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ON UNIQUE COMMON FIXED POINT
FOR COMPATIBLE MAPPINGS OF TYPE (A)

Let S and T be two self mappings of a metric space (X, d). Sessa [6] de-
fines S and T to be weakly commuting if d(STz,TSz) < d(Tz,Sz) for all z
in X. Jungck [1] defines S and T to be compatible if lim,_,o d(STxy, T Sz,)
= 0 whenever {z,} is a sequence in X such that lim,_,o Sz, = lim,_,o Tz,
= z for some z € X. Clearly, commuting mappings are weakly commuting
and weakly commuting mappings are compatible, but neither implication is
reversible (Ex. 1 [7] and Ex. 2.2 [1]).

Recently, Jungck, Murthy and Cho [2] defines S and T to be compati-
ble of type (A) if lim,— o0 d(T'S2n, $%z,) = 0 and lim, o d($Tzy, T?z,)
= 0 whenever {z,} is a sequence in X such that im,, Sz, = im0 TZy
= z for some z € X. Clearly, weakly commuting mappings are compatible
of type (A). By (Ex. 2.2 [2]) follows that implications is not reversible. By
(Ex. 2.1 and Ex. 2.2 [2]) follows that the notions of compatible mappings
and compatible mappings of type (A) are independent.

LEMMA 1 [2]. Let S,T : (X,d) — (X, d) be compatible mappings of type
(A). If one of S and T is continuous, then S and T are compatible.

LEMMA 2 [1]. Let S and T be compatible mappings from a metric space
(X,d) into itself. Suppose that lim, oo STp = limp— oo T2, = t for some t
in X. Then lim,,_, o, TSz, = St if S is continuous.

LEMMA 3 [2]. Let S,T : (X,d) — (X,d) be mappings. If S and T are
compatible of type (A) and S(t) = T(t) for somet € X, then ST(t) =
TT(t)=SS(t) =T5(t).

Let Ry be the set of all non-negative reals numbers and f : R} — R
be a real function.
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DEFINITION 1 [5]. We say that f : R} — Ry satisfies property (h) if
there exists h > 1 such that for every u,v € Ry with v > f(v,u,v) or
u > f(v,v,u), we have u > h.v.

DEFINITION 2 [3]. We say that f : R} — Ry satisfies property (u) if
f(u,0,0) > u, Vu>0.

The following theorem is proved in [5].

THEOREM 1. Let A,B,S and T be mappings from a complete metric
space (X, d) into itself satisfying the conditions:

1° A and B are surjective,

2° One of A, B, S, T is continuous,

3° A and S as well as B and T are compatible of type (A),

4° The inequality
(1) d(Az, By) 2 f(d(Sz,Ty)),d(Az, Sz),d(By, Ty))
holds for all x,y in X where f satisfied the property (h) with h > 1. If the
property (u) holds and f is continuous then A,B,S and T have a unique
common fized point.

The purpose of this paper is to extend Theorem 1.
Let H the set of real continuous functions g(z1,...,25) : R} — Ry
satisfying the following conditions:

Hi: g is decreasing in variables z4 and x5,
Hy:  there exists A > 1 such that for every u,v > 0 with

Hy:u>g(v,v,u,0,u+v) or Hy:u>g(v,u,v,utv,0),
we have u > h - v.

DEFINITION 3. We say that g : R}, — Ry satisfies property (U) if
g(u,0,0,u,u) > u, ¥V u>0.

brs + cz 1/2
Ex. g(z1,...,25) = [ax% + ?2375—_—}_—13] , where @ > 0; b,c > 0 and
at+b+c> 1.
H,. Obvious.

Hy. X u > g(v,0,u,0,u+ v) then u? > av? + bv? + cu? and u >
(%)1/2 -v = hy - v, where hy > 1.

If u > g(v,u,v,u+,0) then v > av® + bu® +cv® and u > (£
hy - v, where hy > 1. Thus Hj holds for A = min{hq, hy}.

THEOREM 2. Let (X,d) be a metric space and A, B, S, T four mappmgs
of X satisfying the inequality

(2) d(Az, By) > g(d(5z,Ty),d(Az, Sz),d(By, Ty),d(Az,Ty),d(By, 5z))

)1/2.1)_
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for all z,y in X, where g satisfies property (U). Then A,B,S,T have at
most one common fized point.

Proof. Suppose that A, B, S,T have two common fixed points z and 2/,
with z # 2'. Then
d(z,72') = d(Az, BZ')
> g(d(82,T7"),d(Az,S8z2),d(B2',TZ'),d(Az,T2"),d(Bz', §z))
= g(d(z,2'),0,0,d(z,2'),d(Z', 2)) > d(z,7'),
a contradiction.

