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FILLING A CUBE WITH SUBSEQUENCES OF BOXES 

Let C be a subset of Euclidean d-space Ed and let (Cn) be a finite or 
infinite sequence of d-dimensional convex bodies. We say that ( C n ) permits 
a filling of C, if there exist rigid motions o\, <72,... such that C\ (J crnCn has 
Lebesgue measure 0 and sets <rnCn, where n = 1,2,. . . , have pairwise disjoint 
interiors and are subsets of C. Obviously, if (Cn) is finite and permits a filling 
of C, then |J anCn = C. We say that C can be filled with a subsequence of 
(Cn) if there exists a finite or infinite subsequence (Cn{) of the sequence 
(Cn) such that (Cn i) permits a filling of C, and we say that the bodies 
Cni 1 Cn2,... are used for the filling. 

The problem is to find a possibly large class of bodies and a possibly 
small number v such that each sequence of bodies from this class of total 
volume not smaller than v contains a subsequence which permits a filling 
of C. This question is a particular version of the general problem of finding 
conditions under which a given container can be tiled by a given colection 
of solids (comp. [2], [3]). 

We can interpret a filling with subsequences as covering a floor with tiles. 
We are given a container of tiles, and we know only that in the container 
there are tiles of a fixed shape and that the total area of the tiles is greater 
than or equal to v. We want to choose from the container as many tiles as 
it is necessary in order to cover the floor with them. The question is, what 
shape should the tiles have and how big should the number v be in order to 
be able to cover the floor with some tiles from the container. For instance, 
consider a covering a unit-square floor with square-shaped tiles. To cover 
this floor we cannot use a container with tiles of side length On the other 
hand, for the covering we can use a container in which we have tiles of sides 
of the form 2 - 1 or 3 - 1 of total area equal to 2. From the container we can 
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choose identical tiles of total area equal to 1 and we can cover the floor with 
them. 

Let q > 2 be an integer. A box is a rectangular paraJlelotope, and a box 
is q-standard if its edge lengths are of the form q~f, where t € {0,1 , . . .} . 
Denote by Id{s) the cube { ( x l 5 . . . , xd) : 0 < Xj < s for j = 1 , . . . , d}. By an 
integer cube we mean the cube Id(s), where s is a positive integer. In Section 
1 we consider a filling of the integer cube with subsequences of sequences of 
g-standard boxes. We give an estimate of the total volume of the sequences 
containing a subsequence which permits a filling of Id(s). In Section 2 we 
show that this estimate is the best possible. 

1. Filling with subsequences of sequences of standard boxes 
Let B be a box in Ed. Denote by wi(B),..., wd{B) the edge lengths of 

B and assume that w\(B) < ... < wd(B). We will also write Wj instead of 
Wj(B), for short. Let q > 2 be an integer. By a q-regular box we mean a 
box R with Wj(R) = q~l~x for j < k and Wj(R) = q~f for j = k + 1 , . . . , d, 
where / is a non-negative integer and k £ { 0 , . . . , d — 1}. Observe that each 
g-regular box is ^-standard. 

We begin with two lemmas concerning filling with g-regular boxes. 

L E M M A 1. Let t be a non-negative integer. Every sequence of q-regular 
boxes of edge lengths not greater than q~* and of total volume equal to q~td 

permits a filling of Id(q~t). 

P r o o f . Consider a sequence ( R n ) of q- regular boxes of edge lengths not 
greater than q~l and of total volume equal to q~td. Without loss of generality 
we can assume that Vol(i2i) > Vol(i?2) > By a proper position in Id(q~t) 
for a regular box R from our sequence we mean the position 

{(xi,...,xd)] ajWj(R) < xj < (aj + l)wj(R) for j = l,...,d}, 

where a j € { 0 , . . . , — 1} for j = 1 , . . .,d. A proper position for a 
box Rk from the sequence (R n ) is free if no interior point of this position is 
covered by boxes oi-Ki , . . . , (Jk-\Rk-\- We can fill by putting boxes 
R i ,R2 , . . . succesively, in free proper positions. After putting each box Rk, 
the uncovered part of our cube is the union of a number of «/-regular boxes 
each of which is congruent to Rk+i and have disjoint interiors. Consequently, 
our sequence can be packed in Id{q~t). Thus, we obtain a filling of Id(q~t). m 

