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SEMI-RIEMANNIAN TRANSVERSAL MAPS 

A b s t r a c t . A generalization of semi-Riemannian submersions to semi-Riemannian 
transversal maps is given. Also a fundamental equation of a regular, normal semi-Rieman-
nian transversal map is obtained. 

1. Introduction 
A major flaw in Riemannian and semi-Riemannian geometry (as com-

pared to other subjects) is a shortage of suitable kind of functions from one 
manifold to another that will compare their geometric properties. A class 
of such functions in Riemannian geometry was introduced by Fischer [1] 
and are called Riemannian maps. Later on, this concept was generalized to 
semi-Riemannian geometry by the author [2] and these functions are called 
semi-Riemannian maps. 

A kind of such functions that compare the geometric properties of semi-
Riemannian manifolds are semi-Riemannian submersions [4], [5]. Here we 
will generalize these functions from semi-Riemannian submersions to semi-
Riemannian transversal maps to a semi-Riemannian foliation. Also, we will 
obtain a fundamental equation of a regular, normal semi-Riemannian trans-
versal map to a semi-Riemannian foliation. 

2. Preliminaries 
Let E\ and be inner product spaces (possibly indefinite) with inner 

products h\ and /12, respectively, and let / : E\ E2 be a linear map. The 
transpose *f : E2 —• E\ of / is defined by hi^fx, y) = hi(x, f y ) , where 
x G E2 and y 6 Ei. The indefinite square norm | |/ | |2 of / with respect to 
inner products h\ and /12 is defined by ||/ | |2 = tr(*f 0 / ) . 

Let (M2, <72) be a semi-Riemannian manifold with metric <72 and let (j> = 
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{Na}aeA be a foliation on M2 such that leaves of <f> are (immersed) semi-
Riemannian submanifolds (N a , g2 N a ) with induced metric g2 l f a of constant 
index for all Na. Then we will call (<f>,g2<l,) a semi-Riemannian foliation on 
(M2,g2). Also let T(M2,<f>) = Uae^Upew,, TpNa be the tangent bundle of 

and let T(M2,<f>)x = LLeyiUpejv,, ^v^a be the normal bundle of 
(¿>02,)-

Let (Mi,gi) be a semi-Riemannian manifold with metric g\ and let 
/ : ( M i , g i ) —• (A/2>52) be a smooth function. Also let {4>,924>) be a semi-
Riemannian foliation on (M2,g2). Recall that / is called transversal to 
(<¿,<72,) if f*n(TPlM!) + T/ ( P 1 ) (M 2 ,^) = TJipi)M2 for every P l G Mx. Note 
that then /_1(7Va) , a G A, are the leaves of a foliation on Mi denoted by 
/*(*)• 

3. Transversal semi-Riemannian maps 
Let / : (Mi,<71) —>• ( M 2 , g 2 ) be a smooth function and let p2 = f ( p i ) . 

Define a linear function : TPlMx TP2(M2,(f>)1 by ® = ( f ^ x ) 1 - , 

where (f*P1x)± is the component of /*p x in TP2(M2,<j))*-. 
Now define 

L1(Pl) = ( k e r / ^ J n ( k e r / ^ C TPlMu 

L2{p2) = ( r a n g e ) n ( r a n g e / ^ ) 1 C TP2M2. 

Note that L\{pi) is the degenerate space of the restrictions of metric g\pi 

to (ker ) and ( k e r ) x . Also L2{p2) is the degenerate space of the 
restriction of metric g2j>2 to (range ). Also define 

A1(p1) = ( k e r / ^ ) + (keTf^)\A2(p2) = (rang e / ^ ) . 

Next we will define some quotient spaces out of V(pi) = (ke r/ x ), 

H(Pl) = ( k e r Z ^ ) , A1(p1) and A2(p2) : 

(1) V(jpi) = V(pi)/Li(pi) and 7Ti : V{px) V(pi) is the natural pro-
jection, 

(2) H{p{) = f f (p i )/ I i (p i ) and tti : ^ ( p i ) -»• H(pi) is the natural 
projection, 

(3) Ai (p i ) = A{pi)lL\(p\) and ir 1 : Ai (p i ) —> Ai (p i ) is the natural 
projection, (note that, of (1) and (2) is the restriction of 7Ti of this case 
to V(p\) and -ff(pi), respectively), 

(4) A2(p2) - A2(p2) / L2{p2) and w2 : A2(p2) -> A2(p2) is the natural 
projection. 
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Also we can define (nonsingular) inner products in V(p\), H(p\), A(pi) 

and A 2 ( p i ) as follows: 
(1' ) in V(pi), let gPl(x,y) = giri(x,y), where x,y G V(Pl) with 7n(x) = 

