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INTEGRAL INEQUALITIES OF HADAMARD TYPE
FOR LOG-CONVEX FUNCTIONS

Abstract. In this paper, we derive some integral inequalities for log-convex functions
which are closely connected with the classical inequality due to Hermite~-Hadamard.

1. Introduction

In what follows, I will be an interval of real numbers. Recall that the
mapping f : I — R is said to be convezon I,if for all z,y € I and t € [0,1]
one has the inequality

(1.1) ftz + (1= 1)) < t£(2) + (1 - DS ().

A function f: I — (0,00) is said to be log-convez or multiplicatively convez
if log f is convex, or, equivalently, if for all z,y € I and t € [0,1] one has
the inequality ([1], p. 7)

(12) ftz + (1 - tyy) < [F@IF@)I

We note that, if f,g are convex and g is increasing, then g o f is con-
vex; moreover, since f = exp(log f), it follows that a log-convex function is
convex, but not conversely ([1], p. 7). This follows directly from (1.2) since
by the arithmetic-geometric mean inequality, we have [f(z)]'[f(y)]*~* <
tf(z)+ (1 -t)f(y) forall z,y € I and ¢t € [0,1].

The following relation (see e.g. [1], p. 137) is well-known in the literature
as Hermite-Hadamard’s inequality

b
(13) 1(55) < o ey ae < LO2IE)

2

where f : I — R is a convex map on the interval I, and a,b € I with a < b.
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For some very recent results related to this classical result see the papers
[3]-[11] or the books [1], [2].

Note that, if we apply (1.3) for the log-convex functions f : I — (0, 00),
we have

In f(a) +In f(b)
2

b
lnf(a;-b) <o f(e)dr <

implying

a9 () sen [ﬁglnf(w)dw] < VI@F®)

which is an inequality of Hadamard type for log-convex functions.

2. Results

Let us denote by A(a,b) the arithmetic mean of the nonnegative real
numbers a,b and by G(a, b) the geometric mean of the same numbers. Note
that, by the use of these notations, Hadamard’s inequality (1.3) can be
written in the form

b
(1) f(A@) S 5= (A=), fla+ b~ 2)) dz < A(f(a), F0),
since , X
Sf(:v)d:v = Sf(a+b— z)dz.

We now prove a similar result for log-convex mappings and geometric
means.

THEOREM 2.1. Let f : I — (0,00) be a log-convex mapping on I and
a,b € I with a < b. Then one has the inequality

b
(22)  J(A(6,5) < ;= | G(f(2), f(a+b~2))dz < G(f(a), S(B)).

Proof. Since f is log-convex, we have for all ¢ € [0,1] the inequali-
ties

flta+(1-0)b) < [f@FIFON, (1 —t)a+1b) < [f(a)] T f(D)]"
Multiplying them and taking the square roots, we obtain
(23) G(f(ta+ (1-1)b), f((1 - t)a + tb)) < G(f(a), £(b))
for all ¢ € [0,1].
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Integrating both members of (2.3) on [0, 1] over ¢, we have
1
G(s(ta+ (1-00), f((1 - t)a + th)) dt < G(f(a), £(b))-
0

If we change the variable z := ta + (1 — t)b, ¢t € [0, 1}, we get

—z))dz

1
[G(f(ta+ (1 - 0B), F(1 - a +1b))de =
0

and the second inequality in (2.2) is proved. Now, by (1.2), for t = 1/2, we

have f(£}¥) < /f(z)f(y) for all z,y € I.1f we choose z = ta+(1—t)b, y =
(1- t)a + tb, we get the inequality

(2.4) f(“ ;r b) < G(f(ta+ (1= 1)), F((1-t)a+ b))

for all ¢ € [0,1]. Proceeding as above, we obtain the first inequality in (2.2).
This proves the theorem.