L E M M A 2 . Let t > 0 and z > 1 be integers and let (Tn) be a sequence of 
q-regular boxes of edge lengths not greater than q~l. Let the total volume of 
(Tn) be equal to v. I f v > zq~td, then there exists a subsequence of[Tn) which 
permits a filling of z disjoint cubes, each of edge length q~l. Moreover, if 
v > zq~td, then a finite subsequence of(Tn) permits a filling of the z cubes. 
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P r o o f . Observe that if v > zq~td, then (Tn) contains a finite subse-
quence (Tn,) of total volume equal to zq~td. If v = zq~td, then we take (T n ) 
as (r„,.). We can divide boxes from (Tni) into z groups such that the volume 
of boxes in each of the groups is equal to q~td. By Lemma 1 we conclude 
that boxes from each of these groups permit a filling of a cube of edge length 
q~Consequently, (Tn.) permits a filling of z disjoint cubes of edge length 
q-K . 

Let t be a non-negative integer and let k G {0,. . .,d— 1}. We say that a 
g-standard box S is of type (t, k), if wj(S) < q~* for j < k and wj(S) = q~t 

for j = k + 1,.. ,,d. Observe, that each box of type (i,0) is a cube. By 
an rq-set we mean a union of a number of g-regular boxes with mutually 
disjoint interiors. We admit here the infinite number of g-regular boxes. Also, 
we regard the empty set as an r9-set. 

In the next lemma we will show that every sequence of g-standard boxes 
contains a subsequence which permits a filling of some rq-set of a sufficiently 
large volume. Obviously, the total volume of boxes used for the filling of an 
r-g-set is equal to the volume of this set. We will estimate the total volume 
of boxes not used for the filling. 

LEMMA 3. Let to > 0 , d > 2 and q > 2 be integers. Put 

( \ q-q2-...-qd 

Assume than (Sn) is a sequence of d-dimensional q-standard boxes of edge 
lengths not greater than q~to. Moreover, let the total volume v of (Sn) be 
greater than or equal to Vd(q)q~tod. Then there exists some rq-set Q whose 
volume is greater than v — Vd(q)q~tod and there exists a subsequence (Snj) 
of (Sn) such that (Snj) permits a filling of Q. 

P r o o f . We will proceed by induction with respect to the dimension d. 
Let d = 2. Consider a sequence {Sn) of ^-standard rectangles of edge 

lengths not greater than q~to of total area equal to v, where v > V2(q)q~2t°. 
Let t be an integer not smaller than to and let (5„,) be the subsequence 

of all non-regular rectangles from (5 n) with W2 = q~l. All the rectangles 
from (S n i) can be divided into a number of groups such that the total area 
of rectangles in one of the group is smaller than q~2i~l and such that the 
total area of rectangles in each of the remaining groups is equal to q~2t~l. 
Obviously, boxes with W2 = q~l of total area equal to q~2t~x permit a filling 
of a q-regular rectangle with w1 = q~t_1 and w2 = q~l. Consequently, we 
can fill some rg-set with a subsequence of (5„.) so that the total area of 
rectangles not used for the filling is smaller than q~2t~x. 
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Clearly, the subsequence of g-regular rectangles from (5 n) permits a 
filling of some rg-set. In (Sn) we have non-regular boxes with wi — q~l for 
t = to,to + 1, Observe that the union of rg-sets with disjoint interiors is 
an r9-set. Hence, a subsequence of (5 n ) permits a filling of some rg-set so 
that the total area of the rectangles not used for the filling is smaller than 

oo 

t=to 9 

Thus, the area of this rq-set is greater than v — vi(q)q~2t°-
Let d > 2. Assume that for each m = 2 , . . . , d — 1 and for each non-

negative integer t every sequence of m-dimensional g-standard boxes of total 
volume v greater than or equal to q~tmvm(q) contains a subsequence which 
permits a filling of some m-dimensional r9-set whose volume is greater than 
v - q~tmvm(q). 

