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DIFFERENCE SEQUENCE SPACES DEFINED 
BY ORLICZ FUNCTIONS 

Abstract. The idea of difference sequences was introduced by H. Kizmaz [1], In this 
paper we define some difference sequence spaces by Orlicz Function and establish some 
inclusion relations. 

1. Introduction 
Let £oo, c, Co be the sequence spaces of bounded, convergent and null se-

quences x = (Xk) respectively. Recently Kizmaz [1] has defined the following 
sequence spaces 

4o(A) = {x = (xk) : Ax E too}, 
c(A) = {x = (xk) : Ax e c}, 

c0(A) = {x = (xk) : Ax e c0}, 

where Ax = ( A x k = (xk - xk+l)f=1. 
An Orlicz function is a function M : [0, oo) —» [0, oo) which is continuous, 

non-decreasing and convex with M(0) = 0, M{x) > 0, for x > 0 and 
M(x) —> oo as x —> oo. 

An Orlicz function M is said to satisfy ¿^-condition for all values of u, 
if there exists a constant K > 0, such that 

M(2u) < KM(u){u > 0). 

The /i2-condition is equivalent to M(£u) < K • lM{u), for all values of u 
and for t > 1. 

An Orlicz function M can always be represented in the following inte-
gral form: M(x) — q(t)dt, where q known as the kernal of M, is right 
differentiate for t > 0, q(0) = 0, q(t) > 0 for t > 0, q is non-decreasing and 
q(t) —> oo as t —• oo. 
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Lindenstrauss and Tzafriri [3] used the idea of Orlicz functions to con-
struct Orlicz sequence space, 

oo 
£m ~ { X € U 

k=1 
The space ¿m with the norm 

: < oo, for some g> o j . 

|x|| = inf | 

becomes a Banach space which is called an Orlicz sequence space. 
In this paper, we define the following sequence spaces 

CQ(A, M) = j x = (xfc) : Jim M^—^j = 0,for someg» > o j ; 

c(A,t) = j x = (xfc) : Jim A f ^ * * = 0, for some g > 0, I € c | ; 

= \x = (xk) • s u p M ( ] < oo, for some g > o i ; I fc>o V e J J 
for an Orlicz function M. 

It is easy to show that these sequence spaces are normed spaces with the 
norm 

inf j e > 0 : s u p A f ^ ^ ^ < l j . 

2. Main results 

T H E O R E M 2.1. £oo(A, M) is a Banach space with the norm 

= inf j ß > 0 : sup M ^ j ^ j < l j . 

P r o o f . Let (x1) be any Cauchy sequence in ¿ ^ ( A j M ) , where x1 = (x\) = 
( x i , x i , . . . ) 6 £OO(AM) for each i € N. Let r, XQ > 0 be fixed. Then for 
each ^ > 0 there exists a positive integer N such that 

I®' - < — - » for > N-rx o 
Using the definition of norm, we get 

s u p m ( 1 * X } ^fkl)< 1, for all i,j>N, 
k> 0 V F 4 
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and for all i , j > N. 

Hence we can find r > 0 with M( I f^ ) > 1, such that 

This implies that 

1 k fcl 2 rx0 2 
Hence (Ax\ ) is a Cauchy sequence in R. Therefore for each e(0 < e < 1), 
there exists a positive integer N such that \Axl — Ax^\ < e, for all i,j > N. 

Using the continuity of M, we can find that 

for all i > N and j —> oo. Since (x1) 6 £oo(A,M) and M is an Orlicz 
function (hence continuous), it follows that x € £oo(A,M). 

This completes the proof of the theorem. 

THEOREM 2 . 2 . Let M be an Orlicz function which satisfies A^-condition. 

Then 

(a) co(A) C co(A, M); 
( b ) c(A)Cc(A,M)-, 

(c) U ^ ) c C ( A A i ) . 

P r o o f , (c) Let x € ¿^(A), this implies that \Axk\ < N for all k. So that 

M < K • IM{N), by ¿ 2 -condi t ion. 

Hence s u p f c > 0 M ( ^ ^ ) < oo. This shows that £ o o ( A ) C i o o ( A , M ) . Proofs 
of (a) and (b) follow similarly. 

Thus 

Taking infimum of such q's we get 
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3. Paranormed sequence spaces 
Let p = (pk) be any sequence of positive real numbers. Then in the same 

way, we can also define the following sequence spaces for an Orlicz function 
M as Co, c and were extended to CQ(P), c(p) and £OO(P) (cf. [4], [5]). For 
some Q > 0, 

c0(A,M>P) = j x = (xfc) : hm = °}> 

c(A,M,p) = = (xk) : ¿m ( m ( ^ ^ = o}, 

M A M . p ) = = (xfc) : sup < 

when pk — constant, for all k, then co(A,M,p) = co(A,M), c(A,M,p) — 
c(A, M) aad£00(A,M,p) = i00(A,M). 

