DEMONSTRATIO MATHEMATICA
Vol. XXXII No 2 1999

Said Mazouzi

BARYCENTRIC TRANSFORMATIONS

Abstract. We present in this note a new family of automorphisms on spaces of holo-
morphic functions called Barycentric Transformations. Beside the theoretical aspect of
these transformations we shall use them to solve explicitly barycentric differential equa-~
tions of the form

n

u™(z) = Z agMp, u(z) + f(z)

k=1

where Mp, is a barycentric transformation of order py.

1. Notations

We shall denote respectively by C, N and Z the sets of complex numbers,
nonnegative integers and all integers; and we set C* = C\{0}, N* = N\{0}.
For every nonnegative integer p > 1 we define the zeros {w; };’;é of the
algebraic equation 2P + 1 = 0 as follows

(1) wj=exp{%r(1+2j)}, G=01,...,p—1).

Finally we shall denote by E,(k) the real number (—1)[%] where [z] is
the largest integer < z.

2. Main results

We first introduce the notions of Barycentric Transformations in a cir-
cular domain:

DEFINITION 1: A subset A of C is said to be circular if A\A = A for any
complex number A satisfying |A\| = 1.

DEFINITION 2: A barycentric transformation My : H(D) — H(D) of order
p > 1 is defined by
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@) M f(z)= %Z — . f(w;z), (Vf € H(D), ¥z € D),
j=0 "

where H(D) is the vector space of all analytic functions defined in a circular
domain D C C. If p = 0, then My is the identity transformation which will
be denoted later on by Zd. .

We point out that for every z € D the point M, f(z) represents the
barycenter of the p points f(w;z), j =0,...,p— 1, of the complex plane C.
As we recall that if {w; };’;é are the p zeros of 2P + 1 = 0 then they satisfy
the following Viete’s identities

(3) S = Bgm), (Ymez, Vp>1).

If D is a circular domain of C, we denote by M(D) the set of all finite
compositions of barycentric transformations, that is

M(D) = {T : H(D) — H(D), H{iy,...,in} CN, (n € N):
T=1\4i1 OMizO...OMin}.

ExAMPLE 1: If f(2) = 2™, m € N, then, for every z € C and p € N* we
have

M, f(z) = Ep(m)z"™.

ExAMPLE 2: If f(z) =

11andD={z€C:|z|7£1},then

2P -1

- >1.
Z+)=-1’ forallze Dand p >

Mpf(2) =

THEOREM 1. Let A be the annulus A(r1,m2) = {z € C: 71 < |z| < r2}. If
f: A— C is given by

n=+o0

)= S one”

n=—oo
for every z € A, then,

n=+oo
(4) M,f(z) = Z anEp(n)z™, foreveryz€ Aandp> 1.

n=—oo
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Proof. Using the Viete’s identities (3) one obtains at once

9 p—1 W n=+o00 9 p-1 Wl
— J . _ z J n
Myf(2) =2 3 2 fly) = 3 an{p;%_l}z

=0 n=-00

n=-+o00

= Z anEp(n)z"

which establishes the Theorem. =

REMARKS: 1. Theorem 1 is extremely useful chiefly for explicit evaluation
of sums of power series whose coefficients alternate periodically in signs.

2. ro may be eventually infinite.

COROLLARY 2. If f € H(A), then the following identity

plpl

5) D ey ) = 12

i=0 _7—0

holds for every z € A and p € N*.

Proof. Taking into account the result of the foregoing theorem we have
MpoM,f(z) = f(z), Vp > 1, Vz € A, which gives the desired identity (5). m

Here are some useful properties satisfied by barycentric transformations

of M(D):
(i) If T € M(D) then T(af + Bg) = oT(f) + BT(g), ¥(e,B) € C?,

V(f.9) € H(D) x H(D),

(ii) (RoS)oT=Ro(ScT),VR,S,T € M(D),

(iii) SoT=To S, VS, T € M(D),

(iv) So S =1Id, VS € M(D).

While properties (i) and (ii) are straightforward, (iii) follows at once

from the fact that My, o My = My o My, Vp,q > 0. The last one (iv) follows
essentially from Corollary 2.

We deduce from the preceding properties that (M(D),0) is an abelian
group with neutral element Zd and each element of it is an automorphism
of H(D) onto H(D).

The next theorem establishes the equivalence between a “barycentric
equation” with m nonzero coefficients and some linear system of 2™~ ! equa-
tions in 2™~1 unknown variables.
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THEOREM 3. Let a1 ,a2,...,a, € C and let T4, Ty, ..., T € M(D), (T; #
T; if i # j), D being a circular domain of C. If f € H(D), then the sole
barycentric equation of one unknown variable :

(6) Z a;Tip = f
i=1

is equivalent to a linear system of 2™~ equations in 2™~ ! unknown vari-
ables.