Consider a sequence ( T o f ^-standard d-dimensional boxes of type 
(t, k), where t is a non-negative integer and k G {0 , . . . , d— 1}. If k = 0, then 
all the boxes in 

cÚ d ) ) are cubes. Hence ( T ^ ) permits a filling of an ryset 
which is a union of a number of g-standard cubes. 

Assume that k > 1. We will show that some rq-set can be filled with 
a subsequence of ( T ) so that the total volume of boxes not used for the 
filling is smaller than (1 + Vk(q))q~td~h. We put here v\{q) = 0. 

For k = 1 all the boxes from ( T h a v e edge lengths w\ < q~l and 
W2 — . . . = Wd — q~f. All the boxes from ( T ^ ) can be divided into a 
number of groups such that the total volume of boxes in one of the group is 
smaller than q~td~l and such that the total volume of boxes in each of the 
remaining groups is equal to q~td~1. Boxes of total volume equal to q~td~l 

permit a filling of a q-regular box with w\ = q~l~l and W2 = ... = w¿ = q-t. 
Consequently, we can fill some rg-set with a subsequence of ( T ^ ) so that 
the total volume of boxes not used for the filling is smaller than q~td~1 = 
( l + vx)? -^ - 1 . 

Let k > 2. Consider the sequence (T^) of ¿-dimensional bottoms of 
boxes from (T^). By a k-dimensional bottom of T^ we mean the k-
dimensional box of edge lengths w \ ( T i ^ ) , . . . , Wk(T 

Assume that the total ¿-dimensional volume of ( T ^ ) is not smaller than 
Vk(q)q~tk~k. By the inductive assumption we conclude that (T^) contains 
a subsequence (Tnf^) which permits a filling of some fc-dimensional r9-set 
so that the total volume of boxes not used for the filling is smaller than 
Vk{q)q~tk~k. Let the total ¿-dimensional volume of boxes from ( T b e 
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equal to v^K There exists a non-negative integer z such that zq tk k < 
v ( k ) <(24- 1 )q~tk~k. By Lemma 2 we conclude that we can fill z disjoint 
k-dimensional cubes of edge length with a subsequence of ( T ^ ) so 
that the volume of boxes not used for the filling is smaller than q~tk~k. If 
2 = 0 here, then we regard all the boxes from ( T i ^ ) as not used for the 
filling. Consequently, we can fill a number of disjoint A;-dimensional cubes 
of edge lengths q~t~1 with a subsequence of ( T ^ ) so that the total volume 
of boxes not used for the filling is smaller than (1 + Vk(q))q~tk~k. 

Assume that the total dimensional volume of (TA ) is smaller than 
Vkq~ tk~k. Then we can also say that a number of cubes can be filled with 
a subsequence of ( T ) so that the volume of boxes not used for the filling 
is smaller than (1 + Vk(q))q~tk~k. In this case all the boxes are not used for 
the filling. 

For k > 2 all the boxes from ( T ^ ) have edge lengths Wk+1 = . . . = 
Wd = q~l. Obviously, the box with w\ = . . . = Wk = q~t_1 and with 
Wk+i = . . . = w¿ = q~l is «/-regular. Consequently, some ci-dimensional 
r9-set can be filled with a subsequence of ( T ^ ) so that the total volume of 
boxes not used for the filling is smaller than 

(1 + vk(q))q-tk-kq-^-^ = (1 + vk(q))q-td~k. 

