
DEMONSTRATE MATHEMATICA 
Vol. XXXI No 2 1998 

Gabriela Kohr 

CERTAIN SUFFICIENT CONDITIONS 
OF INJECTIVITY IN Cn 

In this paper we obtain some sufficient conditions of injectivity for contin-
uous mappings defined on some domains in C" and we give some interesting 
consequences and examples. 

1. Introduction 
Let C n denote the space of n complex variables z = ( z i , . . . , zn)' with 

n 
the Euclidean inner product (z, w) = ^ zj™j and the usual norm ||z|| = 

3=1 

(zyz)1/2. Let I be the identity in the set of all continuous linear operators 
A from C n into C n with the standard operator norm ||A|| = sup{||Au;|| : 
||u>|| = 1}. Also, let B be the Euclidean unit ball in C n , which in the case 
n — 1 is denoted by U and it is called the unit disc. The symbol ' denotes 
the transpose of vectors and matrices and if A = [a»j]i<i, j<nj aij £ C, then 
we denote by A the conjugate of matrix A, i.e. A = [aij]i<t) j<n . On the 
other hand, if z = ( z \ , . . . , zn)' € C n , then z = (zi,.. 

If D is a domain in C n and / = ( / i , . . . , fn) : D —* C", then we say that 
/ € C1(D) is for each j,k = 1, . . . ,n, the functions Uj = Re/,, Vj = I m f j , 
have all first order partial derivatives with respect to the real variables Xk = 
Rezfc, yk = ImZk and they are continuous on D. It is well known that if 
/ G C 1 ^ ) and 

Jrf = d e t ^ i ^ ^ / 0 , 

where Uj = Re/j , vj = Im f j , j = 1 , . . . , n , then / is a locally diffeo-
morphism of C1 class on D. Also, if / is univalent (injective) on D and 
J r f ( z ) > 0 , z € D, then / is a diffeomorphism from D onto f ( D ) . 
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For / € Cl{D), let us 

Dzf(u) = d f i d f j . . 
M(u) and Djf(u) = 

1 <j,k<n \.uzk Jl<i,fc<n 
for all u G D. If / G H(D), where H(D) means the set of holomorphic 
mappings from D into C n , then Djf(u) = 0, for all u G D and Dzf(u) is 
the Frechet derivative of / at u, denoted by Df(u). Also, if / G H(D), we 
say that / is biholomorphic on D, if its inverse / - 1 does exist, is holomorphic 
on a domain Q and / - 1 ( i 2 ) = G. 

P.T. Mocanu [Mol] gave several sufficient conditions of univalence for 
functions of C 1 class defined on some domains in C and very recently M. 
Cristea ([Crl], [Cr2]) obtained other general topological conditions of injec-
tivity. These conditions generalized some known criteria of univalence due 
to Alexander [Al], Noshiro [No], Warshawski [Wa], Ozaki [Oz], Kaplan [Ka] 
and Wolf [Wo]. An extension of Kaplan's results was given by T.J. Suffridge 
[Sul], considering holomorphic mappings defined on some convex domains 
in C n and in a Banach space. 

Very recently M. Kohr-Ile, G. Kohr [Ko-I-Ko] obtained other extensions 
of Alexander-Noshiro-Warshawski and Kaplan's results for functions of C 1 

class defined on some convex domains on the complex plane. Note that, these 
criteria of univalence are extensions of some new results due to E. Janiec 
[Ja], A. Lecko and J. Stankiewicz [Le-St]. Also, some sufficient conditions of 
univalence for mappings of C1 class, defined on some domains in C n , were 
obtained by the authors (see for example [Kol], [Ko2], [Ko-Li]). 

On the other hand, recently P.T. Mocanu [Mo2] obtained some very nice 
and interesting conditions of univalence for functions of C1 class defined on 
some domains in C and also, M. Cristea [Cr3] using a topological reason, 
extended these results for functions which are only continuous on C. 

In this paper, we are going to present other conditions of injectivity for 
mappings which are continuous on some domains (not necessarily convex) 
in C". Note that, some of our results (for example Theorems 2.1 and 2.2), 
could be easy extended on a Hilbert space. 

For our purpose, let us the following definition. 