Proof. Denote by T the set{T1,T%,...,Tm}. Suppose first that Zd € T,
then Card C(T) = 2™~ ! where C(T) is the set of all finite compositions of

elements of T. Applying the 2™~! elements {S;}2"; " of C(T) to the equa-
tion (6) we obtain a linear system of 2™~! equations in the unknown vari-
ables S1¢, S2¢, ..., Sam-1p. If now Id ¢ T, we denote by {£1,&2,...,Em-1}
(resp. {O1,0a,...,03m-1}) the set of all compositions of even number (resp.

odd) of elements of T. Applying all the &; to (6) we obtain

m
(7) Y alTwo=E&f, (G=1,..,2m").
i=1
It is worth to observe that for each i = 1,...,m we have

{&T;, j=1,...,2"" '} ={0k, k=1,...,2™1}

and accordingly, the system (7) is once again a linear system of 2™~! equa-

tions in the unknown variables O1¢, . ..., Oym-1¢.
Finally, if the determinant of the obtained system is nonzero then the
latter possesses a unique solution, say 1, @2, ..., pom-1. Therefore, Sgp =

@k, Yk = 1,...,2™7! from which we get the solution of (6): ¢ = Sk,
Vk=1,...,2™ 1. =

EXAMPLE 3: If a,b and ¢ € C (or R) and f € H(D), then the barycentric
equation in ¢:
aT1p(z) + bT2p(2) + cT3p(2) = f(2), (Vz€ D),

(where T1,T> and T; are in M(D) with T; # Zd, for ¢ = 1,2,3) has the
explicit solution

a® — ab? - ac? b® — ba? — bec? ¢ — ca? — cb?
- T: T
7 X T f + X of + A 3f
2ab
+ DT f

where A = a* + b* + ¢ — 2(ab)? — 2(bc)? — 2(ac)? is supposed to be # 0.
Now using the notion of barycentric transformations we get the following
results dealing with the average properties satisfied by analytic functions.
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THEOREM 4. If f € H(C), then

p-1
> Y wn flon + Q) = G+ 0) ~ SMEH+0),
k=0

(Vz2,(€C), (Vp21),

where M7 denotes the barycentric transformation with respect to the vari-
able z.

Proof. It suffices to use formula (2) taken with respect to z. »

The following theorem is a generalization of Lemma 1 ([3]) extended to
entire functions rather than polynomials only.

THEOREM 5. Let G(z) be an entire function, then for every integer p > 1,
we have

1828 RBHR-E(E-1)16PQ) ,
ng(w]z-i-C)—kz::O{ 5 } 2

for every z and { in C.

Proof. For every fixed ( we expand the function z — G(z+ () in a power
series about the origin z = 0; to obtain

+o0 (k)
Gt =y
k=0 )

then we perform the barycentric transformation of order p with respect to
the variable z to get expression (8). m

We point out that if G(z) is a polynomial of degree m then identity (8)
reduces to the following one

1R s s oy = S [ Bolk) = By(k = 1)} GR(Q)
;200 +c)—k2=0{ e

which is Lemma 1 ([3]) taking into account the definition of the set {w; };’;3
in both versions.

COROLLARY 6. Let G(z) be an entire function; if there is a couple of integers
(m,p) € N x N* such that

1222 T Ep(k) — Ep(k — 1) G¥)(¢)
;Zoc(w,-zu):l; L4 2” o 2,  (Vz,¢ € C),

then G must be a polynomial of degree not exceeding ng — 1 where ng is the
smallest integer > m + 1 satisfying Ep(no) # Ep(no — 1).
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Proof. We deduce from Theorem 5 that
2. E,(k)- E,(k—1)G®
Y BOBENEO. o (wceo)
k=m+1 ’

from which we get (Ep(k) — E,(k — 1))G®)(¢) = 0 for all k > m + 1 and
all ¢ € C. Now if we denote by ng the smallest integer > m + 1 for which
Ey(no) — Ep(no — 1) # 0 then G("0)(¢) = 0,V¢ € C. Since G(z) is an entire
function it then reduces to the polynomial

mo ()
¢ =Y T 6o,

k=0

where mg<ng—1. =

THEOREM 7. A nonzero entire function f : C — C having for zeros {a1, ...
..»am} C C satisfies the relation

wa,z-i-C ”H<1+(ak_c>p)

for every z € C and ( € C\{ai,...,an} and for some integer p > 1 if and
only if there is a polynomial Q(z) of degree not exceeding p — 1 such that

f)=(z—a1)...(z—am)expQ(z), (Vz€ C).

