
DEMONSTRATIO MATHEMATICA 
Vol. X X X I I No 2 1999 

Jan Jakobowski 

A G E O M E T R I C A L CHARACTERIZATION 
OF MINKOWSKI PLANES OF ORDER 3 AND 4 

Abstrac t . In [5] H. A. Wilbrink proved that a certain class of Minkowski planes induce 
nearaffine planes. Of course, this class contains all Minkowski planes over fields. But only 
Minkowski planes of order 3 and 4 induce nearaffine planes which are also Minkowski 
planes (moreover they are afHne planes, too). 

1. Basic concept 
Let EE be a set of points provided with a family A of subsets called cir-

cles, and two other families E+, £ _ of subsets called (+)generators and 
(-)generators, respectively. Elements of U will just be called genera-
tors. 

DEFINITION 1. The quadruple M = (II, E+, XL, A) is a Minkowski plane if 
the following axioms hold ([3, p. 269]): 

(Ml) For every point P there exists a unique (+)generator, denoted by 
[P]+, and a unique (-)generator, denoted by [P]~, containing P. 

(M2) Every (-l-)generator meets every (-)generator in a unique point. 
(M3) There is a circle containing at least three points. 
(M4) Through three distinct points A, B, C, no two of which are on a com-

mon generator there is a unique circle, denoted by (A, B, C). 
(M5) Every circle intersects every generator in a unique point. 

(T) Given a circle A, a point P € A and a point Q 0 A with P and Q not 
on a generator, there is one and only one circle /x through Q such that 
An/i = {P}. 

COROLLARY 1. In the case of finite Minkowski planes (i.e. if II is finite) the 
axiom (T) follows immediately from (Ml) - (M5) (cf. [3, p.269]). 
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DEFINITION 2. L e t M = ( I I , £ + , E _ , A ) a n d M' = ( I I ' , £ ' + , E '_, A ' ) a r e 
Minkowski planes. A bijection ip : I I —> 11' is called an isomorphism from M 
to M' if the following conditions hold: 

A e A ip(\) G A' 

a G E+ U -£=!> <p(a) G E+ U E'_. 

PROPOSITION 1. LetP be a point of a Minkowski plane M = ( I I , E + , E _ , A ) 
and let 

n P = n - ( [ P ] + u [ P ] _ ) 
iV = { A n n P ; A € A, P € A } U { f f n n P ; <rG E + U E _ , [P]+ [P]_}. 

Then the incidence structure Mp = (IIp,iV) is an affine plane, called the 
derrived plane with respect to P, where ooi = {a H lip; a G — {[P]+}} 
and 002 = {<J Ci l ip; a G — {[P]_}} are two classes of parallel lines, 
i.e. ooi and 002 are ideal points in the projective extension Mp of Mp 
(cf. [1, p. 116]). Moreover, for every circle A not passing through P the set 
(A f) l ip) U {ooi, 002} is an oval in Mp ([3, p. 273]). 

P r o o f . The proof of the first part is classical (one must verify axioms of an 
affine plane - cf. [1]). In order to demonstrate the last part, note that three 
points of (A fl l ip) U {ooi, 002} cannot be on a line obtained from a circle 
passing through P (because of (M4)) nor on a line obtained from a generator 
(because of (M5)). For every point Q G Aflllp a line obtained from a circle /z 
such that /if1A = {Q}, P G /x is a unique tangent in Q. Let [P]+ fl A = {#}, 
[P]_ n A = {5}. Then ([#]_ n l ip) U {oo2} and ([S]+ n IIP) U {oox} are the 
unique tangents in 002 and 001, respectively. 

DEFINITION 3. A number n (n > 2) is called the order of a Minkowski 
plane M if every circle of M contains exactly n + 1 points ([3, p. 269], see 
Figure 1). 

PROPOSITION 2. Let F be any commutative field and let F = F U {00}, 
where 00 & F, and extend operations from F to F as follows: 

a + 00 = 00 + a for every a G F 

a • 00 = 00 • a for every a G F, a ^ O . 

Then the set of all permutations on F given by 
ax + b 

x t—• -, a, b,c,d G F, ad — be ^ 0 
cx + d 

determines the set of circles in the Minkowski planes over F (cf. [3, p. 271]). 
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Fig. 1 

Generators are given by 

E+ = {{(c,?/); y 6 F } ; c e F}, = { { ( x , c ) ; x € F } ; c e F} 

and the point set is given by I I = F x F. 

