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Abstract. In this paper, using the notion of g-bounded linear functionals on a Banach
*- algebra A, a characterization of representable functionals on A in terms of the pure
states of A is given. Further, it is also shown that the extreme points of the set of all
g-bounded positive linear functionals on A are simply the pure states of A.

1. Introduction
Let A be a complex Banach *- algebra. We assume neither the existence
of a unit element nor that the involution is continuous.

A B*-semi-norm on A is a function 7 : A — R* such that for alla,be A
and a € C,

1) n(a + b) < n(a) +n(b),

2) n(aa) = |ain(a),

3) n(ab) < n(a)n(d),

4) n(a*a) = (n(a))*

Let P(A) denote the set of all B*-semi-norms on A and define

g9(a) = sup{n(a) : n € P(4)}.

A linear functional f on A is g-bounded if there exists a constant My > 0
(depends on f) such that for all a € A, |f(a)| < Mg(a). If A’ is the dual
space of A then the norm of any g-bounded functional f is defined as follows

|Flg = sup{f(a) : g(a) < 1}.
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We denote by D(g) the set of all g-bounded functionals f on A with |f|; < 1.
A g-bounded linear functional f on A will be called a state of A if |f|g = 1.

An A*-representation of A is a mapping 7 from A into B(H), where
B(H) denotes the algebra of all bounded linear operators on a Hilbert space
H, such that for all ¢ in A and a € C,

1) m(a+ b) = w(a) + =(b)
2) n(aa) = an(a),

3) m(ab) = m(a)m(b),

4) m(a*) = 7(a))".

We define an involution and norm on A*, the unitization of A, as follows:

i) (a,a)* = (a*, @), for all a € A,
ii) |l(a, @)|| = lla]| + |e| for all @ € A.

Then the Banach *-algebra A is isometrically and *-isomorphically em-
bedded in the unital Banach *-algebra A™.

DEFINITION 1.1. Let T be a self-adjoint operator on H and f be the positive
linear functional represented by (, z) defined by |f|r(a) = (w(a)Tz, Tz) for
all a € A.

The following results are known in the case of B*-algebras (in which case
g coincides with the original norm) and proofs can be found in [5]. They are
included for the sake of completeness.

THEOREM 1.1. Let u and v be positive g-bounded linear functionals on A.
Then for all a € A we have the following:

i) lu(a)® < lulgu(a*a),
i) ju+ vy = |ulg + |vlg,
iii) |ulg = sup{u(a*a) : g(a) < 1},
iv) u and v are hermitian functionals.
THEOREM 1.2. If f is a g-bounded positive linear functional on A then f can
be represented by (m,z) where z is a cyclic vector for the *-representation
and moreover |fly = ljz¢||3.

REMARK 1.1. In a nonunital complex Banach *-algebra A the g-bounded
functionals are characterized by the representable functionals, (see Theorem
3.1 of [5]). On the other hand, if A has a unit element then every positive
linear functional is g-bounded (see Remark 2.2 of [5]). If A has an approx-
imate identity and isometric involution, then each functional is g-bounded
if and only if it is continuous. This follows by Theorem 2.2 of {5].

In the light of Remark 1.1, one can find stronger results on representable
functionals on any complex Banach *-algebras.
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PROPOSITION 1.1. If (m,z) is a cyclic representation of a positive linear
functional f, then 7 2 ms and ||z||> = |f,-

Proof. If z and = — f are the cyclic vectors for 7 and 7 respectively then
(w(a)z,z) = f(a) = (mws(a)zyf,z5) for all @ € A. Thus, by a result in [2],
(2.4.1), it follows that = = m¢ and |f|y = ||z||* = |lz]13.

The following lemma is a generalization of Theorem 2.5.1 of Dixmier [2].

LEMMA 1.1. Let & be an *-representation of A on H, and let z € H. Let f
be the positive linear functional represented by (w,z). Then

1) for a self-adjoint operator T on H such that Tn(A) = 7(A)T and
0 <T < Iy, fr is g-bounded positive linear functional on A with fr < f.

