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ANALYTIC SOLUTIONS OF A POLYNOMIAL-LIKE
ITERATIVE FUNCTIONAL EQUATION

Abstract. This paper is concerned with a polynomial-like iterative functional equa-
tion A1 f(2) + A2f®(2) + -+« + AmfI™(2) = F(z), where f(2) is an unknown function,
F(z) is a given function, f [l denotes the i-th iterate of f,and A1, A2, -+, Am are complex
constants. By constructing a convergent power series solution ¢(z) of an auxiliary equa-
tion of the form A\ p(az) + Aap(a?z) + - -« + Amp(a™z) = F(p(z)), analytic solutions of
the form p(ayp~1(z)) for the original iterative functional equation are obtained.

Iterative root, seen in [1] and (2], is an important problem in the theory of
dynamical systems. As a natural generalization, the polynomial-like iterative
functional equations in the following form

(*) Af (@) + X fB(z) + -+ + An flM(z) = F(z)

forz € R, \; € R, i =1,2,...,m, or some special cases were discussed
recently3=8]. In this note, we will consider the existence of analytic solutions
of equation (*) in the complex field. Namely, we consider the equation

(1) Mf(2) + A2 fB(2) + .+ A fIM(2) = F(2),

where f(z) is an unknown function, F'(2) is a given complex-valued function
of a complex variable, and A1, Ag,..., A, are complex constants (but not
all zero).

Assume that F(z) is analytic on a neighborhood of the origin, F/(0) = 0
and F'(0) = s # 0. To find analytic solution of (1), we first seek an analytic
solution ¢(2) of the auxiliary equation

@) Mp(az) + dap(a®z) + ...+ Amp(a™z) = F(p(2)),
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where « is a root of the algebraic equation
(3) Mz+ X224+ 4+ Ap2™—5=0
and satisfies one of the following conditions:

H1)O0< || < 1;

(H2) || > 1;
(H3) |a| = 1, ¢ is not a root of unity, and
1
IOgWSKIOgn, n=2,3,...
for some positive constant K. Then we show that (1) has an analytic solution
of the form

(4) f(2) = plap™(2))

in a neighborhood of the origin. Finally, we show how to derive an explicit
power series solution by means of an example.

We begin with the following preparatory lemmas, the proof of the first
of which can be found in [1, Chapter 6].

LEMMA 1. Assume that (H3) holds. Then there is a positive number § such
that ja™ — 1]™" < (2n)% forn =1,2,... Furthermore, the sequence {dn}>>,
defined by dy =1 and

1
dp = ———— max dn,...d n=273,...
" |a"'1—1| n=nyt...4ng, {dn, nb »
0<n15...5n¢,t22
satisfies

dn < (255+1)n—1n'26, n=12,...

LEMMA 2. Assume that one of conditions (H1) and (H2) is fulfilled. Then for
any n € C, the equation (2) has an analytic solution ¢(z) in a neighborhood
of the origin such that ¢(0) = 0 and ¢'(0) = 7.

Proof. Fix ann € C. If n = 0 then the zero function satisfies the assertion.
So assume that 7 # 0. Let

(5) F(z) = Z cnz", wherec; =s.
n=1

Since F'(z) is analytic on a neighborhood of the origin, there exists a positive
(B such that

(6) leal <A™, n=23,...
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Introducing new functions @(z) = Byp(B~12) and Fv(z) = BF(B7'z), we
obtain from (2) that

MP(az) + Xed(a?z) + ... + AnB(a™z) = F(F(2)),

what is an equation of the form (2). From (5) and f(z) = BF(B71z), we
have

F(z) = BF(B~'z) = sz + Z cnBt 2"

n=2
By (6) it follows that
Cn
1 <1, n=23,...

Therefore, without loss of generality, we assume that
(7) len] <1, n=23,....
Let

o0
(8) p(z) =Y ba2"

n=1

be the expansion of a formal solution ¢(z) of equation (2). Inserting (5) and
(8) into (2) and comparing the coefficients we obtain

()\16! + /\2&2 + ..+ Ana™ - s)b1 =0
and
(9)  (Ma™+ A0 + ... 4+ Apa™ — )b,
= > Ctbuybn,.. bn,n=23,...