COROLLARY 2. For every pair of points Z, W on a Minkowski plane M 

over a field F there exists an automorphism (p of M such that <p(Z) — W. 

P r o o f . For Z,W € F x F, where Z = (zi,z2), W = (wi,w2) a bijection 
<p(x, y) = (x + w\ — zi, y + W2 — ¿2) is a required automorphism. 

REMARK 1. For every n € {2 , . . . , 5,7,8} there exists exactly one (up to 

isomorphism) Minkowski plane of order n, namely a plane over the uniquely 

determined field. 

Let Q, be a set of elements called points with at least two points, ^ a set 
of subsets of i ) called lines. Let t> be an operation called join mapping the 
ordered pairs ( X , y ) , X,Y € Cl, X ^ Y onto {X > Y denotes joining 
from X to 7 ) , and = an equivalence relation called parallelism on A line 
X > Y will be called straight if X \>Y = Y > X, the remaining lines are 
called proper. The set of all straight lines will be denoted by T. X is called 
the base point for X t>Y. 

DEFINITION 4. (ii, > , = ) is called a nearaffine plane if the following three 
groups of axioms are satisfied [6, p. 53-54]. 

( I ) Axioms of lines 

( L I ) X,Y € X > Y for all X, Y € i), X ±Y 

(L2) Z e X > Y - { X } X > Y = X > Z for all X,Y, Z € ft, 

X^Y 
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(L3) (Xt>Y = Y>X = Xt>Z)^Xt>Z = Zt>Xior all 
X,Y,Z en, Y^X^Z. 

(II) Axioms of parallelism 
(PI) For every k € ty, X G fi there exists exactly one line with base 

point X parallel to k. We denote this line by (X = k), 

(P2) X > Y = Y > X for all X,Y 6 ii, X / Y, 

(P3) {k = I) => I G r for all k G T, I G tf. 
(III) Axioms of richness 

(Rl) There exist at least two non-parallel straight lines 
(R2) Every line I meets every straight line k with ->(fc = I) in exactly 

one point. 

COROLLARY 3. Every proper line has exactly one base point. Each point of 
a straight line is its base point. 

COROLLARY 4 . A nearaffine plane is an affine plane if and only if no proper 
line exists in it. 

DEFINITION 5. Let M = (II, S + , S _ , A ) be a Minkowski plane. Fix a point 
Z Eli and define 

n z = n - ( [ z ] + u [ z ] _ ) 
A* = A D Uz and a* = a n 11^ for all A G A, a G E+ U E_. 

We will use denotations [P]_ n [Z}+ = { P + } , [P}+ n [Z]_ = { P ~ } (see 
Figure 2) 

a) For P, Q G Uz, P / Q we define 

„ fa* if P, Q G a for some a G 2 + U 
P >Q = < 

[ {P} U (P+,P~,Q)* if P and Q are not on a generator, 
* = { P >Q- P,Qe Ilz}. 

b) We define Pi > Qi = P2 > Qi for the following cases: 

i) Pi > Qi = <7* for some o\ G E+ (cri G S_) . Then P2 ><32 = 
for some a2 G 2 + (02 € respectively), 

ii) [Pi]+ / [Qi]+, [Pi]_ / [Qi]_ and PX ,P 2 G a for some a G 
E + U S - Then Px > Qi = P2 > Q 2 or Pi > Qi n P2 > Q 2 = 0 , 

iii) [Pi]+ jL [Qi]+, [Px]_ / [Qi]_, [Pi]+ ^ [P2]+, [Pi]- ± [P 2 ] -
Then there exists P 3 t> Q3 such that P i > Qi n P 3 > Q3 = 0 = 
P 2 > Q2 H P3 > Q3, and P3, Pj (i = 1 ,2) are on a common 
generator. 
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Fig. 2 

THEOREM 1. The structure Mz = (IIz,1®', >,=) is a nearaffine plane if 
and only if the following conditions hold (cf. [5, p. 121-122]): 

(A) Let Pi,Qi,P2,Q2 £ Nz and suppose that Pi and Q\, P2 and Q2, 
Pi and P2 are not on a common generator. If there exists a circle 
A touching (P\ , P f , Q\) in P f and touching (P^P^^Q 2) in P2 
then there exists a circle /x touching (P+, P f , Qi) in P^ and touching 
(P2+, P2~,Q2) in P2~~ (see Figure 3). 

