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AN EXTENSION OF A THEOREM OF FLETT

Abstract. In the present paper we deal with Flett’s Mean Value Theorem for n times
differentiable functions. We prove Flett’s Formula on a base of the Taylor Theorem.

1. Introduction
In [1] T.M.Flett gave a generalization of the Lagrange Mean Value The-
orem as follows:

THEOREM 1.1. Let f : [a,b] — R be differentiable on [a, b] and f'(a) = f'(b).
Then there exists a point ) € (a,b) such that

f(n) = f(a) = (n = a)f'(n).

In 1996 T. Riedel and P. K. Sahoo [6] removed the boundary assumption
on the derivative, that is f/(a) = f'(b). Their result reads as follows

THEOREM 1.2. Let f : [a,b] — R be differentiable on [a,b]. Then there exists
a point ) € (a,b) such that
/ !
f) — 5(@) = (- a)f'(m) — s LA D gy
—-a
There exist many other extensions of the Flett Theorem. Let us mention
D.H. Trahan [7], who replaced equality of derivatives by some inequalities.
Also the theorem was adapted for symmetrically differentiable functions by
T.V.Lakshminarasimhan [2]. Then S.G.Wayment [7] worked out a gener-
alization of an integral mean value theorem as an analog of Flett’s Theo-
rem of differential calculus. Another extension was developped by T.Riedel,
R.C.Davitt, R.C.Powers and P.K.Sahoo [5] for holomorphic functions. More
details can be found in T.Riedel and P.K.Sahoo’s book [6]. All of these
generalizations concern once differentiable functions.
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Since the original Flett’s result reminds the Lagrange Mean Value Theo-
rem we were motivated to find an extension that would be related to Theo-
rems 1.2 and 1.1 similarly as the Taylor Theorem is related to the Lagrange
MVT. Let us add that Zs.Péles asked for a possibility of such an extension
during the 35th International Symposium on Functional Equations held in
Graz, Austria in 1997 (oral communication). An answer to his question is
contained in the following.

2. Generalization of Flett’s Theorem

Let us prove two lemmas.

In the sequel by 0 times differentiable function we mean continuous func-
tion, fO := f, and we adopt the convention 22=1 ar = 0. Let us prove a
technical lemma:

LEMMA 2.1. Let n be a nonnegative integer, assume that f : [a,b] > R is n
times differentiable and define g : (a,b] — R by

z)— f(a
@) - L@ =@
zT—a
Then g is n times differentiable, for all € (a,b] we have

£(@) - fla) + 3 (1) 5 P e)(z - o)
k=1 )

1 ¢ = (-1l

(z — a)nt! ’
M) g (z)
9 m(g) = & _
@) e =L2E (0 oy,
and, if moreover f(*+1)(qa) exists, we have
1
im g™ () = ——— f(n+1)
(3) lim g™(z) = —= "7 (a).

Proof. Observe that (2) immediately follows from (1). To prove (1) we
proceed by induction. For n = 0 equality (1) is just the definition of g.
Before we continue the induction argument let us define ¢, : (a,b] — R by

on() = £(2) ~ £(0) + D (D} P z)(z - o).
k=1

Let us note that if f is (n + 1) times differentiable then ¢,, is differentiable
and a simple calculation shows that

(@ (@) = (-1~ V@)@ - o), 2 € (a,b],
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Now, assume that (1) holds for some n > 0 and suppose that f is (n + 1)
times differentiable. Then g is (n + 1) times differentiable and we have for
z € (a, b], using induction hypothesis and (4),

9t (z) = (") (x)

- ‘“””"’W“z — 0"l (2) — (n + 1)(z - a)"pn(3)]

— (1)t | 1 @) = 0 (14 (o)
= (-1)"*(n+ 1)’(—xf%m
x [on(a) + ()M 1 @) e - 0

=(—=1 n+1l 1 ! (Pn+1(517)
( ) (n+ ) (x_a)n+2’
which ends the proof of (1) in view of the definition of ¢,.
To prove (3), observe that for n = 0 this follows from the existence of
f'(a). Suppose that (3) holds for some n > 0 and assume that f is (n + 1)
times differentiable while f("*2)(a) exists. Using (2) we have

g(n+1)(m) — f(n+1)(‘r) _ (n + l)g(n)(.’L‘)
T—a T—a
B f("+1)(1:) _ f(n+1)(a) ) g(")(z) _ n+-1f(n+l)(a‘)
N zT—-a " T—a
fe+0 () - 0+ (@)
- T—a
(=1)*(n + Dlpa(z) - F+(a)(z — o)™+
- (z — a)+2 :

This first quotient on the right-hand side tends to f("*+2?)(a) as z — a, and
applying to the second one de 'Hopital rule we get in view of (4), that
right-hand

. (=D™(n+ Dlpn(z) — f™+D(a)(z — o)™
::1:1—!»1}1 . £ (:_ a)n+2 A
_ im G+ Dh(@) = (4 DD (a)(z ~ a)"
ga (n +2)(z — a)nt!
_ i 2FLFO@) - @) ntd
= :t]i"}l n+2 z—a = 13

fr+2)(q).
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Thus we get

: n 1 n
;E{‘lzg( *(z) = n_+2f( *2(a)

which ends the proof.

