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DIFFERENCE SEQUENCE SPACES DEFINED
BY ORLICZ FUNCTIONS

Abstract. The idea of difference sequences was introduced by H. Kizmaz [1]. In this
paper we define some difference sequence spaces by Orlicz Function and establish some
inclusion relations.

1. Introduction

Let £, ¢, co be the sequence spaces of bounded, convergent and null se-
quences z = (zx) respectively. Recently Kizmaz [1] has defined the following
sequence spaces

o(A) = {z = (k) : Az € Lo},
c(Q) = {z = (z) : Az € ¢},
co(A) = {z = (zk) : Az € ¢},

where Az = (Axg)32; = (Tk — Tht1)iny-

An Orlicz function is a function M : [0, 00) — [0, 00) which is continuous,
non-decreasing and convex with M(0) = 0, M(z) > 0, for z > 0 and
M(z) — oo as £ — oo.

An Orlicz function M is said to satisfy As-condition for all values of u,
if there exists a constant K > 0, such that

M(2u) < KM(u)(u > 0).

The Aj-condition is equivalent to M(fu) < K - {M(u), for all values of u
and for £ > 1.

An Orlicz function M can always be represented in the following inte-
gral form: M(z) = foz q(t)dt, where g known as the kernal of M, is right
differentiable for ¢t > 0, ¢(0) = 0, g(¢) > 0 for ¢t > 0, ¢ is non-decreasing and
g(t) > oo as t — oo.
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Lindenstrauss and Tzafriri [3] used the idea of Orlicz functions to con-
struct Orlicz sequence space,

xR
€M={mew:ZM<lz—;|> < 00, for some g>0}.

k=1
The space £p; with the norm

|lz|| = inf{g >0: ZM<|-’”_;|) < 1},

k=1
becomes a Banach space which is called an Orlicz sequence space.
In this paper, we define the following sequence spaces

co(4, M) = {:1: = (zk) : klim M<%> = 0, for somep > O};
(A, f) = {z = (zp) : klim M(Jé%g_-ﬂ) =0, for some >0, £ € (C};
|A(Ek|
loo(A, M) = qz = (z) :supM — < 00, for some g > 0 p;
. k>0

for an Orlicz function M.
It is easy to show that these sequence spaces are normed spaces with the

norm
A
llzlla = inf{g >0: supM(i mkl) < 1}_
k>0 0

2. Main results

THEOREM 2.1. {s(A, M) is a Banach space with the norm

lzlla = inf{g >0: supM(iA:kl) < 1}.

k>0

Proof. Let (z%) be any Cauchy sequence in £, (A, M), where z = (z) =
(z8,28,...) € Loo(A, M) for each i € N. Let 7,79 > 0 be fixed. Then for
each -== > 0 there exists a positive integer N such that

|z* = 27]|a < ;i——, for alli,j > N.
0

Using the definition of norm, we get
| Azl — Azi]

- - <1, forallt,j> N,
|zt — z7]|a

sup M(
k>0
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Az} — Az
M("Tl—k—mj—“kl‘) < ]., for each k Z 0
T - A

and for all ¢, > N.
Hence we can find » > 0 with M(=52) > 1, such that

2 (1Agh = A (130
ot —zlla / ~ 2 )

Azl — Azl < 2= — = -,
| Az, | 2 rzg 2

This implies that

Hence (Azt) is a Cauchy sequence in R. Therefore for each €(0 < € < 1),
there exists a positive integer N such that [Az* — Az7| < ¢, forall 4,5 > N.
Using the continuity of M, we can find that

i i J
sup M(lAmk limj o0 A:z:k|) <1
k>N 0
Thus
Azt — A
sup M(m__w_kl) <1.
k>N 0

Taking infimum of such g’s we get

inf{g> 0: sup M(IA""k——A‘”-') < 1} <e
k>N e

for all i > N and j — oo. Since (z*) € £oo(4A, M) and M is an Orlicz
function (hence continuous), it follows that z € £,,(4, M).
This completes the proof of the theorem.

THEOREM 2.2. Let M be an Orlicz function which satisfies Ay-condition.
Then

(a) co(4) C co(4, M);
(b) c(4) C (4, M);
(€) £oo(4) C £eo(4, M).

