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A CHARACTERIZATION OF L-NORM WITH THE AID
OF EQUALITY CONDITION IN THE HOLDER INEQUALITY

Introduction

For a measure space ({2, X, ) denote by S = S(§2, X, 1) the linear space
of all u-integrable step functions z : 2 +— R, and by S = S, (2, X, u) the
set of all nonnegative z € S(£2, X, u). It is easy to see that for an arbitrary
bijection ¢ : (0, +00) — (0, +00) the functional py : S — (0, +00) given by

o7 (g P o lzldp) if u(2(z)) >0
pote) = {7 e i u(0(a)) =0,
where 2(z) := {w € 2: z(w) # 0}, is well defined (cf. (3], [4]).

Note that for ¢(t) := #(1)t?, ¢t > 0, where p € R\ {0} is arbitrary and
fixed, we have

TE S(‘Q:ZHU'))

1
P¢(z)=( | lepdu)", z€S(2,Z,u0).
2(z)

In [4] the following converse of the Holder inequality has been proved. Sup-
pose that (2, X, 1) is a measure space with two sets A, B € X' such that
0 < p(A) <1< pu(B)<oo. Ifg, v:(0,00) = (0,00) are bijections such
that

(*) | zydu < ps(2)pu(y), =,y € Sy,

Q2
then ¢ and 1 are conjugate power functions. It is well known that the equal-
ity condition in the Holder inequality occurs if, and only if, the functions z
and y are positively proportional.
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In the present paper we show that, under some weak assumptions, if the
inequality (x) changes into equality for positively proportional functions,
then the bijections ¢ and 3 must be conjugate power functions. Let us
mention here that in a recent paper [6] we have shown that the equality in
the Minkowski inequality yields a characterization of the LP-norm.

1. A remark on the definition of p, and the basic lemma

REMARK 1. Suppose that pu(£2) > 0 and take an arbitrary z € S such
that u($2(z)) > 0. Then there exist pairwise disjoint sets Ay,..., A, € X,
of finite and positive measure, and z,,...,Z, > 0, such that

n
T = E TiX g, -
i=1

By the definition of py we get
po(@) = 671 (3 dlei)u(4n).
i=1

In this paper a crucial role is played by the following

LEMMA 1 ([6], p. 54-55). Let ¢ : (0,00) — (0,00) be an arbitrary bijection.
Then, for every a > 0, the function ¢ o (ap™!) is additive if, and only if,
the function

(0,oo)9t»—>£(—t)-

¢(1)

1s multiplicative.

2. Main results

THEOREM 1. Let (2,X, ) be a measure space with A, B € X such that
AN B = 0, and u(A), pu(B) are positive and finite. Suppose that ¢, ¢ :
(0,00) — (0,00) are bijective. If

1)  y=tz= {aydu=py(a)py(y), =z€S5+(2,5,p), t>0,
o}

then ¢/d(1) and ¥ /¢¥(1) are multiplicative. If moreover ¢ and ¢ are mea-
surable (or logod and logoy are bounded above or below in a neighbourhood
of a point), then ¢/d(1) and ¥ /vy(1) are conjugate power functions.

Proof. Take an arbitrary set A € X such that 0 < pu(A) < oo, and put
a := p(A). Applying (1) with £ = sxa, s > 0, we have

as’t = ¢~ (ad(s))p " (atp(ts)), s,t>0.
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Replacing t by s™t we get

ast = ¢ (ad(s)y " H(av(t)), s,t>0, a€ M(Z),
where M(X) := u(X)\ {0, oo} The bijectivity of ¢ and 1 implies that
(2) adp 1 (s)p 7 (t) = p(as) Y at), s,t>0, a€ M(X)
which can be written in the form

“(s) _ y~iat)
¢~as)  YTl(t)’
It follows that for every a € M(X) there exists a c¢(a) > 0 such that
alc(a)]Tl¢7N(s) = 97N as), ¢TM(at) =c(a)yTI(E), 5t>0, a€ M(p),
or, equivalently,
() () =9(;59) WO =vle(@), $t>0, a€ M)
Take A, B€ X', ANB = §, such that a = u(A), b = u(B) € M(u). Putting
z = uxa + vxB, u, v > 0 in (1) gives
atu? + btv? = ¢ ad(u) + bp(v)]Y " ay(tu) + byp(tv)], w,v,t > 0.

