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O S C I L L A T O R Y B E H A V I O U R O F T H E S E C O N D - O R D E R 
N O N L I N E A R N E U T R A L D I F F E R E N T I A L E Q U A T I O N S 

W I T H D I S T R I B U T E D D E L A Y 

Abstract . In this paper, the oscillatory behaviour of second-order nonlinear neutral 
differential equations with distributed delay was examined, some exciting results were 
obtained which developed some traditional results in history. 

1. Introduction 
Consider the nonlinear second-order neutral differential equation 

b d 

(1) [x(t) + \x(t-9)dfi(t,6)]"+ \f(x(t-s)dri(t,s) = 0, t>tQ, 
a c 

where a, b, c, d are nonnegative constants, the functions fi(t, 0) and r)(t, s) 
are continuous in t G [to, oo), of bounded variation in 9 6 [a, b] and s E [c, d], 
respectively. 

Let us give the following two basic hypotheses: 

Cffi) o < WUmM) < 1, vsd=cV(t,s)> 0, 
(H2) f(x) > k > 0 , 

for some positive constant k and for x / 0. 
The neutral differential equations have many applications in various 

fields such as dealing with vibrating masses attached to an elastic bar and 
in some variational problems (see [1]). 

In [2], [3] there was discussed the oscillatory behaviour of the following 
delay differential equation 

( £ i ) x"(t) + q(t)x(t - r ) = 0 , 
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in [4] the results of [2], [3] were extended to 

(E2) [ x ( t ) + p(t)x(t - T)]" + q(T)x(t - a ) = 0 , 

and in [5] to the second-order neutral delay differential equation 

( £ 3 ) [ s ( i ) + p(t)x(t - T)}" + q ( t ) f ( x ( t - a)) = 0 , 

including (E\), (E2) and the ordinary differential equation 

( £ 4 ) x"{t) + q{t)x{t) = 0 . 

Obviously (E\)-{EI) are special cases of (1). 
In this paper, we will discuss the more generalized form of Eq.(l) by 

using Riccati technique due to Kamenev [6] and Yu [7], and the method 
of the integral mean value due to Wintner [8], Hartman [9], Coles [10] and 
Willett [11]. 

2. Main results 
Let 

6 

z ( t ) = x ( t ) + \ x ( t - 0) d f i ( t , 6), 

a 

c(t) E C%,oo) be a given function, a(t) = exp{—2 J c(s) ds} and 

d 
il>(t) = a(t){k[V?=eri(t, s) ~ J WUM* - 5,0)drt(t, 5 )] + c \ t ) - c'(t)}. 

c 

At first we give the following five lemmas. 

L E M M A 1. Letx(t) be an eventually positive (negative) solution o f ( 1 ) . Then 

z ( t ) and z'(t) are nonnegative. 

P r o o f . In view of (Hi), it is clear that z(t) > x(t) > 0, t > To, for some 
To > t0- the following we will see that z'(t) is nonnegative. Actually, 
according to (1), we have z"(t) < 0 for t > to, this indictates that z'(t) is 
decreasing. Hence, if there is Ti > To such that z'(Ti) < 0, then 

z ( t ) < z(Ti) + ( i - T i ) z ' ( T i ) - o o , t —> 0 0 , 

which contradicts to z(t) > 0 for t > To- So the proof is completed. 

R E M A R K 1. From the proof of Lemma 1 we can obtain that, if Vf=cr}(t, s) > 0 
for t > to and x ( t ) is a nonoscillatory solution of (1), then z ( t ) z ' ( t ) is 
eventually positive. 
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LEMMA 2. If ( 1 ) is nonoscillatory, then there exists a number T\ > to and 
a function v(t) G C ^ p i , o o ) such that 

(2 ) v ' ( t ) + m + < o, t > T i . 
a{t) 

P r o o f . Without loss of generality, assume that x(t) > 0 for t > T\ and for 
some T >tQ. By Lemma 1 and (H2) as well as (1), we can get 

d 

z"(t) + \ f ( x ( t - s ) ) d r j ( t , s ) = 0, 

so 

and 

hence 

z"(t) + k J x(t - s) dr)(t, s) < 0 

z"(t) + k\[z(t - s) - \ x(t - s - 6) dß{t - s , 6»)] dr¡(t, s) < 0, 

z"(t) + k ( J [1 - VtaM(i - a, #)] dV(t, a ) )z( i - d) < 0. 
c 

Now define 

v(t) = a(t) 
z'(t) 

I z ( t - P ) 

for some positive number ¡5, then 

+ c(t) , t > Ti > T, 

( 
v \ t ) < - 2 c ( t ) v ( t ) + a(t) I - k ( J [1 - VtaM* - e)} dr¡(t, s)) 

z'(t)z'(t - ß) 

- z 2 ( t - ß ) + C { t ) 

( d 

< - 2 c ( t ) v { t ) + a(t) I - k ( j [1 - Ve
b

=afM{t - S,d)] dV(t, *)) 

