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A CHARACTERIZATION OF Lp-NORM WITH THE AID 
OF EQUALITY CONDITION IN THE HOLDER INEQUALITY 

Introduction 
For a measure space (Í2, E, fi) denote by 5 = S(f2, E, /x) the linear space 

of all /x-integrable step functions x : Q h-> R, and by S+ = S+(Í2, E, ¡J) the 
set of all nonnegative x G S(f2, E, fi). It is easy to see that for an arbitrary 
bijection (f>: (0, +oo) (0, +oo) the functional p^ : S (0, +oo) given by 

where f2(z) := {U £ (2 : X(UJ) ± 0}, is well defined (cf. [3], [4]). 
Note that for <j>(t) := <j)(l)tp, t > 0, where p G R \ {0} is arbitrary and 

fixed, we have 

In [4] the following converse of the Holder inequality has been proved. Sup-
pose that (ii,E,n) is a measure space with two sets A, B G E such that 
0 < fi(A) < 1 < n(B) < oo. If (f>, : (0,oo) —» (0,oo) are bisections such 
that 

then <j> and ip are conjugate power functions. It is well known that the equal-
ity condition in the Holder inequality occurs if, and only if, the functions x 
and y are positively proportional. 

1991 Mathematics Subject Classification: Primary: 46E10, 26D15, 26A51, 39B12. 
Key words and phrases: measure space, integrable simple functions, equality in Hol-

der's inequality. 

n(x) 

\ xyd/j, ^ p<t>(x)pip(y), x,y G S+, 
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In the present paper we show that, under some weak assumptions, if the 
inequality (*) changes into equality for positively proportional functions, 
then the bijections (f> and tp must be conjugate power functions. Let us 
mention here that in a recent paper [6] we have shown that the equality in 
the Minkowski inequality yields a characterization of the Lp-norm. 

1. A remark on the definition of p^ and the basic lemma 

REMARK 1. Suppose that pb(Q) > 0 and take an arbitrary x 6 S+ such 
that n(Q(x)) > 0. Then there exist pairwise disjoint sets Ai,..., An 6 E, 
of finite and positive measure, and x\,..., xn > 0, such that 

n 

i=1 By the definition of p^ we get 
n 

P<f>(x) = 
t=l 

In this paper a crucial role is played by the following 

LEMMA 1 ([6], p. 54-55). Let <j> : (0,oo) —> (0,oo) be an arbitrary bijection. 
Then, for every a > 0, the function <f> o (a^>_1) is additive i f , and only i f , 
the function 

is multiplicative. 

2. Main results 

THEOREM 1. Let (I?, E, p) be a measure space with A, B G S such that 
A fl B = 0, and fi(A), n(B) are positive and finite. Suppose that <f>, ip : 
(0, oo) —> (0, oo) are bijective. If 

(1) y = tx \xydn = p<i>(x)p^(y), x e 5+( i2, S,fi), t> 0, 
n 

then (¡>/(j>{ 1) and ip/tp(l) are multiplicative. If moreover <f> and ip are mea-
surable (or log o0 and log o^ are bounded above or below in a neighbourhood 
of a point), then <j>/<fi( 1) and are conjugate power functions. 

P r o o f . Take an arbitrary set A e U such that 0 < n(A) < oo, and put 
a := fJ,(A). Applying (1) with x = sxa, s > 0, we have 

as2t = s,t> 0. 
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Replacing t by s 1t we get 

ast = (¡>~1(a<f>{s))'^~1{ail)(t)), s,t> 0, a€ M(S), 

where M(E) := \ {0, oo}. The bijectivity of <f> and tp implies that 

(2) a0 -1(s)V> -1(i) = (p~l(as)ip~1(at), s,t> 0, a e M{£) 

which can be written in the form 

= s ' t > 0 , a e M { E ) • 

It follows that for every a € M(l7) there exists a c(a) > 0 such that 

a [ c ( o ) ] " V _ 1 ( s ) = = c ( o ) ^ _ 1 ( i ) , 5, t > 0, a G M(ß), 

or, equivalently, 

(3) a<j)(s) = ai(>(t) = il>(c(a)t), s,t> 0, a e M ( ß ) . 
c{a) 

Take A, B € E , AnB = such that a = ß(A), b = fi{B) € M(/x). Putting 
x = uXa + vxb, u, v > 0 in (1) gives 

airt2 + &£v2 = (jT1 [a<f>(u) + b^iy^'^a^tu) + bifritv)], u,v,t> 0. 