ni+...+ng=n;
t=2,3,...,n

Noting that « is a root of (3), we see that \ya+ Aga®+...+ Apa™ —s = 0.
Hence we choose by = 1 and by (9) we get

m—1 1
(10) (an _ a) (/\1 + Z Z /\i+lan(i_k)+k) b,
i=1 k=0
= > Cbpybn,.obn,, n=23,...
n1+...+ns=n;

t=2,3,...,n

Now, we show that the power series (8) converges in a neighborhood of the
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origin. First of all, since

n—oo (an _ O() <A1 + Z:l—l'l Ei{:o Ai+1an(i—k)+k>

there exists a positive number M, such that for n > 2,
1

(" — )M + LT Ehcg Migrani=hI k)

when either (H1) or (H2) is fulfilled. Thus if we define a sequence {B,}32

by By = |n| and

Bo,=M > BnBn,...B,, n=23,...,

ni+...+ns=n;
t=2,3,...,n

1 {—l 0< ol <1,

then in view of (10) and the inequality (7), we have
lbnl < Bp,, n=12,...

Now we define
G(z) = Z Bpz".
n=1

Since G(0) = 0, there is a positive number 6; such that |G(z)] < 1 for
|z] < 1. Then

G(z) = i Bpz" = |n|z + i Bpz"
n=1 n=2

:anMi( D Bnanz...Bm)z"
n=2

ni+...+ne=n;

t=2,3,...,n
- 2
= Inlz+ M D _[G()]" = |nlz + Ml[ﬁ((z;’)(]z)'
n=2
Hence
o) = m& + Inlz £ V1 - 2(1 + 2M)Inlz + |n|2z2}.

But since G(0) = 0, only the negative sign of the square root is possible, so
that

Glz) = 2—(1-%4—){1 +inlz - VI— 20 F 2z + ln|2z2}.
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It follows that the power series G(z) = Y oo ; Bn2z™ converges for |z| < § =
min {8y; ]-}-ﬁ(l +2M — 2v/M + M?)}, which implies that (8) is also conver-
gent in a neighborhood of the origin. The proof is complete.

Next, we consider the case when (H3) holds.

LEMMA 3. Suppose (H3) holds. Furthermore, suppose |A1| > Z:’;l(z +
1)|Aix1]. Then the egquation (2) has an analytic solution ¢(z) of the form
(8) in a neighborhood of the origin such that p(0) = 0 and ¢’(0) = 1.

Proof. As in the proof of Lemma 2, we seek a power series solution of the
form (8). Then defining b; = 1, (10) again holds so that
1
(" — ) + 7L Lo Miprani=0+E)
X > Ctbuybn, .. by,

n1+...+ng=n;
t=2,3,...,n

lbnl =

1
< m=1 .
o=t = 1}l = T3 G+ X))
X Z lCtanIang'-"lbntl

ni+...+n=n;
t=2,3,...,n

for n = 2,3,.... For convenience in writing, we put

N = (l)\1| - mz—l(z+ 1)|/\i+1|)—1.

i=1

Therefore, in view of (7), the above inequality becomes

N
lanSm Z |Ct”bn1“bn2'--~lbn¢la TL=2,3,....
ny1+...+ng=n;
t=23,...,n
Let us now consider the function
1

G(z) = m{l—{-z— VI-ZT+2Mz+ ),

which in view of the binomial series expansion can be written in the form

G(z) =z + i Cr2"

n=2

for |z2| <1+ 2N — 2/ N + N2. Since G(0) = 0, there is a positive number
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oy such that |G(2)| < 1 for |z| < o1, and G(z) satisfies the equation

[G(2)]*
G(z) = N————.
(2) =2+ Ny=ars
By the method of undetermined coefficients, one can see that the coefficient
sequence {C,}22 ; satisfies C; =1 and

Co=N Y CnChny...Cn,, n=203,...

ni+...4+ng=n;
t=2,3,...,n

Hence, we easily see that
|bn‘SCndn, n=12,...,

where the sequence {d,}32, is defined in Lemma 1. Indeed, |b;| = 1 = C1d;.
Assume by induction that the above inequality holds forn = 1,2,...,l. Then

N
|br11] < T =1 Z |6 1[6ns | - - - b, |
ni+...+ne=l+1;

t=2,3,...,n
N
< @ > Cnydn,Cnydn, ... Cn,dn,
ni+t...4+ne=l+1;
t=2,3,...,n
Cia

S max dp,...d = Cz 1dl 1
la’ — ].l ni+..+ne=l+1; { ™ nt} + +h
0<ni1<...<ny,t>2

as desired.
Since G(z) converges in the open disc |z| < ¢ = min{oy;1 + 2N —
2/ N + N2}, there is a positive A such that

Cp < A"
forn=1,2,... In view of this and Lemma 1, we finally see that
bp| < AT —1p=2 0 =12,

which shows that the series (8) converges for |z| < (A4259+1)~1, The proof
is complete. .