(B) Let Pi,Qi,P2,Q2 be points as in (A). If PI € (P2+,P2",Q2) and P2 € 
(Pi~, P f , Qi) then circles A and as described in (A), exist. 

C o r o l l a r y 5. If M is a Minkowski plane over a field then every point 
Z induces a nearaffine plane Mz and for every point W, planes Mz and 
Mw are isomorphic. 
Proof . By Corollary 2, it is enough to consider the conditions (A) and (B) 
with respect to (i.e. Z = (00,00)). Let us denote Pf = ( 0 0 , p f ) , 
P~ = (j>i, 00), Qi — (qt, ri), i = 1,2. Therefore a circle (P+ ,P~ ,Qi) is given 
by (® •-Pi){y -Pi) = (qi -Jpi)(n-pt)- A circle A touching (Pf,P{ ,Qi) 
in P f and touching (P2+, P f , Q2) in P2+ must be given by 

- Pi)(v ~ P2) = (Qi ~ Pi)(r 1 ~ Pi") = (12 - P2 )(T2 ~ P2) 
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The latter equality implies that a circle /J, given by 

(x - P 2 ) { y ~ P i ) = (Qi - P i ) { r i - P t ) = (© - P 2 )(r2 - P 2 ) 

is touching {Pf,P{,Qi) in Pf and touching (P2
+,P2~,Q2) in P0 . Thus 

(A) holds. If now Pi € (P2
+,P2~,Q2) and P2 € ( P ^ . P f ,Qi), where Pj = 

{Pi ,p~i) then using the equation of (PJ+, P~, Qi), i = 1,2, we have 

(Pi ~ P2 )(Pi ~ P2) = (92 - ft )(r 2 - p f ) 
and 

(Pa - P D i P a ""Pi") = (91 - P D ( r i "Pi")-
Left sides are equal and so must be right. 

COROLLARY 6. For any Minkowski plane over a field F and a point Z — 
(00,00) we have: 
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a) every line P > Q — a*, where a G £ + U £ _ is a straight line (see 
Corollary 3); 

b) all lines of type { P } U (P+,P~,Q)* constitute a set 

{ { ( x ) 2 / ) G F x F ; y = o ,b ,c ,d E F, ad - be + 0, c + o} = 

{ { ( x ) 2 / ) g F x F ; y = a,b,deF, ad-b^o} = 

{ { ( z > y ) € F x F] (x + d)(y - a) = b - ad}; a,b,de F, ad - b ^ 0 } . 

2. General results 

D e f i n i t i o n 6. Let M = ( I I ,E+ ,E_ ,A) be a Minkowski plane such that 
there exists a point Z inducing a nearaffine planeM^ and let A, // G A, Z ^ 
AU/i. A is congruent to /x (A = /¿) if and only if in Mz lines obtained from A* 
and /x* have the same set of points (more precisely: if A = ( P + , P~, Q) and 
H = (R+,R~,S) for some P+,R+ 6 [Z]+, P~,R~ G [Z]_, and Q,S G Uz 

then { P } U A* = { P } U / i * ) . 

C o r o l l a r y 7 . The relation = is an equivalence relation. 

C o r o l l a r y 8 . A line determined by a circle A (X = (P+,P~,Q) for some 
P,Q G I Iz) is proper iff [A]^ = {A} (see Corollary 3). 

2.1. A Minkowski plane of order 3 
In virtue of Remark 1, one can investigate a plane over the field Z3 = 

{0 ,1 ,2} . Let 

n = { P i , P 2 , . . . P i 6 } , S + = { a i , . . . , a 4 } , S_ = { n , . . . , r 4 } 

where 

Pi = (0,0), P2 = (0,1), P3 = (0,2), P 4 = (1,0), P5 = (1,1), P6 = (1,2), 
P7 = (2,0), P8 = (2,1), P9 = (2,2), P1 0 - (00,0), Pn = (00,1), 

P12 = ( 0 0 , 2 ) P1 3 = (0, oo), P14 = (1,00), P15 - ( 2 , 0 0 ) , Pie = ( 0 0 , 0 0 ) , 

<ri = {Pl,P2,P3,Pl3}, <72 = {P4,Ps,P6,Pu}, <73 = {P7, P8, P9, P15}, 
<74 = {PlO,Pll,Pl2,Pl6}, n = {Pi,P4,Pr,Pio}, T2 = { P 2 , P 5 , P 8 , P l l } , 

T3 = {P 3 , Pe, P9, P12}, T4 = { P l 3 , P l 4 , P15, Pie}. 