By (3) we can write this equation in the form 

atu2 + btv2 = (f) - l ip-^ipici^tu) + i>(c(b)tv)], 

for all u,v,t> 0. Replacing u and v respectively by [c(o)] lu and [c(6)] 1v, 
we obtain, for all u, v, t > 0, 

•2 btv2 
/-X atu (4) + - l 

c(a)2 c{bf 

Taking t = 1 we hence get 

[lp(tu) + 1p(tv)] . 

au2 bv2 

+ 
[4>(u) + i>(v)] = 

and, consequently, 

ip-^tpitu) + ip(tv)] = 

c(a)2 c(b)2 

4>- <t> u) + <j> ( -^TZV 
c(a) c(by 

u, v > 0, 

at2u2 bt2v2 

c(a)2 + b)ä 

4> 
- l 

u,v,t> 0. 
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Replacing ip~l[ip(tu) + 4>{tv)] in (4) by the right-hand side of the last equa-
tion, gives 

<t> - l 
- t(j> <f>l + 4 b 

c(a)2 J \c(b) 
and, after obvious simplification, 

4>_1[0(tu) + <j>(tv)] = t<j>-x[<j)(u) + <j>(v)}, u,v,t> 0. 

This equation can be written in the equivalent form 

+ <j>[t<j>-l(v)} = ¿[t^iu + v)}, u,v,t> 0, 

which proves that the function <j> o ( t 0 - 1 ) is additive for every t > 0. By 
Lemma 1, the function 

(0, oo) <f>(t) / <¡>(1) 

is multiplicative. As the roles of the functions <f> and ip are symmetric, the 
function 

(0, oo) 3th-nl>(t)/il>( 1) 
is multiplicative too. 

The hypothesis on A and B implies that M(E) / {1}; take A U B if 
necessary. The regularity assumptions on (f> and ip imply (cf. for instance 
[1, p. 41, Theorem 3], also [2, p. 310, Theorem 3]) that there are p, q G K, 
p # 0 # q, such that <j>(t) = <f>(l)tp, ip(t) = ip(l)tq, t > 0. Setting these 
functions into (2) with a / 1 we conclude that p~1+q~1 = 1. This completes 
the proof. • 

In the next result we need the following (cf. [4], p. 174) 

DEFINITION . The bijective functions <j>, ip : (0, oo) i—• (0, oo) are said to be 
multiplicatively conjugate iff there are constants ci, C2 > 0 such that 

4>-l(cii)V>_1(c2i) = t, t > 0. 

THEOREM 2, Let (J?, E, /¿) be a measure space such that 

mt(n(E)) ± 0. 

Suppose that <f>, tp : (0, oo) i—> (0, oo) are bijective. If 

y = tx J xyd/j, = p,f>{x)prjJip{y), x G S+(f2, S, fi), t > 0. 
n 

then <f> and tp are multiplicatively conjugate functions. If moreover one of 
these functions is measurable or continuous or log o<fi is bounded above (or 
below) in a neighbourhood of a point, then <f>/<f>( 1) andip/ip( 1) are conjugate 
power functions. 
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P r o o f . According to the first part of Theorem 1, the functions <f>/<t>{ 1) and 
ip/tp( 1) are multiplicative, and so are their inverses 

(5) (0,oo) Bt*-* </>-1(</>(l)i), (Q,oo)3t^ip~1{ip{l)t). 

Relation (2) in the proof of Theorem 1 gives 

W x ( t ) = s,t>0, a 6 M(S). 

Hence, by the multiplicativity of the functions (5) we get 

l)a)V>_1(V>(l)a) = a, a G M(E). 

Since the function t i—> and the identity function are 
multiplicative and they coincide on the nonempty interior of the set 
they must coincide everywhere, i.e. 

= t> o . 

Thus, according to the definition, the functions (j) and -0 are multiplicatively 
conjugate. 

The remaining part of the proof is obvious. • 

REMARK 2. Note that the assumption int(/I(Z1)) ^ 0 in Theorem 2 can 
be replaced by the following condition: there is a family of measure spaces 
((i?i , Si, Mi))te/ s u c h t h a t 

i € / 

and for every i € I 

y = tx ^xydfi = p<j>(x)p^(y), x € S+(i2i,Ei,fii), t> 0. 
n 
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