D E F I N I T I O N 1 . 1 . Let D be a domain in C N and let G [0,7r). We say 
that D is <£>-angular convex if it is possible to join each pair of distinct points 
zi, zi G D by a pair of straight line segments [21,23] and [23, z2] lying in D 
such that 
(1.1) | arg(z2 - z3,z3 - zi)\ < <p. 

Obviously, each zero-angular convex domain in C n is convex. 
For 0 < ip < 7T, we denote by Cv the cone {z G C : | argzj < ip}. 
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If D C C n is open, A e C n , ||A|| = 1, / : D -»• C n is a mapping and 

z £ D, we set 

M(/,z;A)= j w e COO : 

Note that, if / G C^D), then 

M(f, 2; A) = {([2?,/(z)]A + A)} 

and if / G H(D), then, of course, M(f, 2; A) = {(Df(z)A, A)}. 

2. Main results 

THEOREM 2.1. Dei D be a (p-angular convex domain in C n , where 0 < 

ip < 7r and let f : D Cn be a continuous mapping, suc/i that M(/, z; A) 

is compact, for all z € D and A 6 C n , ||A|| = 1. 

If 

| a r g H < ^ y ? , weM(f,z;X), z e D , A 6 C n , ||A|| = 1, 

then f is injective on D. 

Proof. Let 21,22 € D, with z\ ^ 22. Since D is <p-angular convex, 
there exists 23 £ D such that z\ ^ 2T3, 22 23, [21,23] U [22,23] C D and 
|arg(22 - 23,23 - 2i)| < <p. 

Let V = ^ and A = (z\Zzz\\\. Also, let q : [0,1] Cn, given by 

q(t) = (1 - t)zi + tz3, for all t € [0,1], then q(t) € D,te [0,1]. 
If t 6 [0,1], using the fact that M(/, q(t); A) is a compact set included in 

the open set C^, then we can find an et > 0 such that 

(/(<?(*)) - /(?(*)), 9(0 - *(«)> € C+, for |t - s\ < et. 

On the other hand, since [0,1] is compact, we can find 0 = to < fi < . . . < 
tp = 1 such that there exists a* € (¿¿_i -£<¡„.,,<¿-1 +£tj_1)n(ij-£<i,i; + £ii) 
for i = 1,.. .,p. We let s0 = to, = «1» ¿2 = <1, 3̂ = "2, • • -,S2k = tk for 
k = 0,1,.. ¿2fc+i = for k = 0,1,.. .,p - 1 and we denote by 

for k = 0,1,.. . , 2 p - 1. 

It is clear that - q(sk) = (sfc+i - Sf.)(z3 - z\) and also, 

I argZfc| = | arg(/(g(sfc+i)) - f(q(sk)),q(sk+1) - ?(«*))! < 
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hence Zk € C^, for k = 0 , 1 , . . . , 2p - 1. Now, since C^ is a convex set and 
2p—1 
y : (sk+i - Sk) = 

it follows that 

thus 

fc=0 

2p—1 
y ] («fc+i - € C+, 
k=0 

2p—1 
(/(^3) - f(Zl), Z3 ~ Zl) = X ) i5**1 ~ Sk)Zk £ 

i.e. 

I arg{/(23) - f(zi), z3-zl)\<tp. 
Therefore, if A = - / ( z i ) , z3 - zi), then A € so | arg A| < tp 

and A ^ 0. 
Using same kinds of arguments as before, we deduce that B € C^, where 

B = ( f ( z 2 ) - f(z3),z2-z3), 

hence | argi?| < ip and B ^ 0. 
Note that, the following relation holds: 

( f ( z 2 ) - f(z1),(z3 - zx)A) = ( f ( z 2 ) - f(z3),(z3 - z\)A) 
+ < / ( * 3 ) - / ( * l ) . ( * 3 - * l ) A > 

= |Ap 

On the other hand, since 

arg < | arg A | + | arg(/(z2) - f(z3),z3 - zx)\ 

< | arg A\ + | arg51 + | arg(z2 - z3,z3 -
< n - <p+ <p = ir, 

then, 

l + j { f ( z 2 ) - f ( z 3 ) , z 3 - z 1 ) ^ 0 , 

therefore, 

which implies that f(zi) ^ f(z2). This completes the proof. 
Note that, in the case n = 1 this result was recently obtained by M. 