Suppose that n € NU {0} and let f : [a,b] — R be an n times differen-
tiable function such that f("+1)(a) exists. In view of Lemma 2.1 we see that
gn : [a,b] — R given by

B g(n)(;p), if z € (a,b],
(5) gn(z) = { L f@+(a), ifz=aq,

where g(z) = £(2)=f(2) 5 well defined and continuous at a.

Let us prove now an extension of the Flett Theorem for functions of

higher regularity.
LEMMA 2.2. Let n € N and assume that f : [a,b] — R is n times differ-
entiable with f(™(a) = f(™(b). Then there exists a point n € (a,b) such
that

= 11
(6) f(n) = fla) =) (-1) 1-,;—,f(k)(77)(77 —a)*.

k=1 )
Proof. Consider the function g,—; (cf.(5)) and observe that in view of (1)
the equality (6) is equivalent to the fact that

9h_1(n) =g™(n) =0.

Therefore it remains to show that g(™ vanishes on at least one point from
(a,b). Suppose the contrary that g(™(z) # 0 for every = € (a,b). Since g(™
has Darboux property as the derivative of g(®~1) we can assume without
loss of generality that

(7) g™ (z) >0 for every z € (a,b).

Then ¢g,—1 as a continuous function has to be strictly increasing and in
particular, taking into account (2) we get

1 1 1
~ (@) = gn-1(0) < ga-1(6) = = M (5) = (b~ a)g"(b)
But, in view of our assumptions it follows that
g™ (b) <0.

This however yields a contradiction in view of (7) and Darboux property of
g™ and the proof is completed.

Now we present the forementioned generalization of Theorem 1.2 for n
times differentiable functions.
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THEOREM 2.3. Let f : [a,b] — R be an n times differentiable function.
Then there exists a point 1 € (a,b) such that

®) o)~ @)= (D P - o)

k=1

1 ™) - () n
(n+1)! b—a (=)™,

Proof. Let us define a function & : [a,b] — R by

() (p) — M) (g
© @)= 10 - e e -

Our assumptions on f imply that h is n times differentiable in [a, b]. Now,
differentiating A n times we obtain

+(=1)"

1 F™(b) - f™)(a) -
*) () — £ () — _ yn—k+1
1) A9 = fOe) - e e =)
for every k = 1,...,n. In particular we have h(™(a) = h(™)(b) = f(")(a)
and applying Lemma 2.2 to the function h we get

$ 11
(11) h(n) — h(a) = Y (-1) P ) (n - a).
k=1 ’
It is a simple matter to obtain (8) by putting (9) and (10) in (11), which
completes the proof.

Let us note that writing —(a —n) instead of (7 —a) in (8) and computing
f(a) we get the following formula resembling Taylor’s formula for n times
differentiable functions

n (k) ) (p) — £f(0) (4
k=0

Since 77 € (a, b) we can write n = (1—t)a+tb for some ¢ € (0,1) and therefore
Theorem 2.3 can be rephrased in the following way (cf.(12)):

(a—m)™*.

THEOREM 2.3'. Let f : [a,b] — R be an n times differentiable function. Then
there exists a t € (0,1) such that
(13)

"tk fE) o +t(b—a ¢

n+1

- f(") a _f(n) ) (a—b)™.
k=0 (n+ 1)!( (a) (6))(a—b)

The above result can be easily extended to the case of real valued func-
tions defined in normed spaces. Namely we have
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THEOREM 2.4. Let D be a nonempty and open subset of a normed space X
and let f : D — R be an n times differentiable function. Ifa,be D, a # b
and the segment

ab={ta+(1-t)b:te(0,1]}c D
then there exrists at € (0 1) such that
n+1

(14) fla Z k! a+t(b—a)f((a b) )+ ( t+

In the formula (14) we denote the value of k-th order differential of f at the
point x taken at the k-tuple y* = (y,...,y) € X*.

Proof. It is an corollary from the fact that F : [0,1] — R defined by
F(t) = f(a+t(b-a))
satisfies the assumptions of Theorem 2.3’ in [0, 1], and
Fk(t) = dl;.+t(b—-a)f((a' - b)k)
for everyt € (0,1 and k=1,...,n

Tl (=B,
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