(2' ) in H{px), let glpi (x,y) = glri (x , y), where x, y G H(pi) with TTI(X) = 

x, JTI {y) = ln 

(3 ' ) in A i ( p i ) , let 5iP1(®,2/) = giri(x,y), where G A i ( p i ) with 

7Ti(ar) = x, 7ri(y) = y (note that the inner products gt in (1' ) and (2 ' ) 

are the restrictions of gj of this case to V(p\) and H(pi), respectively); 

(4 ' ) in A2(p2), let g2pt(x,y) = g2p2(x,y), where x,y G A2{p2) with 

ir2(x) = x, x2(y) = y. 

Finally, if / : ( M L , g i ) —»• ( M 2 , g 2 ) is a smooth function, define a map 

fiP1 : H(pi) - A2(Pl) by fipix = r 2 ( f ^ x ) , 

where x G H(Pi) with 7Ti(x) = x (it is easy to check that is well-

defined). 

R e m a r k s 3.1. a) Observe that A\(pi) = V{p\) ® H(p\). 

b ) Note that / » p i may not be either injective or surjective. In fact, 

rank f t P l < rank f^pi - d i m i i ( p i ) . 

DEFINITION 3 . 2 . Let / : ( M i , 5 1 ) —>• ( M 2 , g 2 ) be a smooth function and 
let ((j>,g2<t,) be a semi-Riemannian foliation on ( M 2 , g 2 ) . The nondegenerate 
transversal rank of / with respect to (<f>,g2<t,) at p\ G M i is defined to be 

rank f t P l . 

Note that ( T P l M i , g P l ) and (TP2(M2,4>)L,g2p2) are possibly indefinite 

inner product spaces as well as ( H ( p i ) , g p i ) and (A2(p2),gP2). Hence we can 

talk about indefinite square norms H/^JI2 and ||/^Pl||2-

THEOREM 3 . 3 . Let f : ( M i , g i ) —• ( M 2 , < j 2 ) be a smooth function and 

let (<^>,g2^) be a semi-Riemannian foliation on (M2,g2). Then H/^JI2 = 

\\ftPl\\2 at eachp! G M x . 

P r o o f . Let be an orthonormal basis for a (nondegenerate) 
complementary space to L\(jp\) in V{p\) and {y\,.. .,ym} be an orthonor-
mal basis for a (nondegenerate) complementary space to X 1 (p 1 ) in H(p\). 

Also let { z i , w \ , . . . , Zfc, Wk} be an orthonormal basis for ( span {x i , . . . ,£/ , 
2/1) • • •i!/m})J" such that Wj = z,- + W{ G ¿ i ( p i ) for i = / , . . . , fe. Then 

• • •, xi, yu ..., ym, z1} wi,..., zk, wk} is an orthonormal basis for TPl Mi 
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and hence 

k 

+ 9lPi (Wi> ™«)s2p2 ( A 1 ^ AxPa w < ) 
t—1 
k 

+ S ( A t j 
t=l 

Bu t since Uj = Z{ + Wi G L \ ( p \ ) C we have 0 = f* Ui = ^t + 

f ^ W i and 0 = g l p i ( u i , u i ) = g i n ( z i , Z i ) + g l p i ( w i , w i ) . Hence, f ^ z { = 

f*P1Wi and 9ipi(zi,zi) = -9iP1(u>i,Wi)- Thus 

m 

H ^ i J I 2 = iy^yi)92V2UtfiyuftViyi) 
•=i 
TO 

= J23iP1(y^yi)92P2(ftP1yiJiP1yi) = l l / t j l 2 ' 
¿=1 

where n i ( y i ) = y { . • 

DEFINITION 3.4. Let / : ( M i , 5 1 ) —>• (il/2,52) be a smooth function 

and be a semi-Riemannian foliation on (M2 ,52 ) - Then / is said to 

satisfy the generalized transversal eikonal equation at pi G M i with respect 

to (4,82.) if ||/i ||a = r a n k f t P i - ^ 

R e m a r k 3 . 5 . No te that, if / satisfies the generalized transversal eikonal 

equation at each p\ G M i with respect to (<£,<72^), then, since ||/^J|2 is 

continuous on M i , rank f t is constant on the connected components of M i . 

Nex t we will define certain kind of functions which are solutions of the 

generalized transversal eikonal equation. 