It is easy to show that these sequence spaces are paranormed spaces with 

where H = max(l, supfc>0pfc). 

THEOREM 3 . 1 . £00{A,M,p) is a complete paranormed space with 
p o i / f f 

< 1 • 

Proof . Let (x l) be any Cauchy sequence in (A,M,p). Let r,xo > 0 be 
fixed. Then for each ^ > 0, there exists a positive integer N such that 

G(xi - xj) < — , f o r allz, j > N. rxQ 

Using the definition of paranorm, we get 

{ 
Thus 

It follows that < 1, for each k > 0 and for all i,j > N. For 
r > 0 with Af(zfft) > 1, we have 

| A4-Axj\\M^ 
G(xl-xi) J - \ 2 
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This implies that 

Hence (Ax1) is a Cauchy sequence in R. Therefore for each e(0 < e < 1), 
there exists a positive integer N such that 

l A r ^ - A z ^ e , for a l i i , j > N. 

Using the continuity of M, we find that 

{ S U P ^ C ^ - 1 ^ - ^ 1 ) ) " } 1 7 ^ ! . 

Thus 

Taking infimum of such Q1 s we get 

for all i,j>N and j —> oo. Since (x l) € ¿00 ( A M,p) and M is continuous. 
It follows that x e ¿00 ( A M,p). 

This completes the proof of the theorem. 

THEOREM 3 . 2 . Let 0 < pk < qk < OO for each k. Then 

c0(A,M,p) C c0(A,M,q). 

P r o o f . Let x E co(A, M,p). Then there exists some g > 0 such that 

This implies that < 1 for sufficiently large k, since M is non-
decreasing. Hence we get 

i.e. x 6 CQ(A, M,q). 
This completes the proof of the theorem. 

THEOREM 3 . 3 . (a) Let 0 < infpfc < pk < 1. Then co(A,M,p) C CQ(A,M), 
(b) Let 1 <Pk < sup pk < oo. Then c 0 ( A M) C CQ(A, M,p). 

P r o o f , (a). Let x e c0(A,M,p), that is limfc_oo = 0. Since 
0 < infpfc < p k < 1, 
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lim 
fc—»00 

and hence x 6 CQ(A,M). 
(b). Let PK > 1 for each k and sup K PK < 00. Let x € CQ(A,M), then for 

each e (0 < e < 1) there exists a positive integer N such that 

[1] H. K i z m a z , On certain sequence spaces, Canad. Math. Bull. 24 (2) (1981), 169-176. 
[2] M. A. K r a s n o s e l s k i i and Y. B. R u t i t s k y , Convex function and Orlicz spaces, 

Groningen, Netherlands 1961. 
[3] J. L i n d e n s t r a u s s and L. T z a f r i r i , On Orlicz sequence spaces, Israel J. Math. 10 

(1971), 345-355. 
[4] I. J. M a d d o x , Some properties of paranormed sequence spaces, J . London Math. 

Soc. 1 (1969), 316-322. 
[5] I. J . M a d d o x , Continuous and Käthe-Toeplitz duals of certain sequence spaces, Proc. 

Cambridge Phil. Soc. 65 (1969), 431-435. 
[6] I. J. M a d d o x , Sequence spaces defined by a modulus, Math. Proc. Camb. Phil. Soc. 

100 (1986), 161-166. 
[7] S. D. P a r a s h a r and B. C h o u n d h a r y , Sequence spaces defined by Orlicz functions, 

Indian J. Pure Appl. Math. 25 (4) (1994), 419-428. 
[8] S. S i m o n s , The sequence spaces i{pu) and m{pv), Proc. London Math. Soc. 15 

(1965), 422-436. 

Mursaleen, Mushir A. Khan 
DEPARTMENT OF MATHEMATICS 
ALIGARH MUSLIM UNIVERSITY 
ALIGARH-202002 INDIA; 

Qamaruddin 
DEPARTMENT OF APPLIED MATHEMATICS 
Z.H. COLLEGE OF ENGG. AND TECHNOLOGY 
ALIGARH MUSLIM UNIVERSITY 
ALIGARH-202002 INDIA 

Since 1 < pk < suppfc < 00, we have 

< e < 1. 

Therefore x 6 co(A, M,p). 
This completes the proof of the theorem. 
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