We now state and prove our main result in this note.

THEOREM. Suppose the conditions of Lemma 2 or Lemma 3 are fulfilled.
Then equation (1) has an analytic solution of the form (4) in a neighborhood
of the origin, where ©(z) is an analytic solution of equation (2).

Proof. In view of Lemma 2 and Lemma 3, we can find a sequence {b,}32,
such that the function ¢(z) of the form (8) is an analytic solution of (2) in
a neighborhood of the origin. Since ¢/(0) = 5 # 0, the function p~1(2) is
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analytic in a neighborhood of the point ¢(0) = 0. If we now define f(z) by
means of (4), then

Af(2) + A fB(2) + ..+ A fM(2)
= Mp(ap™(2)) + dap(a®e ™ (2)) + ... + Amp(a™p T (2))
= F(p(¢™(2)) = F(2)
as required. The proof is complete.

We now show how to explicitly construct an analytic solution of an equa-
tion of the form (1) by means of an example. Consider the following equation

(11) f(£(2)) — f(2) = F(2),
where F(z) =e* -1=3 2", %7;- Obviously, the equation

22—2-1=0

has two roots
1-+5 1+5

2 -
and 0 < || < 1, |az| > 1. For a;, by means of Lemma 2, the auxiliary
equation
(12) p(aiz) - p(a1z) = F(p(2))
has an analytic solution ¢(z) in a neighborhood of the origin such that
©(0) = 0 and ¢’(0) =7 # 0. Let

o(z) = Z b,z", by =mn.
n=1

oy =

Inserting this series into (12) and comparing the coeflicients, we get

1

(13) (e —a1)(af+on—1bn = Y Fbmbny b, m=2,3,.

ni+...+n¢=n;
t=2,3,...,n

It is not difficult to calculate the coeflicients b, by means of (13). Indeed
the first few terms are as follows:

¢"(0) _ o
bp=tl =
2! 4a1
@"'(0) _ (200 +3)7°
3! 3! 6(3ay +2)’

by =

Next, recall from the proof of the above theorem that ¢ ~!(z) is analytic in
a neighborhood of the point ¢(0) = 0. Therefore, its derivatives at z = 0
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can also be determined by

—Iv/ay 1 1 __l

M0 o]

gy O O) | g Oy () 1
R 1 0)) R 1) v

(p71)"(0)

__ {"@ 0D e~ (012 + 0" (97 1(0)) ()" (0) ' (1 (0)))?
[¢'(e=1(0)))*
L T 0)(@71)(0) 2 (0= (0)e" (97 (0)(¢™7)'(0)
[p' (=1 (0))]*
[¢"(0)n~2 ~ <p"(0)2a1—m]n2 — " (07t - 2-ne" (0)n~t
- [¢(0)]2

_ 8a; + 5
12501 + 3)n’

Finally, we determine a solution f(z) of (11) by finding its derivatives at
z=0:

F(0) = p(a1971(0)) = p(cy - 0) =0,
£1(0) = ¢’ (297 (0)) - 1 (™)' (0) = 19’ (0) (™ 1)(0)

=o1n-— = a,
n

etc.

£(0) = afe" (107 (0) (™) (0)] + an' (1™ (0)) (1) (0)

2
2 -2 ’ 1\ 2 7 _9 1
(O™ + arp' O)(6™)"(0) = ot g 07 - aun-
_a]_—l
= 7

£(0) = 9" (a1971(0)) - far (™)' (0))?
+¢"(e1971(0)) - 201 (1) (0) - cu(p™1)"(0)
+ 9" (@171 (0))a(p™1)'(0) - an (p™1)"(0)
+¢'(e1971(0)) - ea(p™1)"(0)
da; +1
T 12Ba; + 2)
Thus, the desired solution is

etc.

f(z) =1z + 2 z z
4 72(301 + 2)
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For a3, by means of the same method we can obtain
2—1,  Bag+1
z
4 72(3ag + 2)
It is clear from the above procedure that with the help of commercial soft-

ware which is capable of doing exact differentiations, an arbitrary number
of terms of the above series can be obtained.

23+...

f(z) = nz+ 2
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