Consider a sequence (S n ) of d-dimensional ^-standard boxes of edge 
lengths not greater than q~to. In (5 n ) we have boxes of types (t,k) for 
t > to and for k = 0 , . . .,d — 1. Boxes of type ( / ,0) permit a filling of an 
rg-set. For k > 1 we can fill an rq-set with a subsequence of boxes of type 
(/, k) from ( i n ) so that the total volume of boxes not used for the filling is 
smaller that (1 + Vk(q))q~td~k. This means that we can fill some r9-set with 
a subsequence of (S n ) so that the total volume of boxes not used for the 
filling is smaller than 

00 d—l 

t=t0 k=1 

= + * » ( * ) ) + • • • + « " ^ i 1 + 

This value is equal to Vd(q)q~tod. This means that if the total volume v of 
(5„) is not smaller than v¿(q)q~tod, then (Sn) contains a subsequence which 
permits a filling of some r9-set whose volume is greater than v—Vd(q)q~tod. • 
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T H E O R E M . Let q > 2 and s > 1 be integers. Every sequence (Sn) of 
q-standard boxes of total volume greater than or equal to 

d 

a ' + i l l i W - l ) - « 
«=2 

contains a subsequence which permits a filling of Id(s). Moreover, a finite 
subsequence of (Sn) suffices. 

P r o o f . Consider a sequence of g-standard boxes of total volume greater 
than or equal to sd + g I lf=2 9'/(9* - 1) — 9 = + Vd(q). By Lemma 3 we 
conclude that an r?-set of the volume greater than sd can be filled with 
a subsequence of our sequence. By Lemma 2 we see that this subsequence 
contains a finite subsequence which permits a filling of sd disjoint unit cubes. 
Hence, this finite subsequence permits a filling of Id(s). • 

R E M A R K 1. Two-standard boxes are considered by many authors dis-
cussing covering and packing methods (see the survey papers [1] and [6]). 
Obviously, not every covering is a filling. Therefore most of the covering 
methods are not useful for a filling. The covering method of Moon and 
Moser [7] is an exception. They consider a method of covering of the unit 
cube by boxes of edge lengths not greater than 1. This method is based on 
the method of covering by sequences of two-standard boxes. The first obser-
vation is that in the case when q = 2, Theorem can be also proved by the 
similar way like Theorem 2 from [7]. Another observation is as follows: in 
the proof of Theorem 2 from [7] each box B of edge lengths not greater than 
1 contains a two-standard box S such that Vol(5)/Vol(5) < 2d. Observe, 
that it is sufficient to consider two-standard boxes of edge lengths smaller 
than or equal to Each box B of edge lengths not greater than 1 contains 
a two-standard box S of edge lengths smaller than or equal to | such that 
Vol(5)/Vol(5) < 2d. We have an equality here only for B = Id(l). If we con-
sider two-standard boxes of edge lengths not greater than i in the proof of 
Theorem 2 from [7], then we can put there [1 + 2 ) ] 2 ' = 2d + 1.463 . . . 
instead of [1 + vd(2)}2d = 2.463 . . . • 2d. 

R E M A R K 2. Consider a filling of an integer cube Id(s) with a subsequence 
(¿Vi,) of a sequence (S n ) of (/-standard boxes such that : 

(i) each box ani Sni has edges parallel to the axes of the coordinate 
system, 

(ii) the projection of the edge of ani Sni parallel to the j - th coordinate 
axis on the j-th. coordinate axis is a segment whose both endpoints are 
multiples of the length of the edge of crniSni parallel to the j - th axis. 

The filling described above is called q-adic (comp. [4] and [5]). From our 
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proof we conclude that Theorem is true also if the word "filled" is replaced 
by the expression "g-adic filled". 

In Theorem we consider ^-standard boxes. A natural question is how to 
extend this class of boxes. The first observation, based on Theorem, is as 
follows: 

COROLLARY. Let m > 2 be an integer and let qi,-..,qm be integers 
greater than 1. Assume that a sequence (Qn) contains boxes which are qi-
standard, where i = 1,.. . ,ra. If the total volume of (Qn) is greater than or 
equal to + u<i(9t)]) then the unit cube can be filled with a subsequence 
0f(Qn). 