COROLLARY 2.2. With the above assumptions and if f is nondecreasing
on I, we have the inequality

b

(25)  f(G(a,b) < 7— S (f(2), f(a+ b —=))dz < G(f(a), £(b)).

The following result offers another inequality of Hadamard type for con-
vex functions

COROLLARY 2.3. Let f : I — R be a convez function I and a,b € I with
a < b. Then one has the inequalities
(2.6)

f<a;-b)sl [bi Sexp[f(:z:)+f(a+b—rv)] ] f(a);f(b).

Proof. Define the mapping g : I — (0,00), g(z) = exp f(z) which is
clearly log-convex on I. If we now apply Theorem 2.1, we get

b
expf(a+b) < biaS\/expf(x)-expf(a+b—z)dz

< Vexp f(a) - exp f(b)
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implying

expf(a;b) < biagexp [f(z)+f(;+b_x)] dz

< axp (HO1210))

Applying then the mapping log, we deduce the desired result (2.6).

COROLLARY 2.4. Let f : I — R be a conver function on the interval I,
and a,b € I with a < b. If f is symmetrical with respect to the point “—'2& el
then one has the inequality

27) (55 <[ fexp f()ds| < 1(0).

2 a
a
The proof follows easily from Theorem 2.1 and we omit the details.

THEOREM 2.5. Let f : I — (0,00) be a log-convez mapping on I and
a,b € I with a < b. Then one has the inequalities

(2.8) f(“;b) < exp [bf §lnf(a:)d:c]

a
a

1 b
\G(f(z), fa+b—-2))de

b—aa

IA

b
| f(a)do < L(f(a), £(5))

<
“b—-a
a

where L(p,q) is the logarithmic mean of the strictly positive real numbers
P g, Le.,
P—9q

hp_lng’ if p#q and L(p,p)=p.

L(p,q) =
P roof. The first inequality of (2.8) is that of (1.4). Integrating the equal-
ity
G(f(), fla+b—z)) = exp[In(G(f(2), f(a+ b - 2)))]

on [a, b] and using the well-known Jensen’s integral inequality for the convex
mapping exp(-), we have
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b

[ G(f(2), fla+b-2))de
b
= 5 Jewln(G(f(2), fla+b- )] do
.a 1 b
> exp [ ;2 [lG(f(2), f(a+ b 2))ds]
1! In f(z)+ ln(f(a+ b — z))
o[ (pr218gres120)
- b
= exp _bia Slnf(a:)dm],

since obviously
b b
Slnf(x)d:v = Slnf(a+b— z)dz.

So the second inequality in (2.8) is proved.
By the arithmetic mean-geometric mean inequality, we have that

G(f(=), fla+b-a)) < LB f(; +b—2)

from which, by integration, we get

? ze [a"b]’

1 ¢ 1 g
5= ) GU(@), fla+b-a))do < o= f(z)dz

and the third inequality of (2.8) is proved.
To prove the last inequality, we observe that, by the log-convexity of f,

(2.9) flta+ (1= )b) < [f(a))'1f(B)]'*
for all t € [a, b]. Integrating (2.9) over ¢ in [0, 1], we have

1 1
§ £(ta+ (1 = )by dt < \[F(@)HLF(B)* .
0 0

b
! Sf(a:) dz

b—aa

1
[ fta+ (1 -t)p)dt =
0
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and
-t (a)
S[f(a)] A dt = f(b)s( f(b)) dt

-0 )[ (%ig)] |

the Theorem 2.5 is proved.
COROLLARY 2.6. Let f : I — R be a convez function on I and a,b € I
with a < b. Then one has the inequality

CR
= f(b = L(f(a), (b)),
()[ in (260) (f(a), 7(b))

(2.10) exp f({l;’_b) < exp (b—i—a §f(:c) dw)

I/\

[ (a:)+f(;+b—:v)]d

exp f(z) dz < E(f(a), £(b))

e
=

where E 1is the exponential mean, i.e.

expp — expg
E(p,q) = Y a

P forp#q and E(p,p)=expp.

