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THEOREMS ON IMPULSIVE PARABOLIC 
DIFFERENTIAL-FUNCTIONAL INEQUALITIES 

Abstract. Theorems on weak parabolic differential-functional inequalities together 
with initial boundary inequalities and impulsive inequalities, and on uniqueness criteria 
of solutions of parabolic differential-functional problems in arbitrary parabolic sets axe 
proved. 

1. Introduction 
The aim of the paper is to prove theorems on weak parabolic differential-

functional inequalities together with initial-boundary inequalities and impul-
sive inequalities. As a consequence of these theorems we obtain uniqueness 
criteria of classical solutions of nonlinear parabolic differential-functional 
problems. 

The results of the paper, concerning classical parabolic differential-func-
tional inequalities, are related to positions [4]-[6] and [8]. 

A theorem on weak inequalities with initial-boundary inequalities for 
unbounded solutions was proved in [5] under an assumption that a stifling 
divisor exists. In Section 3 of this paper we prove an analogous theorem for 
bounded solutions of a nonlinear system of inequalities assuming that the 
solutions satisfy a certain condition at infinity. The idea of the proof of the 
theorem was drawn out from [6]. 

To prove the theorems from Section 4 on impulsive parabolic problems 
some results given in papers [l]-[3] are applied. 

Recently, parabolic problems together with impulsive inequalities with-
out the functional argument have been considered in [7]. 

Key words and phrases: differential-functional inequalities and equations, parabolic 
problems, impulsive problems, uniqueness criteria. 
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2. Preliminaries 
For any vectors 2 = (zi,..., zm) G Rm, z = ( ¿1 , . . . , zm) G Rm we write 

z < z if Zi < Zi (i = 1 , . . . , m). 
Let E c Rn+1 be an open set such that the projection of E on the t- axis 

is the interval (0, T), T < 00. By D we denote a set of the points (t, x) G E 
for which there exists a number p > 0 such that {(i, x) : i(xj ~ + 
(t-t)2 <p,t< t}c E. 

It is clear that E C D c E. Let 

a := (dE n ((0, T] x Rn))\D, S0 :=E n ({0} x Rn) 
E := <7 U So-

For any t G (0, T) and for any r > 0 we define the following sets: 

St •= {xeRn : (t,x) 6 D}, 
D* : = D D ( ( 0 , i ] x Rn), 

Dl := D* fl {(t,x) € Rn+1 : |x| = r}, 
(0% := D* fl {(t,x) G Rn+1 : |x| < r } 
Z{St) :={z\z:St3x^ z(x) € Rm}. 

ASSUMPTION A. For each i E { L , . . . , m } , we assume that a1 is a subset 
(possibly empty) of a and ll is a direction such that for every (t, x) € crl 

the direction ll — ll(t, x) is orthogonal to the t-axis and the interior of some 
segment starting at (t, x) in the direction ll is contained in D. The functions 
a* : a* R+, f3l : a1 R+, where > P > 0 (t = 1 , . . . ,m), are 
given. 

We define two sets: a := UHi o"', D := D U cr. 
For each i G { 1 , . . . , m} a function ul : D U cr1 —* R is said to be al-

regular in D if ul is continuous in OUcr' and the derivatives ul
t,ul

x, ul
xx are 

continuous in D. 
We write u : D —> Rm if u' : D U cri R for every i G { 1 , . . . , m}. 
A function u : D —>• Rm is called a-regular in D if u% (i — 1 , . . . , m) are 

<7l-regular in D. 
We denote by C<t(D) the set of functions u : D —* RM which are a -

regular in D and by C°(£>) the set of the functions belonging to Ca(D) and 
bounded in D. 

For every set E C i ? 1 + n we denote by dist(P, E) the distance between a 
point P and the set E. 