Because of Definition 5, only circles not passing through Pi6 are used to 
construct the nearaffine plane M P l 6 . So Table 1 presents all such circles and 
the way to obtain the lines determined by them in One can easily 
verify that every class of congruent circles consists of three elements, e.g. 
[Aija; = {Ai, An, A15}. Therefore the lines are straight, by Corollary 8. Let 
us identify every class with the set of points belonging to the line determined 
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Table 1 

Circle 
A i 

Equation of 
A i 

Points on 
A i 

{Q} = 
• P A j (-1(7-4 

{R} = 
A i riT4 

+ 
£ 

II  
C

 1 

Points on 
{s} u a ; 

A i 
1 y = -
X 

P5,P9,PlO,Pl3 • P 1 0 Pl3 Pi Pl,P5,P9 

a 2 

2 
X 

P6,P8,PlO,Pl3 • P 1 0 P13 Pi Pi.Pe.Ps 

A3 
1 

V~ x + l P2,P6,PlO,Pl5 P 1 0 Pl5 Pr P2,Pe,P7 

a 4 

2 
V ~ x + 1 P3,P5,PlO,Pl5 P l O Pl5 Pr P3.P5.P7 

a 5 

_ 1 
V~ x + 2 P3,P8,PlO,Pl4 P l O Pl4 P4 P3,P4,PS 

a 6 

2 
V~ x + 2 P21 P91 PlO) Pl4 PlO Pi 4 P4 P2,P4,P9 

A r 

x + 1 
V = X 

Pe,P7,Pii,Pi3 P l l Pi 3 P2 P2,Pe,P7 

A s 

x + 2 y = „ 
X 

P4,P9,Pll,Pl3 P l l Pi 3 P 2 P2,P4,P9 

A g 
X 

V~ x + l Pl,P6,Pll,Pl5 P l l Pl5 P& Pl,P6,Ps 

A 1 0 

x + 2 
V ~ x + l P3,P4,Pll,Pl5 Pll Pl5 P& P3,P4,P8 

A n 
x 

y~ x + 2 Pl,P9,Pll,Pl4 Pll Pi 4 P5 Pl,P5,P9 

Al2 
x + l 

V~ x + 2 P3,P7,Pll,Pl4 Pll -Pi 4 P s P3,P5,P7 

Al3 
2x + l 

y = 
X 

P4,P&,Pl2,Pl3 P12 Pi 3 P3 •P3. P4»Ps 

Al4 
2x + 2 

y = 
X 

P5 j P71 Pl2i Pl3 P12 -Pl3 P3 P3,P5,P7 

Al5 
2x 

V~ x + l Pl,P5,Pl2,Pl5 P12 P i 5 P9 Pl,P5,P9 

Al6 
2x + 1 

V ~ x + l P2,P4,Pl2,Pl5 P12 Pi 5 P9 P2,P4,P9 

Al7 
2x 

V~ x + 2 Pl,P8,Pl2,Pl4 P12 Pi 4 Pe Pi» Pf> ̂  P& 

Al8 
2x + 2 

V~ x + 2 P2,P7,Pl2,Pl4 P12 Pl4 •PB P2,Pe,P7 

by it, and denote them by 

ai = {Pi,P5,P9}, <*2 = {Pi.Pe.-Ps}, a3 = {P2,Pa,P9}, <*4 = {P2,P6,P7}, 

a5 = {P3,P4,P8}, a6 = {P3,P5,P7}. 

Further, in virtue of Definition 5, Corollary 5, and Corollary 6, a) we have 
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straight lines 
= {Pi ,P 2 ,P 3 } , <7*2 = {Pi,P5,Pe}, <r*3 - {P7,P8,P9}, 

T* = {Pi, P4, P7}, T2* = {P2,P5,PB}, T3* = {P3,P6,P9}. 