Proof. (c) Let £ € £5,(4), this implies that |Azx| < N for all k. So that

M(IA:kl) : M(-]QX) < K-{M(N), by A,-condition.

Hence sup;> M(]%l) < 00. This shows that £,,(A) C £oo (A, M). Proofs
of (a) and (b) follow similarly.
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3. Paranormed sequence spaces

Let p = (px) be any sequence of positive real numbers. Then in the same
way, we can also define the following sequence spaces for an Orlicz function
M as ¢y, c and £y, were extended to co(p), ¢(p) and £ (p) (cf. [4], [5]). For
some g > 0,

b= o= o i (3 (1220))" 2o,

b, ,9) = {a = (a0 g (M (152) ) < o}

when py = constant, for all k, then ¢o(A, M,p) = co(A, M), ¢(A, M,p) =
(A, M) and £oo (A, M,p) = £oo(A, M).
It is easy to show that these sequence spaces are paranormed spaces with

-l (s ()} 53

where H = max(1, supy>q Pk )-

THEOREM 3.1. £oo (A, M, p) is a complete paranormed space with

o -safrn e () )" 53

Proof. Let (2*) be any Cauchy sequence in £ (A, M, p). Let 7,29 > 0 be
fixed. Then for each ﬁ; > 0, there exists a positive integer N such that

G(z' — 27) < i,for allz,7 > N.
TZo

Using the definition of paranorm, we get
i _ 7 pry 1/H
k>0 -z
Thus

| Az}, — Azf[\\™* -
i‘é% (M(m <1, foralli,j > N.

It follows that M (15757424} < 1, for each k > 0 and for all 4,j > N. For

r > 0 with M(%Q) > 1, we have

|Azi — Azl r:c())
T < - .
M( Gzt —z7) ) — M 2
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This implies that

: { TZo € €
Azt — A< 2. — — .
| Az} Kl < 2 rzg 2

Hence (Az?) is a Cauchy sequence in R. Therefore for each €(0 < € < 1),
there exists a positive integer N such that

|Az* — Az| <€, foralli,j> N.
Using the continuity of M, we find that

{ sup (M<mx;; ~ limj oo Azii))“}”” <1
k>N Y -

i_ Py 1/H
k>N 1Y

Taking infimum of such g’s we get

i_ pey1/H
inf{gp"/ﬂ : { sup <M<|—A%ﬂ>) } < 1} < €,
k>N

for all 4,5 > N and j — oo. Since (z*) € £oo(A, M,p) and M is continuous.
It follows that z € 2o (A, M, p).
This completes the proof of the theorem.

Thus

THEOREM 3.2. Let 0 < pp, < g, < 00 for each k. Then
CO(A7 M>p) g CO(A, M, Q)
Proof. Let ¢ € cg(A, M, p). Then there exists some g > 0 such that

o (22D =

This implies that M (JA—:’il) < 1 for sufficiently large k, since M is non-
decreasing. Hence we get

9k Pr
lim (M<‘£_'>) < lim <M(LA__')) —o,
k— o0 0 k— oo 0

ie x € c(A,M,q).
This completes the proof of the theorem.

THEOREM 3.3. (a) Let 0 < infp, < pr < 1. Then co(A4, M,p) C co(A4, M),
(b) Let 1 < pg < suppg < oo. Then co(4, M) C co(4, M, p).

Proof. (a). Let z € co(4, M, p), that is limg_oo (M(J%l))p" = 0. Since
0 <infpr < pr <1,
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Pk
lim (M(——'A“’”)) < lim <M<——-|A””’°|>> =0,
k—o0 o} k—o0 I7;

and hence z € co(A4, M).

(b). Let pr. > 1 for each k and supy pr, < 00. Let z € cg(A, M), then for

each € (0 < € < 1) there exists a positive integer N such that

((22)) < iz w
1Y

Since 1 < pr < sup pr < 00, we have

Pk
lim (M(I—A-i"ﬂ» < lim (M(M» <e<l.
k—oo Y k—oo e

Therefore z € cp(AQ, M, p).

[1)
(2

3]
(4]
(5]
(6]
(7l
(8]

This completes the proof of the theorem.
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