DEFINITION 2.1. We say that a function u G Ca(D) satisfies a boundary 
condition (BC ) with the constant h > 0 if: 
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(1) For every P„ = (t„, xv) € D such that l im^oo dist(P„, £ \ a1) = 0 
we have 

l imsupiA*^, x„) < h (i = 1 , . . . ,m) ; 
V—too 

(2) For every (i, x) E crl (i = 1,. . . , m) we have 

/^(i, x) - a\t, x)DliUi(t, x) < hp, 

where /3 is the constant from Assumption A and 

DiiUl(t,x) : = l imsu j? T _ + o+~ [ l l l ( ^ ) 1 + Tvers ll(t,x)) — ul(t,x)]. 
T 

Definition 2.2. A function u G Ca(D) satisfies a ¿irmi condition ( L C ) if 

limsup ti l ( i ,x) < 0 (i = l , . . . , m ) 
|x|—+00 

(t.xJeDUir' 

almost uniformly with respect to t. 

For each i € { 1 , . . . , m} consider the mapping 

f : D x Rm x Rn x Rn* x Z ( 5 t ) 9 ( t , x , u , q , r , z ) f(t,x,u,q,r,z) G fl, 

where q = (<Zi> • • • > 9n)> r = [i"ifc]nxn, and an operator P* given by the 
formula 

(Plw)(t, x) : = w j ( i , x ) - / l ( t , x, u>(t, x),wlx(t, x),wlxx(t, x), w(t, •)), 

w e Ca(D), (t, x) € D, 

where to* := gradj-w^t, x) and w\.x := (z = 1,.. . , m). 

For each i 6 {1 , . . . , m} the function fl is said to be parabolic in a subset 
S C D with respect to a function u € Ca(D) if for every real square sym-
metric matrices r = [rjk], f = [fjk] and (t,x) G S the following implication 
holds 

r <f f%(t, x, u(t, x), ux(t, x), r, u(t, •)) 

< f l ( t , x, u(t, x), ux(t, x), r, u(t, •)), 

where t < f means that the inequality J2J k=i(rjk ~ ~ < 0 is satisfied 
for arbitrary vector A = ( A i , . . . , A n ) G Rn. 

3. Differential-functional inequalities with initial-boundary 
inequalities 
We introduce the following assumption: 
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ASSUMPTION B . There exists a function M : D x Rm x Z(St) ->• Rn such 
that for (t , x) € D,q e Rn,r € Rn* andz,z:D-+ Rm we have 

(3.1) f ( t , x, z(t, x), g, r, z(i, •)) - x, x),q, r, z(t, •)) 
< M\t, x, z(t, x) - z(t, x), z(t, •) - z(t, •)) 

in the set {(i,x) G D : zl(t,x) > zl(t,x)} (i = 1 , . . . ,m). 
Moreover, there exists a constant K G R+ such that for arbitrary func-

tion w : D —» i2m bounded from above in D the functions Ml (i = 1 , . . . , m) 
satisfy the inequalities 

(3.2) M\t, x, w(t, x),w(t, •)) < K max sup wp(t, x) 
P xeSt 

in the set {(t,x) 6 D : u>l(i, x) > 0} (i — 1,... ,m). 

THEOREM 3.1 . Suppose that: 

1. Assumption B is satisfied; 
2. u,v€ Ca(D) and < (P^ ) ( i , x ) for 

(t, x) e Ni := {(t, x) G D : u^i , x) > ^ ( i , x)} (i = 1 ,2 , . . . , m); 

3. u — v is bounded from above in D and satisfies the condition (LC) and 
condition (BC) with the constant h = 0; 

4. fl is parabolic with respect to u or v in Ni (i = 1 , . . . , m). 
Then 

(3.3) u(t,x) <v(t,x) for (t,x)eD. 

P r o o f . We will show that 

(3.4) u(t,x) < v(t,x) for (t,x)eDT°, 

where 0 < To < arguing by contradiction. Suppose that inequality (3.4) 
is not true, i.e., 

max sup [V(t, x) — vl(t, x)l = H > 0. 
I DTO 

Obviously, there is an index j € {1 , . . . , m} such that 

sup [uj(t, x) - vj(t, x)]= H > 0. 
DTO 

By condition (LC), there exists ro > 0 such that 

sup (uJ — i>J)(i, x) = H. 