Now we put IT = nPl6 = {Pi,..., P9 } , = K , crt, a*3}, E'_ = {if , r2*, r3*}, 
A' = {ai , . . . , a^}. One can easily verify that M' = (II', E'+, S'_, A') is a 
Minkowski plane of order 2 (see Figure 4). 

Pi 3 Pi 4 

P, Pn 

P4 Pi 

Fig. 4 

From Corollary 4 and Corollary 5 we obtain 
COROLLARY 9. If M is a Minkowski plane of order 3 then for every point 
Z all lines of Mz are straight and so Mz is an affine plane. 

2.2. A Minkowski plane of order 4 
In the same way as before, we investigate a plane over the field K = 

{0,1, a, 6} with l + l = a + a = 6 + 6 = 0, 1 + a = 6, 1 + 6 = a, a + 6 = 1, 
a-b — 1, a - a = b, b - b = a (cf. [2]), where we put: 

Pi = (0,0), P2 = (0,1), P3 = (0, a), P4 = (0,b), P5 = (1,0), Pe = (1,1), 
P7 = (1, a), P8 = (1,6), P9 = (a,0), P10 = (a,l), Pn = (a,a), 
P12 = (a, 6) P13 = (6,0), P14 = (6,1), Pi5 = (6,0), P16 = (6,6), 

Pn = (00,0) Pis = (00,1), Pi9 = (00, a), P20 = (00,6), P2i = (0,00), 
P22 = (l,oo), P23 = (a, 00), P24 = (6,00), P25 = (00,00), 

<ri = {Pi,P2 ,P3,P4,P2i}, <r2 = {P5, PG, P7, P&, P22}) 
= {Pg, P10, Pn,Pi2, P23}, ^4 = {P13, Pu, Pis,Pi6, P24>, 

= {Pl7,Pl8,-Pl9,P20,P25}, Ti = {Pl,P5 ,P9,Pl3,Pl7}, 
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Table 2 