Cristea [Cr3]. 
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If / G Cl{D) in Theorem 2.1, we obtain the following condition of uni-
valence. 

COROLLARY 2 . 1 . Let D be a <p-angular convex domain in Cn, where 
0 < <p < v and let f e CX{D). 

Assume that 

(2.1) | a rg<[D z f ( z ) ] (v ) + [Djf(z)](v), v ) \ < ^ , 

for all z G D and v G C n , ||v|| = 1, then f is univalent (injective) on D. 
COROLLARY 2 . 2 . Let 0 < <p < ir and D C C n be a cp-angular convex 

domain. Let f G H(D) which satisfies the following relation 

\&Ig(Df(z)(v),v)\<^, 

for all z G D and v G C n , ||v|| = 1, then f is univalent on D. 

For n = 1 in Corollary 2.1, we deduce the following result due to P.T. 
Mocanu [Mo2]. 

COROLLARY 2.3 [Mo2]. Let D C C be a (p-angular convex domain with 
<p e [0,7r[. I f f e C^D) satisfies 

(2-2) | a r g / ^ ) | < ^ , 

for all z G D andO G [0,2TT[, where f'g(z) = f f t h e n f is univalent 
on D. 

P r o o f . Let z e D and v £ C, |v| = 1. 
Then 

[Dzf(z)](v) + [Djf(z)](v) = dJ-{z) v + d-l{z)v 

= v[%(z) + e ~ ^ %(z) 

where 9 = arg v. If the condition (2.2) holds, then 

\ * T g ( v t i ( z ) , z ) \ = \ ! i T g f > ( z ) \ < ^ , 

hence the condition (2.1) holds. Therefore, using the result of Corollary 2.1, 
we conclude that / is univalent on D. 

A direct application of Theorem 2.1 is the following sufficient condition 
of injectivity. 

THEOREM 2 . 2 . LetD C C n be a domain, let f : D —» C n be a continuous 
mapping and let g : D —• C n be a homeomorphism such that g(D) is <p-
angular convex domain in C n , with 0 < <p < ir. If for every a G D there 

= vf'e(z), 
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exists ea > 0 such that 

|arg (f(z)-f(a),9(z)-9(a))\<1^, 

if ||z — a|| < £a, 2r ̂  a, then f is injective on D. 

P r o o f . Let denote by A = g(D), then A is a angular convex domain 
and if h(w) = (/o<7-1)(w), w € A, then h is continuous on A and it satisfies 
the following relation: 

|arg (h(w)-h(b),w-b)\<^£, 

for all 6 € A, and w € A closed to b, w ji b. Using a similar proof as in 
Theorem 2.1, we deduce that h is injective on A, hence / is injective on D, 
too. 

Another consequence of Corollary 2.1 is the following result. 

COROLLARY 2 . 4 . Let 0 < <p < ir, let D C C n be a domain, let f e C ^ D ) 
and g € H(D), such that g is biholomorphic on D and g(D) is a (p-angular 
convex domain in Cn. 

If 

(2.3) | a.Tg([D2f(z)][Dg(z)]-\v) + [DTf{z)][D^z)]-\v), z)\ < 

for all z € D and v € C", ||v|| = 1, then f is univalent on D. 

P roof . If we denote by A = g(D), then A is 93-angular convex domain 
and if h(w) = ( / o <7-1)(ti>), for all w € A, then h € C^{A) and by a 
straightforward calculation, we obtain 

Dwh(w) = [Dzf(z)}[Dg(z)}~\ 

Dwh(w) = [Djf(z)][D&)]~\ 

for all w 6 A and z = g~1(w). Now, if the condition (2.3) holds, then the 
following condition holds too: 

| a r g t f A ^ M K « ) + [ A ^ M K « ) , « > I < 

for all w G A and a € Cn , ||a|| = 1, therefore from Corollary 2.1, we deduce 
that h is univalent on A, so / is univalent on D, too. This completes the 
proof. 

