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DIFFERENCE SEQUENCE SPACES
DEFINED BY A SEQUENCE OF MODULI

Abstract. The idea of difference sequences was introduced by H. Kizmaz [1]. In this
paper we define difference sequence spaces by a sequence of moduli and establish some
inclusion relations.

1. Introduction
Let lo, ¢, and ¢y be the sequence spaces of bounded, convergent and
null sequences = = (zj) respectively. Recently, Kizmaz [1] has defined the
following sequence spaces
loo(D) := {z = (z}) : Az €l },
() := {z = (zx) : Az € ¢},
co(A) = {z = (zx) : Az € ¢o},
where Az = (Azi)2, = (Th — Tr+1)72;-
DEFINITION 1.1. A function f : [0,00) — [0,00) is called a modulus if
1° f(t) = 0 if and only if ¢t = 0,
20 F(t+ u) < f(£) + f(u) for all ,u > 0,
3° f is increasing, and
4° f is continuous from the right of 0.

DEFINITION 1.2. Let X be a sequence space. Then we define the sequence
space for a modulus f as follows [4], [5]

X(f) = A=z = (=) : (f(lzx])) € X}.
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Recently, Kolk [2, 3] gave an extension of X (f) by considering a sequence
of moduli F = (fi), i.e.
X(F):={z = (zx) : (fi(lzel)) € X}.
Define the following sequence spaces for a sequence of modulus F' = (f),
lo(F, D) := {z = (k) : Az € lo(F)},
co(F, Q) := {z = (zi) : Az € co(F)}
for a sequence of moduli F = (fi). We determine a necessary and a sufficient

condition for the inclusions between X(A) and Y (F, A), where X,Y # Iy
or X,Y # co. We will use the following lemmas by Kolk [2].

LEMMA 1.1. The condition supy fi(t) < oo, t > 0 holds if and only if
there is a point tg > 0 such that sup, fi(to) < 0o.

LEMMA 1.2. The condition infy fi(t) > 0 holds if and only if there exists
a point tg > 0 such that infy fi(9) > 0.

2. Main results

THEOREM 2.1. Let F = (fi) be a sequence of moduli. Then the following
statements are equivalent:

(1) loo() € leol F, A);

(2) co(A) C loo(F> A);

(3) supy, fr(t) < o0 (2> 0).

Proof. (1) implies (2) is obvious.

(2) implies (3): Let co(A) C lo(F,A). Suppose that (3) is not true.
Then, by Lemma 1.1, sup;, fi(t) = oo for all ¢ > 0, and, therefore, there is
an index sequence (k;) such that

1
(2.1) fk.-(1+‘2'+"'+27-_1—)>i fori=1,2,...
Define z = (z) as follows
Ty = 1+%++T—1—f’ ifk:]?i’i=1v2’---,
0, otherwise.

Then z € co(A) but by (2.1), 2 # l(F,A) which contradicts (2). Hence
(3) must hold.

(3) implies (1): Let (3) be satisfied and z € Io(A). If we suppose that
z & loo(F,), then

sup fx(|Azg]) =00 for Az €.
k
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Let t = |Az]. Then sup, fx(t) = oo which contradicts (3). Hence lo(A) C
lo(F, D).

THEOREM 2.2. The following statements are equivalent for a sequence of
moduli F = (f):

(1) eo(F, A) € eo(D);

(2) co( F, D) € loo(B);

(3) infg fi(t) > 0, (t > 0).

Proof. (1) implies (2) is obvious.

(2) implies (3): Let ¢o(F, A) C lo(A). Suppose that (3) does not hold.
Then, by Lemma 1.2,

(2.2) inf fi(t) = 0 (¢ > 0).
For an index sequence (k;) with
fr(i®) < % fori=1,2,...

define the sequence z = (zx) by

_f, fk=kifori=1,2,...
T =
0, otherwise.

By (2.2),2 € ¢o(F, A) but « ¢ lo(A) which contradicts (2). Hence (3) must
hold.
(3) implies (1): Let (3) hold and = € ¢o(F, D), i.e.

lilrcn fk(|Aa:k|) =0.
Suppose that z ¢ co(A). Then for some number ¢ > 0 and index ko we

have |Azy| > € for k > ko. Therefore fi(eo) < fr(|]Az| for & > ko and
consequently limy fi(€o) = 0 which contradicts (3). Hence co(F, A) C co(D).

THEOREM 2.3. The inclusion lo(F,A) C co(AD) holds if and only if
(2.3) li}cn fe(t) =00 fort>0.

Proof. Let [oo(F, A) C co(A) such that (2.3) does not holds. Then there
is a number ¢y > 0 and an index sequence (k;) such that
(2.4) fk.. (to) <M < oo.
Define the sequence z = (zx) by

_J—toi, fk=kifori=1,2,..,
Tk = 0, otherwise.

Thus ¢ € lo(F,A), by (2.4). But z & c¢,(A). so that (2.3) must hold
for loo(F,A) C ¢o(A). Conversly, let (2.3) hold. If € I (F,A), then
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fx(JAzg]) £ M < oo for k = 1,2,... Suppose that ¢ co(A). Then for
some number ¢ > 0 and index k¥ < ko we have |Azy| > ¢ for £ > kq.
Therefore fi(eo) < fr(|Azk]) < M for k > ko which contradicts (2.3).
Hence z € co(A).

THEOREM 2.4. The inclusion l(A) C co(F, A) holds, if
(2.5) lilrcn fi(t)=0 fort>O0.

Proof. Let Io(A) C co(F, A). Suppose that (2.5) does not hold.
Then for some tg > 0

(2.6) lim fi(to) = # 0.

Define z = (zx) by zx = —tok for k = 1,2,... Then = & co(F, A) by (2.6).
Hence, (2.5) must hold.

Conversely, suppose that (2.5) holds and z €l,,. Then |Az| <M < 00
for k = 1,2,... Therefore fi(|Azx|) < fe(M) for & = 1,2,... and
limy fi(|Azk]) < limg fu(M) = 0, by (2.5). Hence = € ¢o(F, D).
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