Circle 
Ai 

Equation of 
At-

Points on 
Ai 

{Q} = 
A i n 0-5 

{R} = 
A i n r 5 

{S} = 
[Q]-rt[R]+ 

Points on 
{S} U A* 

Ai 
1 

y=Z X 
P6,Pl2,Pl5,Pl7,P21 Pl7 P21 Pi Pl,P&,Pl2,Pl5 

A 2 
a 

y = -
X 

P7,PlO,Pl6,Pl7,P21 Pn P21 Pi Pl,P7,PlO,Pl6 

A 3 
b 

y= ~ X 
P8,Pll,Pl4,Pl7,P21 P17 P21 Pi Pi,Pa,Pn,Pi4 

A 4 
1 

y~x + l P2,Pll,Pl6,Pl7,P22 Pn P22 P5 P2,Ph,Pll,Pl6 

As 
a 

V ~ x + 1 P3,Pl2,Pl4,Pl7,P22 P17 P22 P5 P3,Ph,Pl2,Pl4 

A 6 
b 

V~ x + 1 Pi,PlO,Pl5,Pl7,P22 Pn P22 P5 P4,P5,PlO,Pl5 

At 
1 

y = 
x + a Pl,P7,Pl4,Pl7,P23 Pn P23 P9 P4lP7,P9,Pl4 

As 
a 

y = x + a P2,P&,Pl5,Pl7,P23 Pn P23 P9 P2,Pa,P9,Pl5 

Ag 
b 

x + a P3,P6,Pl6,Pl7,P23 Pn P23 P9 P3,P6,P9,Pie 

Aio 
1 

x + b P3,Pa,PlO,Pl7,P24 Pn P24 Pl3 P3,Pa,PlO,Pl3 

A n 
a 

V~x + b Pl,P6,Pll,Pl7,P24 Pn P24 Pl3 P4,Pe,Pii,Pi3 

AL2 
b 

y~ x + b P2,P7,Pl2,Pl7,P24 Pn P24 Pl3 P2,P7,Pl2,Pl3 

Al3 
x + 1 

y = x P5, Pll,Pl6, Pl8, P21 Pia P21 P2 P2,P5,Pll,Pl6 

Al4 
x + a 

y -
X 

P8,P9,Pl5,Pl8,P21 Pia P21 P2 P2,Pa,P9,Pis 

Al5 
x + b 

y = 
X 

P7,Pl2,Pl3,PlS,P2l Pia P21 P2 P2,P7,Pl2,Pl3 

Al6 
X 

V~x + \ Pl,Pl2,Pl5,Pl8,P22 Pia P22 P6 Pi,Pe,Pi2,Pi5 

Al7 
x + a 

V ~ x + 1 P3,Ps,Pl6,Pl8,P22 Pia P22 p6 P3,P&,P9,Pl6 

Al8 
x + b 

y= i 1 x + 1 Pi,Pll,Pl3,Pl8,P22 Pia P22 p6 P4,P6,Pll,Pl3 

Al9 
X 

y = 
x + a Pi, P7, Pi6, Pia, P23 Pia P23 P10 Pl,P7,PlO,Pl6 

A20 
x + 1 

y = 
x + a Pl,Ps,Pl5,Pl8,P23 Pia P23 P10 P4,P5,PlO,Pl5 

A2I 
x + 6 

y — x + a P3,Ps,Pl3,Pl8,P23 Pia P23 P10 P3,Pa,Pio,Pis 

A22 
x 

y~ x + b Pl,P8,Pll,Pl8,P24 Pia P24 Pl4 Pi,Pa,Pn,Pi4 

A23 
x + 1 

V~ x + b P3,P5,Pl2,Pl8,P24 Pia P24 Pl4 P3, P51 Pl2 j Pl4 

A24 
x + a 

V~ x + b Pi, P7, P9, Pl8, P24 Pia P24 Pl4 P4,P7,P9,Pl4 
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Table 2 (cont.) 