2) if the representation of f by (m,z) is cyclic, the mapping T — fr is
one-to-one.

3) any positive g-bounded linear functional fi, on A, dominated by f, is
of type fr.
Proof. 1) By the construction of fr and the hypothesis, fr is a positive
linear g-bounded functional. Also for alla € A

fr(a*a) = |m(a)Tz|* = |Tn(a)z|? < |Ir(a)zl|® = f(a*a).
Thus fr < f.

2) Let fr, — fr, = 0. Then for all a € A, (7(a)z,T?z) = (n(a)z, T2z).
Since z is a cyclic vector for 7, it follows that (T4 — T2)z = 0. Moreover
(T? — T2)w(a)z = 0 for all @ € A. Thus T2 = T2 and since T} and T, are
both positive, we have Ty = T5.

3) Let f; be a g-bounded positive linear functional on A with fr < f.
Then for all a € A we have

|f1(b"a)|? < f1(a*a) f1(b"D) < f(a*a) f(b*D) = [|m(a)z|?[m(b)z]*.
On the subspace 7(A)x of H we define for all a,b € A, ¢(r(a)z,n(b)z) =
fi(b*a). Then ¢ is bounded, symmetric, and a positive sesquilinear func-
tional on m(A)z and so can be uniquely extended to the Hilbert space
K =7(A)z. Hence, by Theorem 21.1, [1] there exists a bounded self-adjoint
linear operator S on K with 0 < § < I such that for alla,be A
fi(b*a) = (7w(a)z, S7(b)z)
since (w(a)z, S7(c)m(b)x) = (m(a)z, 7(c)Sm(b)z) for all a,b,c € A, therefore
forallae A
m(a)S = S7(a) on K.

As § is invariant under w(A) the orthogonal projection ix on K com-

mutes with 7(A), since Sik is a bounded linear operator on H with 0 <
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Sixg < Ix. Let T be the positive square root of Sig. Then 0 < T < Iy and
Tn(A) = n(A)T. Hence

fi(b*a) =

m(a)z, Sig(m(b)x)
7(a)z, T?7(b)z)
= (m(a)Tz,n(b)Tz)
= (n(b*a)Tz,Tx)
= fT(b*a).

That is fi(b*a) = fr(b*a) for all a,b € A. Now f1 and fr are both
g-bounded positive linear functionals and hence by Theorem 1.1 we can
consider the associated positive linear functionals f; and f on the quotient
*-algebra A/J,; where J;, = {a € A : g(a) = 0}, and Fy and Fr on 4, is
the completion of A/J,. Hence f,(zjz.) = fr(ziza), Tb,2a € A/J,y and
therefore Fy(b*a) = Fr(b*a), for all a,b € A,. Since Ay is a B*-algebra, it
has an approximate identity ey where X is in the directed set Iy. In this case
Fy(b*) = Fy(b*ey) = Fr(b*ey) = Fr(b*) for all b € A,. Hence,

?1(1‘0) = 7T(za)’wa € A/J,
so that for all @ € 4, fi(a) = fr(a).

S~~~

2. Pure states and irreducible *-representations

Ultimately in this section we prove a characterization of those repre-
sentable functionals which can be represented by a topologically irreducible
representation.

DEFINITION 2.1. A positive linear functional f is a pure state of A if it
is non-zero and g-bounded and if any g-bounded positive linear functional
dominated by f is of the form 8f with 8 in the closed interval [0, 1]. Dy(A)
denotes the set of all pure states of A.

THEOREM 2.1. Let (m, z) be a cyclic representation of a positive linear func-
tional f. Then 7 is topologically irreducible and non-zero if and only if f is
a pure state of A.