DEFINITION 3.6. Let / : ( M i , 5 1 ) —• (M2,<72) be a smooth function 

and (<f>,g24) b e a semi-Riemannian foliation on (M2,<72)- Then / is called 

a transversal semi-Riemannian m a p with respect to (<f>, <72 at p\ G M i if 

f t : H(pi) —> ^ 2 ( ^ 2 ) is an ( into) isometry. T h e function / is called a 

transversal semi-Riemannian m a p on M i with respect to (<^,<72^)5 if it is a 

transversal semi-Riemannian m a p with respect to (<£,<72^) at each p\ G M i . 

THEOREM 3.7. If f : (Mi,51) —> (M2,gi) is a transversal semi-Rieman-

nian map with respect to ((f),52^) ot p\ G Mi , then f satisfies the generalized 

transversal eikonal equation with respect to (<£,<72 )̂ at p\ G M\. 
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P r o o f . First we will show that FPl = 
the identity map. Indeed, note that for every x,y e H(pi) we can write 

5Ip1(^pi®>2/) = 9 2 n ( f i P l * J i r i v ) = 92p2(x,y)-

Hence FPl = id and it follows from Theorem 3.3 that 
P-L ||2 || |• 2 ~ ~ ' - ' - 1 

11/4 II2 = ll/;M II2 = t r F P l = d imH( P l ) = r a n k / , 
R e m a r k 3.8. Let / : (Mi, <7i) —> (M2,52) be a transversal semi-Rieman-

nian map with respect to (<f>,g2^) at p\ € M\. Then, since /„ is injec-

tive (yet may not be surjective), rank/„^ = r a n k — d imL\ (p i ) . Fur-
thermore, if / is transversal semi-Riemannian map on M\ with respect to 
{4>i 924)1 then, by Theorem 3.7 and Remark 3.5, since rank is constant on 
connected components of Mi, dim H(p\) = rank/j" at each pi € Mi, and 
hence constant on the connected components of Mi. 

5. Semi-Riemannian transversal maps 
D e f i n i t i o n 4 . 1 . Let / : (Mi, <71) —> (M2,g2) be a smooth function and 

{<t>,g2<) be a semi-Riemannian foliation on (A/2, <72)- If 
a) / is transversal to (<f>,g2</>), 
b) / is a transversal semi-Riemannian map on Mi with respect to 

{<!>•>924)1 then / is called a semi-Riemannian transversal map to (<?!>,fî )-

R e m a r k 4 .2 . Let / : (Mi,gi) —(M2,g2) be a semi-Riemannian trans-
versal map to (</>, <72*), where Mi is connected and / (Mi ) is a submanifold of 
M2. Then, since rank = dim TP2(M2, <£)x at each pi G M\, dim L\(pi) = 

rank — rank is constant for allpi 6 M\. Hence, L\ = UPlgA/i -^i(Pi) 
is a smooth vector bundle over Mi, since (ker and (ker are smooth 
vector bundles over Mi. Consequently, 

V= U V(Pi)>H= U # ( P i ) a n d A ! = | J Ai(pi) 
Pi€Mi pi£MI Pi€Mi 

are smooth vector bundles over Mi and hence 

V= | J V(pi),H= | J ' H(pi)a,ndAi= ( J Ax(.Pi) 
P1QM1 Pi€Mi p\(LMi 

are smooth vector bundles over Mi with Ai = H © V. On the other hand, 
since 

range f* = T(M2,<f>Y = A2= (J A2(p2) 
image(/) P2eimaSe(/) 
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is nondegenerate, A2 = UP2eimage(/) ^(pi) is canonically isometric to A2. 
Hence, range is a nondegenerate smooth subbundle af A2 and let us 
denote it by B = range fm . 

R e m a r k 4.3. Let / : (Mi,<71) —• (M 2 , g 2 ) be a semi-Riemannian trans-
versal map to (</>,g2^), where Mi is connected and / ( M i ) is a submanifold of 
M2. Note that, if rank L\ ± 0 (resp., rank Li = 0), then leaves of f*(<j>) are 
degenerate submanifolds (resp., (nondegenerate) semi-Riemannian subman-
ifolds) of (Mi, <71). In particular, if </> is the points of M2, then / becomes a 
semi-Riemannian submersion [4]. 

DEFINITION 4 . 4 . Let / : (Mi,<71) —• (M 2 , g 2 ) be a smooth function and 
(<f),g2<¡>) be a semi-Riemannian foliation on (M 2 , g 2 ) . Then / is called normal 
to J , if / • „ = f*P1 at each pl e Mx . 