Next, define an auxiliary function w by the formula 

(3.5) w(t,x) :=uj(t,x)-vj(t,x 
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where y < A < H, (i, x ) € DT°. Function w has the following properties: 

( i ) w(t,x) < H for ( i , z ) € DT°, 

(ii) w satisfies the conditions ( B C ) with the constant h = 0 and ( L C ) , 

(iii) if u> := sup^TQ^—w(t,x), then 

H >lj > sup - vj)(t, x) - A] = H - A > 0. 

(DT°)r0 

Condition (LC) implies that for e = f there exists r\ > such that for 
every r > r j we have 

(3.6) w(t,x)< ^ for (t, x) G . 
¿i 

Consequently, 

SUp w(t, l ) = UJi > u > 0. 

Observe, from inequality (3.6), that u>i cannot be reached on the boundary 
and in the exterior of the set (DT°)ri belonging to DT°. Put 

DT°{p) := {P G ( D T ° ) r x : dist(P, ( E r ° ) r J > p}, 

D0(p) := (DT°)ri\DT°(p). 

Arguing analogously as in Theorem 1 from [5], we obtain that ui cannot be 
reached close to the boundary (E T ° ) r i , i.e. there exists po > 0 such that 

(3.7) sup w(t, x) = W2 < 

(t,x)eD0(po) 

Fix po > 0 for which (3.7) holds. Let pi := f and £>i := DT°(p1). Since 
the function w is continuous in Dj_ and w(t,x) < u>2 < u>\ for ( t , x ) € dD\, 

there is (t, x) € intD\ such that 

w(t,x)= max w(t,x) = Uj. 
(trfzD! 

Therefore, 

(3.8) wt{t, x) = ui(i, x) - vi(i, x) - A > o, 
-to 

Wx(t,x) = u3x(t,x) - vl(t,x) = 0, 
n n 

2 Wx,xk(i,x)Xi\k = ] T ( u i l X k { t , x ) - vilXk(i,x))Xi\k < o. 

l,k=l l,k=1 
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On the other hand, by (3.5), by Assumptions 2,4 of Theorem 1 and by 
Assumption B, we obtain 

w t ( t , + =r = x ) - v f ( i , x ) 
J-o 

< P(i,x,u,uJ
x,u:>xx,u(:t,-)) - f j ( i , x , v , v i , v J

x x , v ( t , - ) ) 

- fJ ( t , X, v, v i , u3
xx,v(t, •)) + p ( t , X, V, v3

x,u3
xx>v(i, •)) 

< M j ( t , x , u - v , u ( i , •) - v ( t , •)) 

< K sup (uj ( t , x ) - v j ( t , x ) ) < K H . 
St 

Consequently, 

( 3 . 9 ) w t ( t , x ) < K H - < 0 . 

Since (3.9) contradicts to (3.8) then (3.4) holds. 
Assuming that for certain integer m inequality u(t, x) < v(t, x) holds in 

the set DmTo \ and repeating the above argumentation, we can 
prove that u ( t , x ) < v ( t , x ) in ( t , x ) € \ DmTo. 

The proof of Theorem 3.1 is complete. 

Consider the following problem (called a mixed parabolic differential-

functional problem): 

(3.10) ( P i u ) ( t , x ) = 0 for ( i , i ) 6 5 ( i = l ro), 
(3.11) u i ( t , x ) = <j>[(t,x) for ( t , x ) 6 S\tr i (i = l , . . . , m ) , 

du{ 

(3.12) ( 3 \ t , x ) u \ t , x ) - a \ t , x ) = <f>l
2(t, x) 

f o r ( i , x ) E cr® (i = 1 , . . . , m), 

where <f>\ : E\al —> R and <f>\ : a1 —• R (i = 1 , . . . , m) are given functions. 
A function u € Ca{D) is said to be a solution of problem (3.10) — (3.12) 

if: 

(a) the derivatives ^ r (i = l , . . . , m ) are finite on a1 (i = 1 , . . . , m ) , 
respectively, 

(b) u satisfies formulas (3.10) and (3.12) , 
(c) lim(tia.)_(fi5) i t^t.x) = <j>[(t,x) (i = 1 , . . . , m ) for all ( t , x ) € S \ 

(t,x)£D 
a1 (i = 1 , . . . , m). 
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Let 

LC„(D) := lu e C°(.D) : lim u\t, x) = 0 (i = 1 , . . . , m), 
L |®|-»oo 

(t,x)6DUai 

almost uniformly with respect to t|. 