Í d 

< — 2c(t)v(t) + a(i)< - Ä ( J [1 - - a, 0)] di/Ci, a)) 
x r 
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2 

v2(t) 
a(t) 

and the proof is completed. 
In what follows, let us use the conception of the integral mean value to 

introduce other lemmas. Let S be the set of all nonnegative locally integrable 
on [¿o> °°) functions g satisfying the condition 

t 1_ 

(3) ü m ^ a j í f a ) Q[Ga(oo) - Ga(t)] > 0 

for some a € [0,1), where 

( T f f ( W " 1 Ga(t) = \tg(s) ds. 
I\sa(6)g*(6)d6\ 

If Ga(oo) = oo in (3), we consider that g 6 S. And let So be the set of all 
nonnegative locally integrable on [io, oo) functions g satisfying 

( 4 ) l i m = o. 
(fg(s)ds)2 

In order that either (3) or (4) holds for a nonnegative locally integrable 
function g, it is necessary that g is not integrable on [io, oo), i.e. 

oo 
(5) ^ g(s) ds — oo. 

Every element in S or So is called a weight function. And it is clear that 
So C 5 . 

Let g € S and define 

, , f g(6)\STp(u)dud6 

L 9(u) du 

LEMMA 3. Let v(t) be a solution of inequality (2). If there exists g € S 
satisfying 

(6) limt^ooAj(-,i) > -oo , 

then 

\ —¿-J- ds < oo. J a(s) 
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L E M M A 4 . If inequality ( 2 ) has a solution v{t) satisfying 

\ - f - f ds < oo, J a(s) 

then limt_>00Aa(., t) < oo for any g € Sq and 
°° v2rs\ 

lim AJu, t) < v(u) - \ ds. t-»oo a J a(s) u v ' 
/n addition, if 

oo 
(7) 

T 

then 
oo oo 2/ \ 

(8) w(u) > \il>{s)ds+ \ ^-—ds. J J a(s) 
u u s ' 

The proofs of Lemmas 3 and 4 are similar to those of Lemmas 2.3 and 
2.4 in [5]. 

L e m m a 5 ( [ 1 1 ] ) . Assume that B(t) and Q(s,t) are nonnegative continuous 
functions for T < s,t < oo. If there exists e > 0 such that 

oo 
(9) \ Q{s,t)B2(s)ds> -(i + e)B(t)£0, t>T, 

t 4 

then the inequality 
oo 

(10) v(t) > B(t) + J Q(s, t)v2(s) ds, t > T, 
t 

does not have a continuous solution v(t). 

Now we will give out our main results. 

Theorem 1. If there exists g G 5 such that (6) holds, then either (1) is 
oscillatory or limt_>00i4./l(-)i) < oo for each h 6 So-

P r o o f . Suppose that (1) is nonoscillatory. According to Lemma 2, there is 
a function v € C1 such that (2) holds on [T, oo). Then, by Lemma 3, we 
have 

\ ds < OO. J a(s) 
Hence, by Lemma 4, we have limt_00j4/1,(.,i) < oo for each h £ Sq, and our 
proof is completed. 
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C O R O L L A R Y 1. If 

OO J oo 
\ —7—- ds — I ib(s) ds = 00, 
J a(s) J 

then (1) ¿5 oscillatory. 

C O R O L L A R Y 2. If 

1 * 
( 1 1 ) \im -z\a(s)ds = 0, 

t—+ 00 t J 

1 ts 

(12) U r n - 5 5 ^ ( 0 ) <*0<fo = oo, 

then (1) is oscillatory. 
The proofs of Corollaries 1 and 2 are similar to those of Corollaries 3.4 

and 3.5 in [5]. 

T H E O R E M 2. Suppose that Vf=cr](t,s) > 0 on [to, 00) and that there is a 
nonnegative locally integrable function g on [¿o, 00) satisfying (4). If 

00 
(13) \ip(s)ds< oo, 

T 
1 0 0 

(14) \imt{—\^s)ds-c(t)}>l 
t->00 a(t) Jt 

hold, then (1) is oscillatory. 

P r o o f . Suppose that x(t) is nonoscillatory solution of (1). Without loss of 
generality, x(t) > 0 for t > T0 > t0. Since Vsd=cr](t,s) > 0, it follows from 
Remark 1 that z'(t) > 0 is decreasing on [T, 00) for some T > Tq + b + d. 
Let 

(15) v ( í ) = a ( í ) { _ £ ^ L _ + c ( í ) } ) t > T , 

then (2) holds. By (13) and Lemma 4, we can get the inequality 
00 00 2/ \ 

v(t) > \ Ms) ds + t ds, t > T, 
t t a& 

indicating that 
00 

v(t) > \ i/>(s)ds, t>T. 
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Since z'(t) is positive and decreasing on [T, oo), so 

z ( t - b - d ) _ z(T) + *'(«)ds t-b-d. 
_ >T 

tz'(t) tz'(t) 

z(T) + z ' f t - & - d)(t - b - d - T ) 

tz'(t) 

z(T) + - b - d - T ) t - b - d - T 

tz'(t) ~ t ' 

This and (15) imply 

1 °° (t) 
; » { _ S < 2 ¡ n ^ - W } 

tz'(t) 
= lim —: 7 < lim : : — -- 1, 

t—xx> z(t - b - d ) ~ t-Kx>t - b - d - T 

which contradicts (14). This contradiction proves that (1) is oscillatory. 