Let g i , . . ,,qd and pi,...,pd be positive integers. By a ( g i , p i , . ,.,qd,pd)-
standard box we mean a box with Wj = p^qj™', where m,j £ { 0 , 1 , . . . } 
for j = 1 ,...,d. Arguing similarly like for ^-standard boxes we conclude 
that there exists a number v such that every sequence of (qi,pi,.. •, qd,Pd)-
standard boxes of total volume not smaller than v contains a subsequence 
which permits a filling of the unit cube. We can generalize this result. Let 
p and q be positive integers. By a [p, q]-standard box we mean a (qi,Pi,... 
. . . , gd,pd)-standard box, where pj < p and qj < q for j — 1 ,...,d. Let 
(Qn) be a sequence of [p, g]-standard boxes of total volume equal to v. Ob-
viously, there exist positive integers p \ , . . . , pd and qi,.--,qd such that (Q n ) 
contains a subsequence of (91, p\,..., qd, pd)-standard boxes of total volume 
not smaller than p~dq~dv. Consequently, we obtain the following result. 

PROPOSITION. Letp andq be positive integers. Then there exists a num-
ber v such that every sequence of\p, q]-standard boxes of total volume greater 
than or equal to v contains a subsequence which permits a filling of the unit 
cube. 

2. A lower-bound example 
In this section we will show that the value given in Theorem cannot be 

lowered. Observe that if we have a sequence of g-standard boxes of total 
volume equal to 1 + v which does not permit a filling of the unit cube, then 
by adding sd — 1 cubes of edge length 1 we obtain a sequence of (/-standard 
boxes of total volume equal to sd + v which does not permit a filling of 
Id(s). Consequently it is sufficient to consider the case when s — 1. For 
simplicity we will consider only the case when q = 2. For other q we proceed 
similarly. 

We say that a rectangle R with w\(R) — b and w%(R) = h is of the form 
b X h. Since now we will say standard instead of two-standard and regular 
instead of two-regular, for short. 
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Now we present a sequence of standard boxes of total volume arbitrarily 
close to 1 + Vd(2) such that I d ( 1) cannot be filled with any subsequence of 
this sequence. This sequence is constructed inductively. 

Let p > 2 be an integer. For d — 2 our sequence contains the following 
rectangles: 

(i) a square of edge length h for each h = 2 - 1 , . . . , 2 _ p , 
(ii) a regular rectangle of the form h x 2h for each h = 2 - 1 , . . . , 2~p, 

(iii) a rectangle of the form 2~u x 2~v for each v = 0 , . . . ,p — 2 and for 
each u = v + 2 , p . 

The total area of this sequence is equal to | — 2(|)p - §( j ) p . Obviously, 
we can choose a number p in such a way that the area of our sequence is 
arbitrarily close to 1 + ^ ( 2 ) = f. We will show that the unit square cannot 
be filled with any subsequence of this sequence. 

The total area of regular rectangles from this sequence is equal to 1—(\)p. 
This means that we can fill only a part of / 2 (1) with the subsequence of 
regular rectangles from the sequence. 

Consider a regular rectangle of the form ^hxh contained in / 2 (1 ) which is 
not filled with regular rectangles from our sequence. Observe that we cannot 
fill any regular rectangle with a subsequence of a sequence of non-regular 
rectangles. If we use a number of non-regular rectangles with W2 = h for 
the filling of a regular rectangle of the form \h x h, then we fill only a part 
of this rectangle with them. Let the uncovered part be a rectangle R of the 
form 6 x h, where b < h. We show that this uncovered rectangle R cannot 
be filled with any subsequence of rectangles from our sequence with W2 = h. 
Consider three cases. If b = jh, then a part of R can be filled with a regular 
rectangle of the form b x 2b. A rectangle of the form b x 2b contained in 
R remains uncovered. This uncovered rectangle cannot be filled with any 
subsequence of regular rectangles from our sequence. If we use non-regular 
rectangles for the filling, then we encounter a similar situation as at the 
beginning. We have to fill a rectangle of the form \ho x ho, where ho = \h. 
If b > then we can partially cover R with a subsequence of rectangles 
with wi = h in such a way that the uncovered part is a rectangle of the 
form b x 46. We obtain our first case when b = \h. If b < then we can 
partially fill R with a subsequence of non-regular rectangles in such a way 
that a rectangle of the form 6 x 46 remains uncovered. We obtain our first 
case. 