As a consequence of Theorem 3.1 we obtain the following theorem about 
the uniqueness of a classical solution of the parabolic differential-functional 
problem (3.10)-(3.12). 

THEOREM 3.2. Suppose that Assumption B is satisfied. Then, in the class of 

all functions u belonging to LC^(D) such that the functions f l (i = 1,... ,m) 

are parabolic with respect to u in D, there exists at most one function u 

satisfying the mixed parabolic differential-functional problem (3.10)-(3.12). 

4. Differential-functional inequalities with impulsive inequalities 
The aim of this section is to prove Theorem 4.1 about weak nonlin-

ear parabolic differential-functional inequalities with nonlinear impulsive in-
equalities and initial-boundary conditions. The Assumption B of Theorem 
4.1 is quite different than assumptions considered in papers [X]—[3]. 

Let s 6 N be an arbitrary fixed number and let i i , <2, • • •, ¿s be given 
real numbers such that 0 = to < h < h < • • • < ts < T. For any t G (0 , T ) 
we define 6t D fl ( { t } x Rn) and introduce the following sets 

s s 

j=l j=1 

where 

Dj := Dn [ ( t j , i j + i ) x i?n] ( j = 0,1, . . . ,s - 1), 

Ds :=£>n [(ts>T\ x ¿2"]. 

Let E* := (a\<5*)US0. 
Assumption C. For each i € { l , . . . , m } , we assume that cr® is a subset 
(possibly empty) of cr\6* and ll is a direction such that for every (t, x) 6 a\ 
the direction ll = P(t,x) is orthogonal to the t-axis and the interior of some 
segment starting at (t, x) in the direction ll is contained in D. We assume 
that the functions a1 : cr* —> R+, ¡3l : o\ —> i? + ) where /3l(t,x) > ¡3 > 0 (i = 
1,..., m), are given. 

We will need two sets 

m 

¿=1 
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For each i G { l , . . . , m } , a function ul : D U cr* —• R is said to be 
a\-regular in D if: 

(i) u1 is continuous in (D U , 
(ii) for every (i, x) € 6* and for each sequence {tv,xv) 6 D* such that 

tv > t \tv < t] and lim^— ôoitjy, xu) = (t, x), the limit lim^_00 ul(tu,xu) (i = 
1 , . . . ,m) is finite (obviously this limit does not depend on the choice of the 
sequence (i„, x„)), it will be denoted by ul(t+,x) [u l(i~,x)], respectively 
and ul(t,x) := ul(t+,x), (t,x) e 6 

(iii) u\,ulx,uxx are continuous in D+. 
We write u : D* Rm if u* : D U cr* R for every i € { 1 , . . . , m}. 
A function u : D+ —> Rm is called a*-regular in D if ul (i — 1,.., m) are 

cr*-regular in D. 
We use the notation PCa{D) := {u : £>* —> Rm : u is ovregular in D}. 

DEFINITION 4 . 1 . We say that a function u £ PCc(D) satisfies a boundary 
condition (BC)+ with the constant h > 0 if: 

(1) For every Pv = (tv , x„) € such that lim^oo dist(P1/, E* \ cr\) = 0 
we have 

limsupu l(t„,x„) < h (i = l , . . . , m ) ; 
v—*oo 

(2) For every (i, x) 6 &1 the inequalities 

0{(t, x)u\t, x) - a\t, x)DliUi(t, x)<h(3, (* = 1,..., m), 
are true, where ¡3 is the constant from Assumption C and 

DiiUl(t,x) = lim supT_+0+ — [ut(t,x + rvers ll{t,x)) — ul(t, x)]. 
T 

DEFINITION 4 . 2 . A function u E PCa(D) satisfies a limit condition (LC)* 
if 

limsup u l ( i ,x) < 0 (i = l , . . . , m ) 
|x|—»00 

almost uniformly with respect to t. 
For each i e { 1 , . . . , m} consider the mapping 

fl : D+x Rm x Rn x Rn2 x Z(St) 3 (t, x, u, q, r, z) /¿(t, x, u, q, r,z)eR 
and an operator P* given by the formula 

( P » ( t , x) := ttfi(t, x) - fl(t, x, w(t, x),wlx(t, x),wlxx(t, x),w(t, •)), 
w € PCa(D), (t,x) € £>*. 