Proof. The mapping g : I — (0,00), g(z) = exp f(z) is log-convex.
Now, if we apply - Theorem 2.5 for the mapping g, we easily deduce the
inequality (2.10). We omit the details.

Remark 2.7. Note that the inequality

(211)  exp [ﬁ Sm f(z) d:c]

b
-z))dz < -TIEXf(m)da:

holds for every strictly positive and integrable mapping f : [a,b] — R and
the inequality

(2.12)  exp (b—ia- Sf(a:) d:v) < Sexp [f(-’v) +fla+b- :v)]
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1

<
—b_

b
- éexp f(z)dz

holds for every map f on [a,d], f : [a,b] — R integrable. Taking into ac-
count that the above two inequalities hold, we can assert that for every map
f : [a,b] — (0, 00) integrable on [a, b] we have the inequalities

1 ¢ 1 ¢
(2.13) exp [b — Sln f(z) da:] < —_;SG(f(w),f(a+ b—z))dz
b
Sb_aéf(a:)dz
1 ®
< in 52l AU o) flo 8- 2 ]
b
N

which is of interest by itself.

3. Applications

1). Let p > 1 and a,b € [0,00) with @ < b. Then one has the inequali-
ties

G e e e
T
s biaiexp:c"dz < ‘”‘P:::_:’;PG'”

where (3.1) follows from Corollary 2.3 and (3.2) from Corollary 2.6 applied
for the convex mapping f : [0,00) — [0,00), f(z) = zP. We omit the de-
tails.
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2). Consider a,b € (0,00) with 0 < a < b and the convex mapping
f:(0,00) = R, f(z) = —In z. Applying Corollary 2.3, we get

_‘ln<a-2}-b)sln[ 1 §exp(_[lna:+ln(a+b—a:) )dm]

b—aa 2
<__lna+lnb
- 2
which is equivalent to
b -1
a+b ( 1 dz )
3.3 > > Vab
(33) 2 - b—a§ z(a+b—z) = Ve

i.e. a refinement of the A — GG inequality. If we apply Corollary 2.6 for the
same mapping, we get

b
exp [—ln(a;b)] < exp [— ﬁ!luxdz]

b
1 Inz +In(a+b-2)
< -
S — éexp [ 5 dz
b
1 exp(—1Inb) — exp(—Ina)
< - <
_b—a§eXp[ Ins]de < —~Inb+1Ina
Having
b b\ 1/(b-a)
1 Slnmd:c:ln [(b—) 1],
b—a M a® e
we deduce from the above inequality,
2 a®\ /(-2 10 dz
34 ——<e|l = <
(3.4) a+b_e(bb) “b-a) /z(a+b-1z)
Inb—Ina b—a

<
- b-a ~ ba(lnb-1Ina)
or, equivalently,
b

-1
(3.5) A(a,b) 2 I(a,b) 2 (bia S \/ﬁ)
ba(lnb —Ina)

—a

> L(a,b) >
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-identric mean

where A(a,b) = “—"’—b-arithmetic mean, I(a,b) = %( )l/(b a)

L(a,b) = m-loganthmlc mean.

3). Consider a,b € (0,00) with 0 < @ < b and the convex mapping
f:(0,00) = (0,00), f(z) = 51; Applying Corollary 2.3, we get

b atb 1,1

a+b

which is equivalent to

(3.6)  A(a,b)> (m [Ei—GSexp [z(a+ibb—x)] d:vD_l > H(a,b),

where H(a,b) = 2(a~! + b7!)~! is the harmonic mean of a,b > 0. Now, if
we apply Corollary 2.6 to f we easily obtain the inequality

2 A A £ 1,
- < —_
eXP(a-}-b)S(a) _b—axexP[z(a+b—m)] ’

b 1 1
1 1 exp(;) — exp(3)
g Jee(p)de < =t
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