R E M A R K . Note that, if in Corollary 2 . 4 we change the assumption that g 
is biholomorphic, by the following: g (E C1(D), such that g is injective on D 
and Jrg(z) > 0, z 6 D, and also if g(D) is «^angular convex domain, with 
0 < (p < 7r, then we can obtain another sufficient condition of injectivity for 
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/ G Cl(D). Note that, if g(z) = z, z 6 D, in Corollary 2.4, then we obtain 
the result of Corollary 2.1. 

Also, if in Corollary 2.4 is a convex domain, we obtain a result, 
recently deduced by the author (see [Ko2]). 

We finish this paper with some simple examples, which are direct appli-
cations of the above results. 

EXAMPLE 2 . 1 . Let 0 < <p < 7r, let D C C n be a domain, let h 6 H{D) 
and g 6 H{D) such that g is biholomorphic on D and g(D) is a «^-angular 
convex domain in C n . 

If 

( 2 . 4 ) | *Tg([Dh(z)}[Dg(z)]-\v) + v,v)\< 

for all z £ D and v € C n , ||v|| = 1, then / is univalent on D, where 
f ( z ) = h{z) + g(z), z e D . 

P r o o f . Since g, h € H(D), then / € C1(D) and it satisfies the following 
relations 

D J ( z ) = Dh(z) a n d D j f ( z ) = \D^z)\. 

Next, it is sufficient to see that the relation (2.4) is equivalent to the 
following: 

| a r g < [ D z f { z ) ] [ D g { z ) ] - \ v ) + [Djf(z)][D^7j]-\v), v)\ < 

for all z G D and v € C n , ||r|| = 1, therefore, applying the result of Corollary 
2.4, we conclude / is univalent on D. 

For example, if we consider h(z) = \g(z), where A € C, then, from 
Example 2.1, we obtain: 

EXAMPLE 2.2. Let 0 < <p < ir, let D c C b e a domain and let g G H (D) 
such that g is biholomorphic on D and g{D) is a «¿»-angular convex domain 
in C n . If A € C and if 

R e A - t g | | I m A | > t g | + l , 

then / is univalent on D, where f ( z ) = Ag{z) + g(z), z 6 D. 

P r o o f . Let h(z) = A g ( z ) , z € D, then h G H{D) and Dh{z) = XDg(z), 
z 6 D, hence the relation (2.4) is equivalent to the following 

I arg[(v, u) + A]| < 

for all v € C n , ||u|| = 1. 
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It is obvious to see that the above inequality is equivalent to the following 

(2.5) Re[A + (v, v)] > tg | |Im[A + (v, w)]|, 

for all v e C n , ||v|| = 1. 
Therefore, if 

ReA-tg||ImA| > t g | + l , 

then the relation (2.5) holds and taking into account Example 2.1, we con-
clude that / is univalent on D, where f(z) = Ag(z) + g(z), z £ D. 

Finally, we construct an example of a univalent mapping on a j - angular 
convex domain, by starting from some holomorphic functions of one variable, 
which satisfy the following requirements. 

E X A M P L E 2.3. Let D be a f-angular convex domain in C n and let 
fi(zi),..fn(zn) be holomorphic functions (of one variable) on C, which 
satisfy 

¿ K | 2 R e / j ( 2 i ) > ^ | i ; j | 2 I m / j ( ^ ) | , 
j=i j=l 

n 
for all z = ( z i , . . . , z n ) ' € D and v\,...,vn £ C, ^ \vj\2 - 1, then h is 

j=i 
univalent on D, where 

h(z) = (/i(zi),..., /„(*„))', z = (zlt..., zn)' £ D. 

P r o o f . It suffices to observe that the assumption from hypothesis is 
equivalent to the following 

Re(Dh(z)(v),v) > |Im(Dh(z)(v),v)\, z € D, v € Cn, ||v|| = 1, 
i.e. 

|arg{Dh(z)(v),v)\< ,̂ z G D, v e Cn, ||t>|| = 1. 

Therefore, applying the result of Corollary 2.2, we deduce that h is uni-
valent on D. 

Finally, we would like to point other excellent papers concerning uni-
valent mappings, especially harmonic univalent mappings in the complex 
plane. For this aim, see [Cl-Sm], [Dor-Su], [Su2]. 
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