For each i 6 { l , . . . , m } , the function /* is said to be parabolic in a 
subset S C D+ with respect to a function u 6 PCa{D) if for every real 
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square symmetric matrices r = [rjk], f — [rjk] and (t,x) € S the following 
implication holds 

r<r=>fl(t, x, u(t, x),ux(t, x),r, u(t, •)) < 
fl(t, x, u(t, x), ux(t, x), r, u(t, •)), 

where r <f means that the inequality < 0 is satisfied 
for arbitrary vector A = (Ai,..., An) G Rn. 

For each i G {1,..., m} consider the function 
h* : <5* xRm -» R. 

ASSUMPTION D . The functions h% (i = 1 , . . . ,m) satisfy the following con-
dition 

(z, z G Rm, z < z) (z* + h*(t, x, z) < zl + h\t, x, z)) 
for (t, x) G <5* (i = 1 , . . . , m). 

THEOREM 4 . 1 . Suppose that: 

1. Assumption B, where f and D are replaced by /* and D+, respectively, 
is satisfied; 

2. u,v G PC„(D) and (P>)(i,x) < (P*v)(t, x) for (t,x) G ft, := 
{(t, x) G D+ : v.% x) > v% x)}, (i=l ,2,... ,m); 

3. u — v is bounded from above in D and satisfies conditions {BC)+ with 
the constant h = 0 and (LC)+, and the impulsive inequalities 

ul(t, x) — ul(t~,x) — hl(t, x, u(t~,x)) < vl(t, x) — v\t~, x) — hl(t, x,v(t~, x)) 

for (t,x) G where hl (i = 1 ,...,m) are given functions satisfying As-
sumption D; 

4- fl(i = l,...,m) are parabolic with respect to u or v in fij (i = 
1 , . . . , m ) . 

Then 

(4.1) u(t,x) <v(t,x) for ( t , x ) e D . 

Proof. To prove inequality (4.1) consider the following problem: 
(4.2) (P>)(i,x) < (P>)(i,x) for (t,x) G n [(ifc>Tfc+i] x Rn] 

(i = 1 ,...,m); limsup^oJu t̂i,,®,,) - vl(tv,xu)] < 0 for Pv = 
(t„, xv) G DC) i(tfc, Tfc+i] x such that lim,,-«, dist(P„, [6lfc U (£* \ 
<)} n [[ifc, Tk+1] xRn]) = 0(i = l,...,my,l3i(t,x)(ui- v'Xt, x) -
a (t,x)Dii(ui - s) < 0 for (t,x) G aj fl [(ifc>Tfc+i] x iin] 
(» = 1,... ,m), 

for k = 0,1,..., s, where to = 0, 6to = So, Tk+i(k = 0,1,..., s — 1) are the 
arbitrary numbers such that tk < Tk+i < ifc+i and Ts+1 = T. 
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First, consider the problem (4.2) for k = 0. By the assumptions of Theo-
rem 4.1, corresponding to this problem, we obtain, by Theorem 3.1 applied 
to the set D n [(0, Ti] x Rn], the inequality 

(4.3) u(t, x) < v(t, x) for (t, x) G D D [(0, Tx] x i?n]. 
Consequently, 
(4.4) u(t, x) < v(t, x) for (t, x) G D n [(0, tx) x i T ] . 

By (4.4) and by the fact that u,v e PCa(D), 
(4.5) u(t~,x) < v(t~,x) for (t,x) G <5tl. 
Prom inequality (4.5) and Assumption D we obtain 
(4.6) u\t~,x) + h{{t, x, u(t~,x)) < v^t', x) + h^t, x, v(t~,x)) 

for (t,x) € 6^(1 = 1 , . . . ,m) . 
Inequalities (4.6) and Assumption 3 of Theorem 4.1 imply that 
(4.7) u(t, x) < v(t, x) for (t, x) G Stl. 
By (4.4) and (4.7), 
(4.8) u{t, x) < v(t, x) for (t, x) G D n [(0, ix] x Rn]. 