Circle 
A¿ 

Equation of 
A¿ 

Points on 
A¿ 

{Q} = 
A i n <74 

{R} = 
A i n T4 

{5} = 
[Q}~ n [Ä]+ 

Points on 
{5} U A* 

A 2 5 
ax + 1 

y X Pl9 P21 P3 P3,Ps,Pio,Pi3 

A26 
ax + a 

y = X Ps,Pl2,Pl4,Pl9,P21 Pl9 P21 P3 P3,Ps,Pl2,Pl4 

A27 
ax + 6 y = „ 

X P6,P9,Pl6,Pl9,P21 Pl9 P21 P3 P3,P6,P9,Pl6 

A28 
ax 

V ~ x + 1 
Pl,PlO,Pl6,Pl9,P22 Pl9 P22 Pr Pi,Pr,Pio,Pi6 

A 2 9 
ax + 1 

V~ x + 1 P2,Pl2,Pl3,Pl9,P22 Pl9 P22 Pi P2,Pl,Pl2,Pl3 

A 3 0 
ax + b 

V ~ x + 1 Pi,P9,Pli,Pl9,P22 Pl9 P22 Pi P4,P7,P9,PM 

A 3 1 
ax 

y= . x + a Pl,P&,Pl4,Pl9,P23 Pl9 P23 P11 Pl,Pi,Pll,Pl4 

A 3 2 
ax + 1 y ' 
x + a Pi,P6,Pl3,Pl9,P23 Pl9 P23 P11 P4,P6,Pll,Pl3 

A 3 3 
ax + a 

y = 
x + a P2,P5,Pl6,Pl9,P23 Pl9 P23 Pi 1 P2,Pb,Pll,Pl6 

A 3 4 
ax 

V~ x + b Pl,P6,Pl2,Pl9,P2i Pl9 P24 Pi 5 Pl,P6,Pl2,Pl5 

A 3 5 
ax + a 

V~ x + b 
Pi,P5,PlO,Pl9,P24 Pl9 P24 Pl5 P4,P5,PlO,Pl5 

A 3 6 
ax + b 

y = x + b P2,P8,P9,Pl9,P24 Pl9 P24 Pl5 P2,Ps,P9,Pl5 

A 3 7 
bx + 1 y = „ P7,P9,Pl4,P20,P21 P20 P21 P4 P4,P7,P9,Pl4 

A 3 8 
bx + a 

y X P6,Pll,Pl3,P20,P21 P20 P21 P4 P4,Pe,Pii,Pi3 

A 3 9 
bx + b 

y = z „ X Ps,Pl0,Pl5,P20,P21 P20 P21 P4 P4,Ps,PlO,Pl5 

A 4 0 
bx 

V~ x + 1 Pl,Pll,Pl4,P20,P22 P20 P22 P& Pi,Pa,Pn,Pi4 

A 4 1 
bx + 1 

V ~ x + 1 P2,P9,Pl5,P20,P22 P20 P22 P& P2,P&,P9,PlS 

A 4 2 
bx + a 

V ~ x + 1 P3,Pl0,Pl3,P20,P22 P20 P22 P& P3,Ps,PlO,Pl3 

A 4 3 
bx 

y = 
x + a Pl,P6,PlS,P20,P23 P20 P23 Pl2 Pl,P6,Pl2,Pl5 

A 4 4 
bx + a 

y = 
x + a P2,P7,Pl3,P20,P23 P20 P23 Pl2 P2,Pl,Pl2,Pl3 

A 4 5 
bx + b 

y = 
x + 0 P3,P5,Pl4,P20,P23 P20 P23 Pl2 P3,P5,Pl2,Pl4 

A 4 6 
bx 

V ~ x + b Pl,P7,Pl0,P20,P24 P20 P24 Pl6 Pl,Pl,PlO,Pl6 

A 4 7 
bx + 1 

V= x + b P3,P6,P9,P20,P24 P20 P24 Pis P3,P6,P9,Pl6 

A 4 8 
bx + b 

V~ x + b P2,P5,Pll,P20,P24 P20 P24 Pit P2,P5,Pll,Pl6 
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T2 = { P 2 , P&, PlO, P l 4 , P l 8 } , = { P 3 , -Ptj P l l , P l 5 , P 1 9 } , 

r 4 = {P 4 , Pa, Pi2,Pw, P20}, t5 = {P21, -P22, P231P24, P25}, 
n = { P i , P 2 , . . . , P 2 5 } , E + = { a i , . . . , a 5 } E _ = { r 1 , . . . , r 5 } . 

T h e set of a l l c i rc les not p a s s i n g t h r o u g h P25 = 00) a n d the c o n s t r u c t i o n 
of the l ine d e t e r m i n e d b y a c ircle, are presented i n T a b l e 2. N o w every c lass 
of congruent c irc les consists of four elements, e.g. [Ai]^ = { A i , Ai6, A34, A43}. 
H e n c e the l ines o b t a i n e d f r o m circles are stra ight , b y C o r o l l a r y 8. I d e n t i f y i n g 
each class w i t h the set of p o i n t s belonging to each of i ts elements, we o b t a i n 

a i = { P l , P 6 , - P l 2 , P l 5 } , <*2 = { P l , P 7 , P l O , P l 6 } , C*3 = { P i , P 8 , P l l , P u } , 

c*4 = { P 2 , P 5 , P i i , P i 6 } , <*5 = { P 3 , P 5 , P l 2 , P l 4 } , <*6 = { P 4 , P 5 , P l O , P l 5 } , 

a 7 = { P 4 , P 7 , P 9 , P14}, ag = { P 2 , P 8 , P 9 , P 1 5 } , a 9 = { P 3 , P 6 , P 9 , P i e } , 

<*io = { P 3 , P 8 , P i o , P i 3 } , a n = { P 4 , P 6 , P l l , P l 3 } , « 1 2 - { P 2 , P r , P u , P i 3 } . 

F u r t h e r we have stra ight l ines 

<r*l = { P i , P 2 , P 3 , P 4 } , V*2 = { P 5 , P 6 , P 7 , P 8 } , 

a*3 = { P 9 , P l O , P l l , P l 2 } , a : = { P l 3 , P l 4 , P l 5 , P l 6 } , 

= { P l , P 5 , P 9 , P l 3 } , T2* = { P 2 , P 6 , P l O , P l 4 } , 

r3* = { P 3 , P 7 , P n , P i 5 } , t \ = { P 4 , P 8 , P i 2 , P i 6 } . 

T h u s for n ' = n P 2 5 = { P i , . . . , P i e } , E'+ = E'_ = 

{ r * , r 2 , r | , r 4 } a n d A ' = { a i , < 2 2 , . . . , a i 2 } we have o b t a i n e d a M i n k o w s k i 
p lane M' = ( I I ' , E ' + , E ' _ , A ' ) of order 3. R e a l l y , a x i o m s ( M 1 ) - ( M 3 ) , ( M 5 ) 
are obvious. I n order to prove ( M 4 ) note t h a t every three points of I I p 2 5 , 
no two of w h i c h o n c o m m o n generator, u n i q u e l y d e t e r m i n e the 4 - t h p o i n t 
a n d these four points const i tute a c irc le cti for some i = 1 , 2 , . . . , 1 2 (see 
F i g u r e 5). 