Proof. Suppose that 7 is topologically irreducible and non-zero. Since z is
cyclic vector of w, it follows that for all a in A

nt(a) = sup{[f(y*a*ay)]"/?: f(y*y) <1}
= sup{||r(a)n(y)zll : ()=l <1} = | (a)l.
Thus if 7 is non-zero then f is also non-zero.
Let fi1 be a positive g-bounded functional on A dominated by f. Then by

Part 3) of Lemma 1.1 there exists a self-adjoint operator T on H with 0 <
T < Iy and Tw(A) = w(A)T, such that for all a in Afi(a) = (n(a)Tz, Tz).
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Using the fact that = is irreducible and T'r(A) = 7(A)T ([2], 2.3.1), we
have for all scalars A in C,T = Alg since 0 < T < Iy and it follows that A
istealand 0 <A <1 Thusforallac A

fi(a) = (r(a)rz, Ax) = A f(a).

Hence f is pure.

Conversely, suppose that f is a pure state. Let M be a subspace of H
invariant under w(A). Let ¢ denote the orthogonal projection of H onto M.
Then ig is a self-adjoint with 0 < ig < ig and igm(A) = 7w(A)ig. Hence
by Lemma 1.1 (1) the functional f;,, defined by

fig(a) = (w(a)igz,igz), forallac A

is positive g-bounded functional dominated by f. Since f is pure, fi, = Af
with 0 < A <1 sothat forallain A

(m(a)igz,igz) = (r(a)AY 2z, \M %),

Now from Lemma 1.1 (2) we have iy = A/2Tg since (m,z) is a cyclic
representation of f. Note that A = 0 or A = 1 since i% = 5. Thus ig = 0 or
ig = Iy and consequently M = {0} or M = H. Hence, 7 is topologically
irreducible and 7 # 0.

COROLLARY 2.1. If f is a pure state of A then there exists a non-zero topolog-
ically irreducible *-representation of A such that for all a € Angs(a) = |7(a)|.

Proof. Let f be a pure state of A. By Theorem 1.2. f has a cyclic repre-
sentation (,z), which by Proposition 1.1 is unique up to equivalence, such
that ||z||?> = |flg = 1. Thus by Theorem 2.1, 7 is irreducible and non-zero
and 7¢(a) = |7(a)| for all a € A.

COROLLARY 2.2. If  is a non-zero topologically irreducible *-representation
of A on H, then there exists a pure state f of A such that for alla € A

ny(a) = {w(a)|.

Proof. Suppose 7 is a non-zero topologically irreducible *-representation
of A on H. Let f be the positive linear functional represented by the pair
(m,z) for £ € H. By Theorem 2.1, f is pure and by Proposition 1.1 ||z|| =
|flg = 1. Thus, f is a pure state of A and it is obvious to see that for all
a € 4, n(a) = ().

REMARK 2.1. The above Corollaries 2.1 and 2.2 give a mapping from D,(A)
onto A, the set of equivalence classes of non-zero topologically irreducible
*-representations of A.
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3. The extreme points of D(g)
The following theorem shows that if A is a complex Banach *-algebra,
the extreme points of D(g) are just the pure states of A.

THEOREM 3.1. The extreme points of D(g) are the pure states of A.

Proof. Let fy + fo = 0 and for all a € A. But |fi(a)|? < fi(a*a) = 0 so
fi(a) =0for alla € A. Thus f; = f» = 0 and 0 is an extreme point of D(g).

Next let f be a pure state of A, and suppose for any fi, fo € D(g),
f= (f1+f2) Then0<1f1<fa.nd sfi=Af with0 < XA < 1.
But 1 = Iflg = 2(|f1|9+ |f2|9) where |f1|9 < 1 and |falg < 1. Hence
|filg = |falg = 1and A = 3. Thus f = f; = f2 so that f is an extreme point
of D(g).

Now suppose that f is an extreme point of D(g) such that f # 0. In
this case |f|g = 1. Suppose f = fi + fa. Then |f|g = |filg + |f2lg = 1. If
|f1lg # 0 and [f2|g # O then

5
lfllg(lf Iy) + |f2l9(1f2|g>

Since U‘%IZ and ]-ffj; belong to D(g) and since f is an extreme point of D(g)

it follows that TJ‘%I— = rf%,; = f. Thus, 0 < f; < f implies that f; = |f1|,f
with 0 < |fi|g £ 1 which proves that f is a pure state.
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