T H E O R E M 3 . Assume that there is aT > 0 such that 
oo 

( 1 6 ) F ( t ) = J TJJ(S) ds > 0 , t > T . 

Let 

m = ]^TTE(s,t)ds^àO, t > T , J a[s) 
t 

where E(s, t ) = exp{2 \s
t(F(6)) dQ} f o r s > t > T . If 

( 1 7 ) * ( t ) = o o or \ - ± l E ( s , t ) d 8 > - ( l + e)$(t), 
* a(s) 4 

for all t >T and for some e > 0 , then (1) is oscillatory. 

COROLLARY 3 . Let F(t) and $(t) be as in Theorem 3 . If 

(18) # ( i ) > i ( l + £)F(i) , 

for allt>T and for some e > 0 , then (1) is oscillatory. 

COROLLARY 4 . Let F{t) and ${t) be as in Theorem 3 . If 

( 1 9 ) Y ^ D S > I ( I + £ ) J P ( I ) ) 

for allt>T and for some e > 0 , then Eq. ( 1 ) i s oscillatory. 

The proofs of Theorem 3 and Corollaries 3, 4 are similar to those in 
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3. Examples 

EXAMPLE 1. L e t u s c o n s i d e r t h e e q u a t i o n 

2ir 7r 
(20) [x(I) + J x(t - e) dn{t, 0)}" + j x(t - s) drj(t, s) = 0, t > 2TT, 

0 0 

w h e r e 

(A, for 6 E [ 0 , 2 n ) , ( B, for s € [ O . T T ) , 

K t ' a ) = \ l k , * = **> V { t ' S ) = \ ^ , for- = i r , A > 0 

a n d A , B , A a r e s o m e c o n s t a n t s . N o w let c(t) — — t h e n a(t) = t a n d 

i>(t) = T - F - L e t g(t) = t h e n 

l i m = 0 ) 

(J 9(s)ds)2 

T ^ S U ' H I , m m s = + o o 

L s ( s ) d s 

for A > T h e r e f o r e , b y T h e o r e m 1 , t h e e q u a t i o n ( 2 0 ) i s o s c i l l a t o r y . 

EXAMPLE 2 . C o n s i d e r t h e e q u a t i o n 

2 1 

(21) [x(t) + \x(t-9)dn(t,9)]"+ \x{t-s)drj(t,s) = 0, t> 2, 
o o 

w h e r e 

J M , for 0 6 [ 0 , 2 ) , 
= S i , 0 - 2 

/ A T , for s € [ 0 , 1 ) , 

7 ? ( i ' S ) - l i F + t ^ T - for s = 1 , A > 0 

a n d M, N, A a r e s o m e c o n s t a n t s . 

N o w set c{t) = - ± ( ± + tnt^), t h e n a(t) = i l o g i a n d V ( i ) = -

- F T ^ F t - L e t 9(t) = n i t ' t h e n 

Sj> a(s)92(s) ds 1 n l i m = l i m - — ; — - — - = 0, 
i _ M X > ( f 2 s ( s ) d s ) 2 log log i - l o g log 2 

— l \ g ( 8 ) \ l m d S d s _ g , 4 A - l 1 A w 
l i m — r - = = l i m \ ( — : —x 5 — ) d s — 00, 

t _ > 0 ° l l 9 ( s ) d s i _ > ° ° 2 4 s s 2 l o g 2 « 

for A > 4 . T h e r e f o r e , b y T h e o r e m 1 , t h e e q u a t i o n ( 2 1 ) is o s c i l l a t o r y i f A > 
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EXAMPLE 3. Consider the delay differential equation 
1 

( 2 2 ) x"(t) + \f{x{t-s))dr](t,s) = 0, t> 1, 
o 

„2, 

for s = 1, A > j 

where f(x) = x + x signx, 

for s € [0,1), 

4 

and G, A are some constants. The equation (22) is a special case of (1) when 
a = b = c = 0, d=l. We will examine the oscillatory behaviour of (22) in 
two cases. 

Case 1: \ < A < 1. Let c(t) = - i , 2 < a < Then a(t) = t°, 
—1 

1 ^ 2 5 m = + a n d feè > L I f 9(t) = 1. then 

l im = o, 

T m T i { — \ i>(s) ds - c ( i ) } = X a ~ 1 > 1. 
t - o o x a ( t ) ^ W J a ( a — 2 ) 

Hence, by Theorem 2, the equation (22) is oscillatory if \ < A < 1. 
Case 2: A > 1. Let c(t) = then a(t) = t l and ^( t ) = i § ( £ + ^ -

3^). I fg( i ) = l , then 

lim = o, 

i ~ QA — 1 
lim J * " c ( t ) } = > - > 1. 

t-»oo a ( t ) J o o 
t 

Therefore, from Theorem 2, we obtain that (22) is oscillatory for A > 1. 
According to the two cases above, the equation (22) is oscillatory for A > 
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