A n a l o g o u s l y as C o r o l l a r y 9 we o b t a i n 

COROLLARY 1 0 . If M is a Minkowski plane of order 4 then for every point 
Z all lines of Mz are straight and so Mz is an affine plane. 

2.3. A Minkowski plane of order different from 3 and 4 

LEMMA 1. If M = (II, E + , E _ , A ) is a Minkowski plane of order at least 5 
then for every A, fx € A there is A = fi & A = fi. 

P r o o f . O f course, i f A = t h e n A = /x. F i x a point Z a n d suppose t h a t 
A = \i for some c irc les A, ¡1, where Z £ A U /j,. L e t u s denote 

[Z]+ n A = { P + } , [Z]. n A = { P - } , [Z]+ n M = { Q + } 

[Z]_ n /* = {Q~}, [P+\- n [p-]+ = { P } , [Q+]_ n [Q~]+ = {Q} 
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Then {P} U A* = {Q} U fx* as A S /x. Let P+ ^ Q+, P~ + Q~, whence 
P E n*, Q E A*. But, by the assumption of order at least 5, there are 
at least three (+)generators different from [P]+, [Q]+, [Z\ + (see Figure 6) 
and points of A lying on them must be the same as points of fj, (otherwise 
{P} U A* ^ {Q} U //*). In virtue of (M4) we have A = /¿. If, for example 
P+ = Q+ then there are at least four (+)generators on which points of A 
and /i must be the same. 

LEMMA 2. No point Z in a Minkowski plane M of order n, where n / 3 
and n / 4, can induce a nearaffine plane Mz which is also a Minkowski 
plane. 

Proo f . It is trivial for n = 2 so let M = (II,E+,E_,A) be a Minkowski 
plane of order at least 5. We shall show that then Mz cannot satisfy (M4). 
Let A E A, Z A and fix a point Q\ E A fl 11^. We have two possibili-
ties: 

a) There exist distinct points £?2, <?3 E IIz such that An(Qi~, , Q2) = 
{Q2> $3}- Because of Lemma 1, circles A and fi = (Qf, Q^, Q2) are in 
distinct classes with respect to =. Thus in Mz there would exist two 
distinct circles {P} U A* (where [P]+ n A = [Z]_ n A and [P]_ fl A = 
[Z}+ n A) and {Qi} U {Qt,Qi,Q2)* containing QuQ2lQ3-

b) Points Q2,Q2 E Uz such that A n (Ctf, Qf ,Q2) = {Q2,<93} do not 
exist. It means that for every Q E A, Q ^ Qi, a circle (Qi,Qf,Q) 
is tangent to A at Q (see Figure 7). But in the projective derrived 
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plane MQ- such a circle becomes a tangent of an oval obtained from 
A (see Proposition 1), and is on this tangent. It is well known 
that the number of tangents of an oval passing through a point R 
not belonging to the oval, is 0 or 2, unless all tangents contain R ([4, 
p.10]). By the assumption n > 5, we have that all tangents of an oval 
obtained from A should contain Q*. Let [Qï ] _ n A = [Z ] _ n A = {5}. 
In particular p = ([<?]+ H 11^-) U {ooi} is a tangent (see the proof 

of Proposition 1) but [Z}+ = [C?Î~]+ i [<?]+ so Qi & p, a contradic-
tion. 

Prom Lemma 2, Corollary 5, and our consideration in 2.1 and 2.2 the 
following characterization is immediate. 

THEOREM 2. A Minkowski plane M is of order 3 or of order 4 if and only 
if every point Z induces a nearaffine plane Mz, which is also a Minkowski 
plane. 
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REMARK 2. The "true" reason of our result obtained in Theorem 2 is quite 
trivial. Simply, it is caused by very small order. 

One can trivialy show that if M is a Minkowski plane of order 2 then 
for every point Z, M z is an affine plane. Thus, using Lemma 1, Corollary 
8 and Corollary 4, we obtain the following characterization of Minkowski 
planes of order 2, 3, and 4. 

COROLLARY 11. For any Minkowski plane M and a point Z a residual plane 
Mz is an affine plane if and only if M is of order 2, 3 or 4. 
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