Now, consider the problem (4.2) for k = 1. By the assumptions of The-
orem 4.1,corresponding to this problem, we obtain, by Theorem 3.1 applied 
to the set D n [(h,T2] x Rn], the inequality 

(4.9) u(t, x) < v(t, x) for (t, x) G D D [(¿i, T2] x i?n]. 
Prom (4.8) and (4.9) we have 

(4.10) u(t, x) < v(t, x) for (i, x) G D n [(0, T2] x Rn]. 
Consequently, 
(4.11) u(t,x) <v(t,x) for (i, x) (E D n [(0, t2) x i ln] . 
By (4.11) and by the fact that u,v G PCa(D), 
(4.12) u(t~,x) < v(t~,x) for (t, x) G St2. 
Prom inequality (4.12) and Assumption D we obtain 
(4.13) x) + h^t, x, u(t~, s)) < x) + h^t, x, v(t~,x)) 

for (t, x) G Stl (i = l,...,m). 
Inequalities (4.13) and Assumption 3 of Theorem 4.1 imply 
(4.14) u(t, x) < v(t, x) for (t, x) G St2. 
By (4.11) and (4.14), 
(4.15) u(t, x) < v(t, x) for (i, x) G D n [(0, t2] x Rn]. 
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Repeating the above procedure (s — 2)-times, we have 
(4.16) u(t, x) < v(t, x) for (t, x)eDC) [(0, ts] x Rn]. 

Finally, consider the problem (4.2) for k = s. By Theorem (3.1), we get 
the inequality 
(4.17) u(t, x) < v(t, x) for (t, x) G D n [(ts,T] x i in] . 

Inequalities (4.16) and (4.17) imply u(t,x) < v(t,x), (t,x) 6 D. 
The proof of Theorem 4.1 is complete. 
Consider the following mixed impulsive parabolic differential-functional 

problem: 
(4.18) (P>) ( i ,x ) = 0 for (t,x)eD* ( t = l , . . . , m ) ; 
(4.19) u\t,x) = (f>[(t,x) for (i .s) e E*Vi (» = ! ,••• , m); 

du{ 

(4.20) ?frx)u\t,x) - al{t,x)-^r(t,x) = <j>\{t,x) 

for (i, x) 6E cr\ (i = 1 , . . . , m); 
(4.21) ul(t,x) — ul(t~,x) — hi(t,x,u(t~ ,x)) = <f)\ (t,x) 

for ( i , i ) 6 5* (i = 1 , . . . ,m); 
where <f>\ : S*\<r* —• i?, (j>l

2 '• R and : <5* —> R (i = 1 , . . . ,m) are 
given functions. 

A function u G PC^D) is said to be a solution of problem (4.18) — (4.21) 
if: 

(a) the derivatives ^jr (i = l , . . . , m ) are finite on a \ (z = 1 , . . . , m ) , 
respectively; 

(b) u satisfies formulas (4.18), (4.20) and (4.21) ; 
(c) lim(t)I)_>(t,x) x) = <p\{t,x) (i = l , . . . , m ) for all (t,x) G £* \ 

(t,i)er» 
( t = l , . . . , m ) . 
Let 

LPCa{D) := | u G PCa{D) : lim u i(i ,x) = 0 (i = l , . . . , m ) , 

(t,i)eD,u<Ti 

almost uniformly with respect to t ^ . 

As a consequence of Theorem 4.1 we obtain the following one: 
THEOREM 4 .2 . Suppose that Assumption B, where f and D are replaced 
by f* and D+, respectively, is satisfied and the functions hl (i = 1,... ,m) 
satisfy Assumption D. Then in the class of all functions u belonging to 
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LPCcr(D),bounded in D and such that the functions fl (i = 1,..., m) are 
parabolic with respect to u in D, there exists at most one function u satisfying 
the mixed impulsive parabolic problem (4.18)-(4.21). 
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