Since the above consideration is true for each h, we conclude that the 
unit square cannot be filled with any subsequence of our sequence. 

We proceed by induction. Let d > 3 and let em > 0 for m = 2 , . . . , d — 1. 
Assume that we have a finite sequence of m-dimensional standard boxes, for 
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each m e {2, . . . , d— 1}, such that the m-dimensional volume of this sequence 
is greater than 1 + vm(2) - em and such that the unit m-dimensional cube 
cannot be filled with any subsequence of this sequence. This means that, 
for each m € {2, . . . , d — 1} and for each r € {0,1,...}, we can constuct 
a finite sequence of m-dimensional standard boxes of edge lengths smaller 
than or equal to 2~r of total volume greater than (1 + vm(2) - em)2~rm 

such that the cube of edge length 2~r cannot be filled with any subse-
quence of this sequence. Consequently, for each j = 1,. . .,d — 2 , for each 
h = 2° ,2 1 , . . . and for each €d-j > 0, we can find the following family 
T ( j , h, €d-j) of ¿-dimensional standard boxes. Each box from F ( j , h, f-d-j) 
has edge lengths Wd-j+i = ... = Wd = h. The total volume of boxes from 
T ( j , h, €d-j) is greater than hi(\h)d~i( 1 + vd-j(2) - ed-j). The (d - j)-
dimensional cube of edge length cannot be filled with any subsequence 
of the sequence of (d — ^-dimensional bottoms of boxes from T ( j , h, td-j)-
By (d — j)-dimensional bottom of a box B we mean a box of edge lengths 
wi(B),...,wd-j(B). 

Let p > 2 be an integer. By the above assumption we can construct the 
following sequence of d-dimensional standard boxes. Our sequence contains: 

(i) a box of the form: Wi = . . . — Wd-j = \h , Wd-j+i = . . . = Wd = h 
for each j' = 1 , . . . , d — 1 and for each h = 1 , . . . , 2 - p + 1 , 

(ii) a cube of edge length 2 - u for each u = 1 , . . . 
(iii) a box with w\ = 2~u and with W2 = ... — Wd = 2~v for each 

v = 0 , . . . , p — 2 and for each u — v + 2 , . . . , p, 
(iv) boxes from the family h, (¿-j) for each j = 1 , . . . , d - 2 and for 

each h = 1 , . . . ,2"P+ 1 . 

The total volume of boxes described in (i) and (ii) is equal to 1 - 2~dp. The 
total volume of boxes from (iii) is equal to 

1 2d — 2~d(p_2> f l y 1 - 2-(d-1)(P"2) f l y - 1 

2 2d - 1 U J 2d-2 V2/ 

The total volume of boxes described in (iv) is equal to 

- 2~d") [ ( i ) ! ' ( I + V2(2) - e2) + . . . + ( l ) ^ ! + vj-i(2) - e ^ ) ] . 

This means that we can choose a number p and numbers €2,..., €¿-1 in such 
a way that the total volume of our sequence is arbitrarily close to 

1 + + ( ^ ) 2 ( 1 + «2(2)) + . . . + © ' " ' ( I + t*-i(2))] = 1 + vd(2). 
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Observe that boxes from (i) and (n) cannot fill the entire unit cube. 
Moreover, we cannot fill any box described in (z) or (ii) with a subsequence 
of the sequence of boxes described in (Hi) and (iv). Arguing similarly as for 
d = 2 we conclude that the unit cube cannot be filled with any subsequence 
of our sequence. 
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