THEOREM 3. Let A,B,S and T be mappings from a complete metric
space (X, d) into itself satisfying the condition 1°, 2° and 3° of Theorem 1.
If the inequality (2) holds for all z,y in X, where g € H satisfies property
(U), then A,B,S and T have a unique common fized point.

Proof. Let zo € X be arbitrary. By (1°) we can choose a point z; in X
such that Azy = T2y = yo and for this point z, there exists a point z5 in
X such that Bzy = Sz1 = y;. Inductively, we can define a sequence {y,} in
X such that
(3) ATyns1 =TTn = yon and BTapps = STont1 = Yont1-

By (2) and (3) we have
d(yo,y1) =

= d(Az,, Bz,)

2 g(d(swla Tx?)’ d(S:Ela T.’L‘]), d(T(l)2, Bz?)y d(AZL'l, TCL‘?), d(B.’L'2, Sml))

= g(d(y1,¥2), d(y0,v1), d(¥2, 1), d(%0, ¥2), 0)

> g(d(y1,v2), d(y1,90), d(y2, 11), (0, ¥1) + (91, 92),0).

By H, we have

d(yo,v1) > h-d(y2, 11)-
Thus
1
d(y1,92) < B d(yo,y1)-
Similarly, by (2), (3), (H,) and (H}) we have

1 n
d(Yn, Yn+1) < <E) -d(yo, ¥1)-

Then by a routine calculation one can show that {y,} is a Cauchy se-
quence and since X is complete, there is a z € X such that lim,_, . y, = 2.
Consequently, the subsequences {Azan41}, {Bx2n}, {Sz2n41} and {Tz2,}
converge to 2.
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Now, suppose that A is continuous. Since A and S are compatible of
type (A) and A is continuous, then, by Lemma 1., A and § are compatible.
Lemma 2 implies that A%z3,1; — Az and SAz2,41 — Az as n — oo.

By (2) we have

d(A}, .1, Bza) 2 9(d(SAzapni1, T2ar),d(SAzant1, A2Tont1),
d(Tz3n, Br2n),d(A%2on41, T22n), d(S AZ2n41, BT2n)).
Letting n — 400 we have, by continuity of g, that
d(Az,z) > g(d(Az,2),0,0,Az,2),d(Az, z)).

By the property (U), it follows that d(Az, Az) > d(Az,z)if Az # 2. Thus
Az = z. By (2) we have
d(Az, Bzs,)

> 9(d(Sz,Tx2,),d(Sz,Az),d(TT2n, Beon), d(Az, T2y,), d(Bzan, Sz)).
Letting n — +o00 we have, by continuity of g, that

0=d(Az,z) > g(d(Sz,2),d(S5z,2),0,0,d(5z, 2)).
By (H,) we have 0 > h - d(Sz,z) which implies z = Sz. Let u = By for
some u € X. Then by (2) we have
d(A’ant1, Bu) > g(d(SAzani1, Tu), d(S ATontr, Alxantr),
d(Tu, Bu),d(A* 941, Tu), d(AT2n41, Bu)).
Letting n — 400 we have, by continuity of g, that
0 = d(Az, Bu) > (9(d(Az,Tu),0,d(Tu, Bu),d(Az,Tu),d(Az, Bu))
= g(d(2,Tu),0,d(z,Tu),d(z,Tu),0).
By (Hp) we have 0 > h - d(z,Tu), which implies that z = T'u. Since B

and T are compatible of type (A) and Bu = Tu = z, then by Lemma 3.,
Bz = BTu = TBu = Tz. Moreover, by (2), we have

d(Azont1, B2z) 2 9(d(SZont1,T2),d(STont1, AZ2n+1),d(T2, Bz),
d(Azonty,T2),d(Bz, Stony1)).
Letting n — 400 we have, by continuity of g, that
d(2,Tz) > 9(d(2,Tz),0,0,d(2,Tz2),d(2,Tz)).

From the property (U), it follows that d(z,Tz) > d(z,Tz2) if z # Tz. Thus
z = Tz. Therefore 2z is a common fixed point of A, B, 5 and T. Similarly,
we can complete the proof in the case of continuity of B.