Proof. We apply Corollary 6 taking into account some average properties
satisfied by entire functions. =

Another application of barycentric transformations is the discrete form
of the Principle of the Argument in a circular domain D C C:

THEOREM 8. Let f : D — C be a meromorphic function having a finite
number of zeros ai,...,a,+ and poles by, ...,b,—- counted with their multi-
plicities. There is an entire function g(z) for which the following formula

15 flws?) _ & —_ &

=0

z
+ §Mp(zg(z)) - -2-Mp(g(2))

holds for every p € N* and z € D such that
|2l € S = {lail,- .-, |an+], b1l |-}
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Proof. It follows from the hypotheses that f(z) is representable into the
form:
(z=0a1) - (2= an+)

f(z)z(z—b1)~--(z-—bn_)

where G(z) is an entire function. Thus,

+
f'wiz) _ w; :
7. = — 2 G (w;z),
w;z Flw;7) kzlez_ak Z%z_ +w;z (wj2)

exp G(2),

Vi=0,...,p—1; VzeD:|z|&S.
Summing over the j’s we obtain

Zw, w,z)) i{%g:l(%)}

k=1 3=0

“Z{ Z(ﬁ)} Z“”Z 9les?)

where we have set g(z) = G'(z). Finally, using the following identities

-1

12 cal (Vz,z € C: |z| # |2|)
P w]z—z_ 2P 4 2P ’ '

and
—ijz g9(wjz) = p<zg(z>>—— »(9(2)), (Vz€C)

we get the desired formula. w

The next result shows the interaction between the famous Laplace Trans-
form and Barycentric Transformations of order p > 1. It may be applied to
solve explicitly functional differential equations of the form

u™(z) =3 aMp,u(z) + f(z)
k=1

after transforming it into an appropriate barycentric equation.

THEOREM 9. Let f(z) be a Laplace-transformable entire function; then there
ezists a positive real number R > 0 such that, for every p € N*, we have

(10) LMy fl(z) = -Mp(L[f])(2), for Rez>R.
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(We recall that the Laplace transform of f is given by

+o0

Lifi(z) = | exp(—zt)f(t)dt).

0

Proof. Smce f(2) is entire there is a sequence {a,}}33 C C such that

F(t) = 312 ant™. We associate to f(z) the function
+o00 nla
(11) F(z) = Z —=, for|z| >R

n+1’
n=0 z

where R is the radius of the disk D(o, R)containing the poles of the function
L[f](z) in C. It follows from the Cauchy estimates of the coefficients of (11)
that |a,| < Mn—’f",‘v’n € N*; where M = sup|,| g |F(z)|. Hence

1) < Z lan| ¢]™ < Z M(R'tl) = Mexp(Rlt]), VteC;

n=0 n=0
therefore
|f()] < Mexp(R|t]), VteC.

We conclude by Theorem 1 that

MyF(z) = Zan Ep(—n — n+1

=—Zan Epy(n)—= n+1, for |z| > R.

n=0

In particular, for Rez > R, we obtain

MpF(z) = =) anEp(n) n+1 =- Zan Ep(n)L[t")(2)

n=0

= L[S anBy(m)t”] = ~LIM,11(2).

n=0

We observe on the other hand that
= i anﬂ[t"] (2) = E[i ant"] = L[f](z), for Rez> R.
n=0 n=0

Consequently, L[M,f](2) = —Mp(L{f])(2), for Rez > R. =
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APPLICATIONS:
1) Let us solve the following barycentric differential problem:

¢"(z) = M3p(z), >0
#(0) = ao
¢ (0)=a;

aop and a; being real constants.

Performing the Laplace transform to the differential equation and using
Theorem 9, we get the following barycentric equation

L[#")(2) = 2 LIB)(2) - 26(0) — ¢ (0) = —M3L[¢](2)
so that, setting ¥(2) = L[¢](z) we get
229(z) + M3y(z) = apz + as.

A straightforward computation shows that 1(z) yields

_ap z 2z + 228
¢(z)_3{zz+1+z4—22+1}
a 1 1 + 4— 2z + 4422
6 lz—1 z+1 22—z+1 224z+1])°
Therefore,

V3 2 .z \/5}

1 2 T
= - - — cosh — —— sin — sinh —
é(x) a0{3cosm+3coszcos 5 z+ \/gsmzsm 5 T
1. 2..x V3 2 z . V3
+a1{§smhm——gsmhicost+%coshasm—g—x}.

2) Let p and q be positive integers such that p > 2 and ¢ € [p,2p — 1]
then the initial value problem

{ (a) - 22 Myt
¢(0) = ao,

where ap and ) are arbitrary real constants, has for unique solution the
polynomial function

+ A4, >0,

| A 1
= 2 :_ ny _Z gatl
() aon . 1% +q 1%
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