By (3) we can write this equation in the form

atu? + btv? = ¢! [¢(c( ) ) + ¢( "0 )]¢—1[¢(c(a)tu) + ¥(c(b)tv)),

for all u, v, ¢ > 0. Replacing u and v respectively by [c(a)] " u and [c(b)] 1w,
we obtain, for all u, v, £t > 0,

W 2 25 o) + o) | ¥ ) + v

Taking t = 1 we hence get

5,t>0;, ae€M(X).

au? | W?
c(a)?  c(b)?

Y7 () + 9(v)] = T wv>0,
oo () +o ()
c(a)? (b)?
and, consequently,
at?u? + Pﬁlﬁ
c(a)? _ c(b)* u,v,t > 0.

P [W(tu) + $(tv)] = o [(p(%u) A qb(%;v)] ,
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Replacing ¥~ 1[¢(tu) + ¢(tv)] in (4) by the right-hand side of the last equa-
tion, gives

o (o) + o)) - (i) + o ()]
and, after obvious simplification,
¢~ o(tu) + ¢(tv)] = t6 7 [¢(u) + ¢(v)],  u,v,t> 0.
This equation can be written in the equivalent form
g~ (w)] + olts ™ (v)] = pltd  (w +v)],  w,v,¢>0,

which proves that the function ¢ o (t¢~!) is additive for every ¢t > 0. By
Lemma 1, the function

(0,00) 3 ¢ — ¢(2)/8(1)
is multiplicative. As the roles of the functions ¢ and 1 are symmetric, the
function

(0,00) > ¢ — 9(t)/%(1)
is multiplicative too.

The hypothesis on A and B implies that M(X) # {1}; take AU B if
necessary. The regularity assumptions on ¢ and 1 imply (cf. for instance
(1, p. 41, Theorem 3], also [2, p. 310, Theorem 3]) that there are p, ¢ € R,
p # 0 # g, such that ¢(t) = ¢(1)tP, ¥(t) = ¥(1)t?, t > 0. Setting these
functions into (2) with @ # 1 we conclude that p~!+g~! = 1. This completes
the proof. m

In the next result we need the following (cf. [4], p.174)

DEFINITION. The bijective functions ¢, ¥ : (0,00) — (0, 00) are said to be
multiplicatively conjugate iff there are constants ¢;, c2 > 0 such that

¢ ety Y egt) =t, t>0.
THEOREM 2. Let (2, X, i) be a measure space such that

int (u(Z)) # 0.
Suppose that ¢, 9 : (0,00) — (0,00) are bijective. If

y=tz & [aydu=py(z)pyd(y), =€ 8:(2,Z,p), t>0.
2
then ¢ and ¢ are multiplicatively conjugate functions. If moreover one of
these functions is measurable or continuous or logog¢ is bounded above (or
below) in a neighbourhood of a point, then ¢/d(1) and 1 /¥(1) are conjugate
power functions.
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Proof. According to the first part of Theorem 1, the functions ¢/¢(1) and
¥ /(1) are multiplicative, and so are their inverses

() (0,00) 3t = ¢~ 1($(1)t),  (0,00) 3t Y (Y(1)t).
Relation (2) in the proof of Theorem 1 gives
a1 (s) 7 (t) = ¢ (as)y Y at), s5,t>0, a€ M(X).
Hence, by the multiplicativity of the functions (5) we get
¢~ (p(L)a)y H(Y(1)a) =a, a€ M(D).

Since the function t — ¢~ 1(¢(1)t)~1(+(1)t) and the identity function are
multiplicative and they coincide on the nonempty interior of the set u(X),
they must coincide everywhere, i.e.

¢~ ety (W(1)t) =t, t>0.

Thus, according to the definition, the functions ¢ and 4 are multiplicatively
conjugate.
The remaining part of the proof is obvious. m

REMARK 2. Note that the assumption int(x(X)) # 0 in Theorem 2 can

be replaced by the following condition: there is a family of measure spaces
((£2;, 25, pi))ier such that

int(U #i(&)) #0,

iel

and for every 1 € I

N
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