PROPOSITION 4 . 5 . Let f : ( M i , 5 1 ) —• ( M 2 , g 2 ) be a normal semi-
Riemannian transversal map to (<f>,g2<t,), where M\ is connected and / ( M i ) 
is a submanifold of M2. If A\ = (ker + (ker Z,1)1 is integrable, then 
B = range /„ is integrable. 

P r o o f . First note that f*{Ax) = B. Now let X,Y G TB and let X,Y e 
TA! be lifts of X, Y to Ax. Then, since / . ( [X, Y}) = [X, Y]of and [X, Y) e 
TAi, it follows that [X,Y] € TB. That is B is integrable. 

5. Regular normal semi-Riemannian transversal maps 
DEFINITION 5 . 1 . A semi-Riemannian transversal map / : (Mi,gi) —» 

(M 2 , g 2 ) to (<j>,g2<¡), where Mi is connected, is called regular, if A\ is a 
totally geodesic distribution. 

Let / be a semi-Riemannian transversal map to (<f>,g2¿). Then leaves 
of f*(<f>) may be degenerate submanifolds of (Mi ,gi ) . In particular, if / is 
regular, then these submanifolds are stationary and irrotational degenerate 
submanifolds of (Mi,<71) which give rise of Gaus-Codazzi equations (see 
[3]). In fact, we have the following result. 

PROPOSITION 5 . 2 . Let f : ( M i , g \ ) —> ( M 2 , g 2 ) be a semi-Riemannian 
transversal map to (<f>,g2¿), where M\ is connected. If f is regular, then Ai 
is integrable and leaves of f *(</>) are stationary, irrotational submanifolds of 
Mi, provided that they are degenerate. 

P r o o f . Note that, if A\ is totally geodesic, then clearly A\ is integrable, 
1 1 

and VXZ e TAi for every X e I V , Z e I\Ai, where V is the Levi-Civita 
connection of Mi . Hence, it also follows from [3, Prop. 4.1.15] that leaves of 
/*(</>) are stationary, irrotational submanifolds of (Mi,g\) . • 
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Now we will obtain an equation relating the geometric properties of 

(Mi,gi) a n d (M2,g2). 

Let / : (M\,gi) —• (M2,<72) be a regular normal semi-Riemannian 
transversal map to (<fi,g2<l,), where M\ is connected and /(Mi) is a sub-

1 2 
manifold of M2 . Let V be the Levi-Civita connection of (Mi,gi) and D be 
the collection of the Levi-Civita connections of the integral manifolds N2 

of B, induced by the semi-Riemannian structure of (M2, <72). Also let H' 
be a geometric realization of H, that is, H' is a complement of L\ in H. 
(Hence 7Ti : H' —• H is an isometry. Note also that /¿L(= /•) : H' —• B is 
an isometry too). Also let V' be a geometric realization of V, that is, V' is 
a complement of L\ in V. Hence A\ = H' © L\ © V' is an orthogonal direct 
sum decomposition of Ax. Thus, if U G TAi , then U = UL + U° + UT, 
where ULy U° and UT are the unique components of U in H', L\ and V', 
respectively. Finally note that, since / is normal, if X 6 TB, then there 
exists a unique lift X e TH' of X, that is, f^X(- f,X) = X of. 

L e m m a 5.3. Let f : ( M i , g { ) —* ( M 2 , g 2 ) be a regular semi-Riemannian 

transversal map to (<^,52^)» where M i is connected and / ( M i ) is a submani-

fold of M 2 . Also let X G TH' and Y G TH' be lifts o f X e T B and Y G TB, 

respectively. Then 

( a ) g i ( X , Y ) = g 2 ( X , Y ) o f , 

(b) [ x , y ] J - = [ x , r ] ~ , 

(c) ( V - F ) 1 = { D x Y T , 

( d ) ( V ~ y f = }[X,Y]T. 

P r o o f , (a) Obvious. 

(b). Since [X,Y] is /-related to [X,Y], so [X,Y]L is /-related to [X,Y]. 
1 ~ ~ 2 _ 

(c). It suffices to show that gi(V~Y,Z) = gi((DxY)~,Z) for every 

Z G TH' being /-related to Z G TB. This follows by expanding both sides 
in the Koszul formula. In fact, using (a) and (b), we have 

gi(V~Y,Z) = ±[X9l(Y,Z) + Y 9 l ( X , Z ) - Z9l(X,Y) 

+ 9l([X, Z) - gi([X, Z],Y) - 91{[Y, Z], X)] 

= ±[Xg2(Y,Z) + Yg2(X,Z)-Zg2(X,Y) 

