are harmonic, homogeneous polynomials of degree m in
Z1,Z2,...,Zn, [2. p. 45]. It has been shown [4] that the series (1.1) con-
verges absolutely and uniformly on compact subsets of the open ball By =
{z :|z| < R}, where |z| = (z? + 22 + ... + 22)V/2.

(1.2) R = lim sup(||Vm H (0)||/m!))*/™,
and the norm of the m-th gradient of H(x) is defined as follows:
For each n-tuple a = (a;,a2,...,a,) of nonnegative integers, let |a| =
a1 +ax+...+an,al =ailay!...a,!, and
glel
D = .

0z 0z3? ... Ozqn
Then

m , 1/2
(1) IVnb O = (3 3 (0*HE)a!)

|la|=m

Further, such convergence of the series (1.1) does not hold on a larger
ball centered at the origin.

The concepts of index ¢, the g-order g(q) and g-type T'(q) are introduced
by Bajpai et al. [1] in order to obtain a measure of growth of the maximum
modulus, when it is rapidly increasing. Thus, let M(r,H) - coasr —» R
and let for ¢ = 2,3,..., set

log'? M(r, H)
log(R/R—-1)’

where log!® M(r, H) = M(r, H) and log'® M(r, H) = loglog®~") M(r, H).

For an analytic function f with Taylor series expansion f(z) =
Y 0@nz", where R™! = limsup,_,,|an|'/", it has been shown [6] that
0q(R) as defined by (1.4) with M(r) = max|;|—, |f(z)| is given by the ex-
pression.

(1.4) 04(H,R) = limsup,_, p

log("_l) n

(15) Qq(R) + A(q) - hmsupn—-ooo IOng _ 10g+ 10g+ |an|R" )
where A(q) = 1if ¢ =2, A(q) = 0if ¢ > 3 and for z > 0, we put logt z =
max(log z,0). Now we need the definition of g-type of the function H(z).
Suppose that H(z) is of finite nonzero g-order pq( H, R) in the ball Bg. We
define the g-type T,(H, R) of H(x) just like the g-type of a function of a
complex variable analytic in the disc |z] < R, 0 < R < oo, [5]. The g-type
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T,(H,R) of H(z) is defined by the relation

) log@~V) M(r, H)
(1.6) T,(H,R) _hm,sll.% B/ (R=)eER’
If the analytic function f(z) = 3 o0 ;a,2" is of finite nonzero g-order pg(R)
in the disc |z| < R, then the explicit characterization of its g-type T,(R) in
terms of the Taylor coefficients a,, is given by [5] by the relation
(1.7) To(R)B(q) = V(9),

where

Vig) = limsupn__,oo(log("_2) n)(lo_g*’_l:_‘lni)oq(RHA(q),

B(g) = (0q(R) + 1)(es(B)+1) /(g,(R))e«(®) for g = 2 and B(g) = 1if ¢ > 3.
Here M(r, H) = max|H(z)||;|=,. The H(z) is said to have the index ¢ if
04(H,R) < oo, and g4—1(H, R) = co. If ¢ is the index of H then g4(H, R)
and T,(H, R) are called the g-order and g-type of H = H(z) respectively.

The notions of index and g-order play a significant role in classifying the
rapidly increasing functions analytic in Br. However, these concepts fail
to compare the rates of growth of any two functions analytic in Bp that
have same g-order. This paper gives the distinct parameters for the rates of
growth of such functions. Our results extend and improve the results due to
Fryant and Shankar (3].

The text has been divided into two parts. Section 1, consists of intro-
ductory exposition of the topic and a lemma which is used in proving the
main theorems. In Section 2, we obtain expressions for the g-growth order
and type of H, explicitly in terms of the m-th gradients |V, H(0)|, interior
to the ball Bp.

The following lemma (3] gives upper and lower bounds on the maximum
value attained by a harmonic function on the sphere S(r) of radius r centered
at the origin, in terms of analytic functions of r.

LEMMA A. Let H = H(z) be a harmonic in a neighbourhood of the origin
in R™. Then for all r < R.

(1.8) My(r, H) < M(r, H) < My(r, H),
where 1 i
M(r,H) = [ o | Hz(z)da(:c)]

_ X |VHRHO)? ,n]"?
= [F /D) 3 T m s w2 ]

m=0
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and

Mi(r,H) = /T(n/2) ) Vam(|VmH(o)|y/m!I(m + (n/2)))r™,

m=0

do is the element of the surface area on the sphere S(1), and C, is the
surface area of S(1).

2. Main results

THEOREM 1. Let H(z), £ = (1,23, ...,Z,) be harmonic in a neighbourhood
of origin in R™ |, having index q, and suppose the radius R of harmonicity of
H(z) is given by (1.2). Then the q-order of H(z) is given by the expression.

A | log(q_l) m

H,R) + =i .

& ) @) 1,xnn_§;1°p logm — log* log*(|V, H(0)|/m!)R™
Proof. Let My(r,H) , M(r,H) and M;(r, H) be as defined in Lemma A,
we observe that [Mz(r, H)]? is an analytic function of r, and thus can be

continued analytically to complex variables, where the radius of convergence
R of

o~ |VmH(0)|?