Next, suppose that § is continuous. Since A and S are compatible of
type A and § is continuous, then, by Lemma 1, A and S are compatible.
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Lemma 2 implies S2z9,41 — Sz and ASTan41 — Sz as n — oo. By (2), we
have
d(ASzont1, Bzan > g(d(52m2n+1,Tzzn),d(Szzzn.,.l,AS:I:gn.,.l),
d(TzZn,Ban),d(AsznH,T:z:zn),d(SZ:vgnH,B:z:zn)).
Letting n — +00, we have, by continuity of g, that
d(Sz,z) > g(d(8z,2),0,0,d(5z2,2),d(S 2z, 2)).

By the property (U), we have d(Sz,z) > d(Sz,2)if z # §z. Thus z = Sz.
Let 2 = Av and z = Bw for some v and w in X, respectively. Then, by (2),
we have

d(AS:E2n+l ’ B’UJ) Z g(d(52x2n+l 9 T’LU), d(52$2n+l ’ ASQ:ZTL-}-I),
d(Tw, Bw),d(ASzan41, Tw),d(Bw, S22541))-
Letting n — +00, we have, by continuity of g, that
0=d(Szz2) > g(d(52,Tw),0,d(Bw,Tw),d(Sz,Tw),d(Bw, 5z))
= g(d(z,Tw),0,d(z, Tw),d(z,Tw),0).

By (H,) we have 0 > h - d(z,Tw), which implies that 2 = T'w. Since B
and T are compatible of type (A) and Bw = Tw = z, by Lemma 3., we see
that B2 = BTw = TBw = T=.

Moreover, by (2), we have

d(Azynt1, Bz) > 9(d(S72n41,T2), d(ST2n41, AT2n41),
d(Bz,Tz),d(Azan41,T2),d(Bz,S2on41))-

Letting n — 400 we have, by continuity of g, that

d(2,Tz) = d(2,Bz) > ¢(d(2,T2),0,0,d(2,Tz),d(z,Tz)).
By the property (U), it follows that d(z,T2) > d(z,Tz2) if z # Tz. Thus
z = Tz. Further, we have, by (2), that

d(Av, Bz) > ¢(d(Sv,Tz),d(Av, Sv),d(Tz, Bz),d(Av,Tz),d( Bz, Sv)).

and

0 =d(z,2) > g(d(Sv, z),d(Sv,2),0,0,d(Sv, 2)).
By (H,) we have 0 > h - d(Sv,z) and thus Sv = 2. Since A and § are
compatible of type (A) and Av = Sv = 2, then, by Lemma 3., Az = ASv =
SAv = Sz. Therefore, z is a common fixed point of A, B, S and T. Similarly,
we can complete the proof in the case of continuity of 7.

From Theorem 2 follows that z is a unique common fixed point of A, B, S
and T.

THEOREM 4. Let S, T and {fi};c be mappings from a complete metric
space (X, d) into itself satisfying the following conditions:
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1° {fi};en are surjective;

2° 5 or T or every {fi}z'el s conlinuous;

3° S and {f.},cn are compatible of type (A), T and {f};cn are com-
patible of type (A),

4° the inequality

d( fiz, fir1y) 2

g(d(S:c,Ty),d(f,-:z:, Sw)vd(fi+1y’T?/)7d(fimvT?/)>d(fi+1ya S:L‘))
holds for all z and y in X,V ¢ € N, where g € H and satisfies the property
(U). Then {fi};cn»S and T have a unique common fized point.

Proof. It is similar to the proof of ([4], Theorem 4.).

References

[1]  G. Jungck, Compatible mappings and common fized points, Internat. J. Math. and
Math. Sci., 9 (1986), 771-779.

[2] G. Jungck, P. P. Murthy and Y. J. Cho, Compatible mappings of type (A) and
common fized points, Math. Japonica, 38, 2 (1993), 381-390.

[3] V. Popa, Theorems of unique fired point for ezpansion mappings, Demonstratio
Math., 23 (1990), 213-218.

[4] V. Popa, Common fized points of compatible mappings, Demonstratio Math., 26
(1993), 803-809.

[5] V.Popa and H. K. Pathak, Common fized points of compatible mappings of type
(A), Studia Univ. Babes-Bolyai, Mathematica, 40 (1995), 49-57.

[6] S.Sessa, On a weak commutativity condition in a fized point considerations, Publ.
Inst. Math. 32(46)(1982), 149-153.

[7] S. Sessa and B. Fisher, Common fized point of weakly commutating mappings,
Bull. Polish. Acad. Sci. Math. 36,5-6(1987), 341-349.

DEPARTAMENT OF MATHEMATICS AND PHYSICS
UNIVERSITY OF BACAU
5500 BACAU, ROMANIA

Received April 30, 1997.