+ g2{[X, Y], Z) — g2([X, Z],Y) - g2([Y, Z], X)] o / 

= g2(DxY, Z)of = gi((bxY)~, Z). 
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Hence, since g\\u> is nondegenerate, the claim follows. 
(d). Again from the Koszul formula, for U G r V , we have 

5l(v~y, u) = \[xgi(Y, u) + Y91(X, U) - u9l(x,Y) 
+ gi([X,Y], U) - 9l([X, U],Y) - 9l([Y, U],X)] 

= \gi{[X,Y],U), 

since gi(X,Y) = g2(X, Y) o f and U is /-related to zero vector field, so 
Ugi(X,Y) = 0, and since U ± X, U ± Y and U is /-related to zero vector 
field, so first and last two terms vanish. Thus, (d) holds. • 

THEOREM 5 . 4 . Let f : (Mi,gi) —• (M2,g2) be A regular, semi-Rieman-
nian transversal map to (</>,where Mi is connected and /(Mi) is a 
submanifold of Mi. If X,Y G TH' are lifts from B spanning nondegenerate 
planes, then 

KN2(UXjjY) = KMl(X,Y) + ([X,Y)T,[X,Y]T)/Q(X,Y), 

where Kpj2 is the sectional curvature in the induced structure of integral 
manifolds N2 of B, KM1 is the sectional curvature in the structure of 
(Mi,gi) and 

Q(X,Y) = gi(X,X)gi(Y,Y)-gi(X,Y)2. 

P r o o f . Let X,Y G TH' be lifts of X,Y G TB. Then by Lemma 5.3, 

V^Y = {DXY)~ + \[X,Y]t + u', 

where U' G rZ i . Again by Lemma 5.3, for U G T V , since U is /-related to 
zero vector field, 

(*) 9i(VuX,Y) = giiVfU,Y) + 9l([U,X],Y) 

= -gx{U,V~Y) = -gi(U,(V~Y)T) = -lgi([X,Y]T ,U). 

1 ~ ~ 
Also, in particular, if U' G TLi, then gi(Vu'X,Y) = 0. 

Now, by Lemma 5.3, since 

Xgi(V~Z, W) = (Xg2(bYZ, W)) o / , 

where Z, W G TH' are the lifts of Z, W G TB, we have 

gi(V^~Z,W) = Xgi{V~Z, W) - gi{V~Z, V~W) 
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= (.Xg2(DYZ, W))of- gx{{bYX)~ + ¿ [Y, Zf + U', (DXW)~ 

+ \[X,W]T + U") 

= g2(DxbYZ, W) of — ±gi([Y, Z f , [X, W f ) , 

where U', U" € rZi . 
Similarly, 

fll(V? Vj^Z, W) = 52 (bYbxZ, W)of- ±9l([X, Z f , [Y, W f ) . 

x 

Also, since gi(Vv>Z, W) = 0 for U' € YLX and by (*), 

^(VtfftZtW) = + gi(V[X^TZ,W) + gi(Vu'Z,W) 

= 92(b[x<Y]Z, W)of- \gi{[Z,W]T, [ X , Y f ) , 
where U' € TLX. 

1 2 
Thus, if R is the curvature tensor of Mi and R is the curvature tensor 

of the inducted structure on N2, then 

g1(R(X,Y)Z,W) = g1(V^Z,W)-gl(VvV^Z,W)-g1(V[~ 

= g2(bxDYZ, W)of- \gx{[Y, Z f , [X, W f ) - g2(bYDxZ, W) o / 

+ \gi([Xt Z f , [Y, W f ) - g2(b[XtY] Z, W) o / + lgi([Z, W f , [X, Y] T ) 

= g2{R{X, Y)Z, W) of— i f l l [ y , Z f , [X, W f ) 

+ \gx{[X,^,[Y,Wf)+\gx{[Z,Wf,[X,Yf). 

Hence, by setting Z — Y, X — W and dividing both sides by Q(X,Y), the 
Theorem follows. 

Rem.ark 5.5. Notice^that the choice of V^ is dummy. Indeed, since 
TCx{[Z,Wf) = (7Tx([Z,W]))T, where (^([Z,W)))T is the component of 
7Ti([Z, W]) in V (and similarly for [X ,Y] T ) , so we have 

9l([Z,Wf,[X,Yf) = UM[Z,W])T,{«i{[X,Y]))T)-
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Hence, Theorem 5.4 states that 

K N 2 ( f . X , f . Y ) 

= KMl (X, Y) + Y ] ) f , (TTxdX, Y]))T)IO{X, Y). 
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