[Ma(z, H))? = '(n/2) rnE=0 m!\T(m + (n/2))z

is given by the expression (1.2). Further |[M;(z, H)|? < [M2(r, H)]?, where
r = |z|, and

2m

, log'? [ My (r, H))? log'? My(r, H)
1 - = li -
TR log(R/R—r)  +ur log(R/R—T)
. log'? My(r, H)
<1 ———"" =p.(H,R
<limsup T ®R-1) - @R
Thus the growth of the function [M(z)]? is less than or equal to the
g-growth order of the harmonic function H(z). Further, by the classical
function theoretic result [6] the g-growth order of the function [M2(z)]? can
be expressed in terms of its Taylor Coefficients as follows :

logl9=V) 2m
0q(M2, R) + A(q) = limsup .
ne m—oco log2m — log* log* %WRzm
Since I'(m + 2)/m! ~ m™?~1, s0 we get
logl4V'm

0q(M2,R) + A(q) = limsup .
q(M3 (9) m—oo logm — log* log™ JZ--TH!_(gﬂRm
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Now we observe that M,(r, H) is also an analytic function of , and thus
Fan be continued to complex variables, where the radius of convergence of
bhe power series

My(z, H) = /T (/2 f: \/%(Wmﬂ(o)u m!F(m+ (%))):m

m=0

is also R given by the expression (1.2). Further applying the result of Lemma
A, we obtain M(r,H) < M;(r,H) < max,;=, M1(z, H), and thus the ¢-
growth order of H(z) is less than or equal to the g-growth order g,(M;, R) of
the function M, (z, H). But in view of the result (1.5), the g-order g (M, R)
is given by the expression

log("_l) m

L(n/2) |VmH(o)|R™
dm  /m\l(m+(n/2))

0q(My, R) + A(q) = limsup
m= logm — log™ log*

= lim sup
m—oo logm — log+ log+ ;7'";,(..:;(;/2»}2711

or

. log(q_l) m
moe logm — log* log* ([VmH(0)|/m)R™
= 0q(M2, R) + A(q) < 04(H, R) + A(9)

limsu lOg(q-l) il
= p .
m—oo logm — logt log*t JL:,@-[R"‘

Hence the theorem is proved.

REMARK 1. For ¢ = 2, this theorem includes Theorem 1 by Fryant and
Shankar (3].

THEOREM 2. Let H(z), z = (z1,Z2,...,Zn) be harmonic in a neighbourhood
of origin in R™, having index q and suppose the radius R of harmonicity of
H(z) is given by (1.2). Then the q-type of H(z) is given by the expression

1 ( 2) 10g+ lva!OZ Rm Qq(HvR)+A(q)
~——— limsup(log'?™ m! ,
where B(q, H) = (04(H,R) + 1)(ea(H.R)+1) /4 (H R)e(H.R) for ¢ = 2 and
B(q,H)=114fq>3, and g,(H,R) >0,9=2,3,...

T,(H,R) =
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Proof. In the proof of Theorem 1 it has been shown that the g-order of
[My(z,H))?, H(z) and M;(z,H) are all equal. Thus the g-order of
[Ma(z, H))? is equal to gy(H, R), and so the g-type T,(MZ, R), according
to (1.7), is given by

T,(M2,R) = lim sup(log?~2) 2m)

1
B(qv H) m—oo

[log+ Dn/ e n B R2m 1 eq(H R)+Alg)
y .

2m

i (log'?=? 2 )-l°g+(1v—"'mMR'")Jl’v(”-R)+A(q)
= ———— limsup(lo m ]
B(q, H) m—ooop 8 | m

! li Q (e-2) 9 ) -108+(JV—"‘,:1,-(ﬂlRm)] eq(H,R)+A(q)
= ——= limsup(lo m .
B, H) moss © _ m

Since [M2(z, H))? has a Taylor series expansion with real, nonnegative co-
efficients,

max |Ma(z, H)|? = [Ma(r, H))?.

|zl=r
Thus,

1 10g+ VmHSO)lRm
2. ; (g-2) m! A
(2.1) Ba. 1) h:ln_.:‘.lxop(log 2m)[ - o,(H,R) + A(q)

L log(?9=2 [ Ma(r, H))?
= lm e e e

For ¢ = 2, it follows from (2.1) that
{202(H, R)"’(H‘R)/(gg(HR) + l)ez(H.R)H}
. + IV H ) myos(H,R)+1 (H,R)
X hmsup{[log —m—!——R ]2 /m®?

_ : 1°g+ M2(Tv H)
= 2 P R/ R = A

Using Lemma A, we get

) log* M(r, H)
< 2imSP (RIR - e R’
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For ¢ > 3, (2.1) gives

1
limsup(log?~2) 2m
B(Q) H) m-‘oop( g )

[10g+ |Vm::§02|Rm eq(H,R)
m

= limsu log*") Ma(r, H)
- r_.Rp (R/R —r)e«(H.R)’
Again using Lemma A, we have
, log{?1 M(r, H)
< WSuP (R/R = r)esBR)

Next, the g-order of M;(z, H) is also g4(H, R), and thus by the relation
(1.7) the g-type T,(M;, R) is given by

1
T _ ; (¢-2)
(My, R) Bla. ) lim sup(log™~*’ m)
+ [P(n/2)  |VmH(0)] m
5 log dm \/nTI‘(m+(n/2))R calH.R)+AL9)
m
+ |V H(o)| pm 7 eq(H,R)+A(g)
= ;limsup(log(q_z) m) log m K7
We thus have
1
<T = —1 | (a-2)
< Ty(M1, R) Blg H) im sup(log™*~* m)
y [log+ lvmn{{.!ollRm]Qq(HvR)+A(q)
m

Hence the theorem is proved.

REMARK 2. For ¢ = 2, this theorem includes Theorem 2 by Fryant and
Shankar [3].
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