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ON EXISTENCE OF SOLUTIONS 
OF A SINGULAR CAUCHY-NICOLETTI PROBLEM 

FOR A SYSTEM OF INTEGRO-DIFFERENTIAL EQUATIONS 

A b s t r a c t . In the paper a singular problem of the type of Cauchy-Nicoletti for a 
system of integro-differential equations is considered. The existence of solutions the graph 
of which remains in a properly choosen domain is proved. Moreover, the theorem about 
uniqueness of solution in this domain is given. The applicability of results is showed on 
an illustrative example. 

1. Introduction 
Consider the following singular problem of the type of Cauchy-Nicoletti 

for the system of n ordinary integro-differential equations 
X 

y'k(x) = fk(x,y(x))+\gk(x,s,y(x),y(s))ds, 
a 

b 
y'i(x) = Mx,y(x))+ J gi(x,s, y(x),y(s))ds, 

x 

k = 1,2,.. .,h, 1 < h < n, I = h + 1,.. .,n, 

(2) Vk(a+) = Ak, yi(b~) = Bi, 

where x € I = (a,b), y(x) = (y1(x),y2(x),.. ,,yn(x)), a,b,Ak,B, are real 
constants, a < b and (x,y) G I x D, where the set D C R n is indicated 
below. 

The Cauchy-Nicoletti problem, the generalized Cauchy problems or the 
boundary value problems for systems of ordinary differential equations have 
been considered by many authors. Singular problems of such types have 
been studied e.g. in works [l]-[9], [11]. Singular initial problem for systems 

Key words and phrases: singular problem of the type of Cauchy-Nicoletti, uniqueness 
of solutions, integro-differential equations. 
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of integro-differential equations was considered in [10]. In this paper we give 
sufficient conditions for solvability and uniqueness of the problem ( 1 ) , (2) 
and some estimations of the components of solutions. The solution of ( 1 ) , 
(2) is defined in the sense of following definition. 

DEFINITION. The solution of the problem (1), (2) is defined as a vector-
function y(x) = (yi(x),y2(x),...,yn(x)) £ C' 1(/) which on I satisfies the 
system ( 1 ) , ( x , y ( x ) ) € D on I and yk(a+) = Ak, yi(b~) = Bh k = 
1 , 2 , . . . , h, I = h + 1 , . . . , n. 

2. Main results 
We will consider real functions 7 , ( z ) , Si(x), Q(x,s), r/i(x,s), i = 

1 , 2 , . . . , « , which satisfy the following conditions ( H1 ) - (H2 ) : 

(HI): 

7k(x),6k(x) € C ( a , 6 ] , jk(x) < Sk(x) on (a , 6], k = 1 , 2 , . . . , h, 

1i(x), 6i(x) e C[a, b), fi(x) < 6i(x) on [a, 6), I = h + 1 , . . .n 

and, moreover, there are finite integrals 

b b 

i(t)dt, ^Si(t)dt, « ' = 1 , 2 , . . . , n . 

a a 

(H2): 

Ck(x,s),rik(x,s) e C((a,b] x ( a , 6]), Ck(x,s) < r]k(x,s) on (a , 6] x (a , 6], 

k — • * .j/i^ 

Ci(® , ¿0, rji(x, s)<EC ([a, b) x [a, b)), Q(x, s) < 77t(x,s) on [a, b) x [a, b), 

/ = h + 1 , . . . , n 

and, moreover, there are finite integrals 

6 6 bb 
J J (i(x,s)dsdx, j j r j i ( x , s ) d s d x ¿ = 1 , 2 , . . . , n . 

a a a a 

Define for k = 1,2,..., h; I = h + 1,..., n on [a, ¿1] continuous functions 
otkiflk, 

X X t 

ak(x) = Ak + J 7k(t)dt + \ j Ck(t, s) ds dt; ak(a) = ak(a + 0); 
a a a 
x x t 

/?*(x) = Ak + \ 6 k ( t ) d t + J \ T]k{t, s) ds dt; /3fc(a) = /3fc(a + 0); 
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6 b b 

at(x) = Si(t)dt - 5 5 m(t>s)ds dt'> ai(b) = a i ( b -

X X t 

b b b 

0,(x) = B , - \ 7i(t)dt - \ S 0(t, s) ds dt] /?,(*) = (3i(b - 0). 
X X t 

D e n o t e by D and D\ the domains 

D = y):x e l , ati(x) <y{< Pi{x), i = 1 , 2 , . . . , n} and 

Di = { ( x , 5, y, w) : (x, y) G D, {s, w) G D, s < x}. 

T h e o r e m 1. Let the functions 7¿ (z ) , Si(x), (i(x,s), r)i(x,s), i = 
1 , 2 , . . . , n satisfy the condition ( H 1 ) - ( H 2 ) and, moreover, 

a ) f i ( x , y) G C ( D ) , a, 2/, « 0 G C ( - D i ) , 

b ) 7 t 0 ) < < ¿ i ( x ) w h e r e ( x i V ) £ 

c) Ct(®)«) < 9i(x,s,y,w) < r}i(x,s) where (x,s,y,w) G D\, 

d) for arbitrary points (x,y), (x,y) G D 

n 

I fi(x,y) - fi{x J ) | < x)\yj -
j=1 

where Mij(x) G C ( / ) are nonnegative functions such that 

b 

J Mij(x)(/3j(x) — otj(x))dx < 00, 
a 

e) / o r arbitrary points (x, s, y,w), (x,s,y,w) G A 

n n 
\gi(x, s, y, w) - g{(x, s,% < ]T Nij(x, s)\yj + Pii(x> ~ 

3=1 3=1 

where Nij(x,s) G C(I x I),Pij(x,s) G C ( 7 x / ) are nonnegative functions 

such that 

b b 

J J Nij(x, s)(/3j(x) — otj(x)) ds dx < 00, 
a a 
b b 

^ ^ Pij(x, s)(j3j(s) - aj(s))dsdx < 00. 
a a 

Then there is a solution y{x) = 2/2(^)5 • • -iyn{x)) of the Cauchy-

Nicoletti problem ( 1 ) , (2 ) . 
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R e m a r k 1. Note that the conditions of Theorem 1 are necessary simul-
taneously. Indeed, if a function y = <p(x) = (<p\{x),.. .,cpn(x)) is a solution 
of (1), (2) then there can be put 

ji(x) = 6i(x) = fi(x,<p(x)), Ci(x, s) = T]i(x, s) = gi(x, s, (p(x), <p(s)) 
and, consequently, «¿(x) = fli(x), i = 1 , 2 , . . . , n. In this case we put 

Mij(x) = Nij(x, s) = Pij(x, s) = 0, i — 1 , 2 , . . . , n. 
Theorem 2. Let all assumptions of Theorem 1 hold and, moreover, 

b bb bb 
q{\iM(x)dx + j \N(x,s)dsdx+ WP(x,s)dsdx) < 1 

a a a a a 

where 

q = max{/i, n - h}, M(x) = maxMj,(a;), 
i j 

N(x,s) = ma,xNij(x,s), P(x, s) = maxima; , s); i,j = l,2,...,n. 
v tj 

Then the solution 

</0) = {yi{x),y2{x),...,yn{x)) 
of the Cauchy-Nicoletti problem (1), (2) with the property (x, y(x)) £ D on 
I is unique. 

THEOREM 3. Let all asumptions of Theorem 1 hold and, moreover, there 
is a constant p € [0,1) such that on I 

(3) ¿S[M f c j (< )G9i (<) -« i ( i ) )+ 
j=l a 

+ \(Wkj(t,s)(0j(t) - aj(t)) + Pkj(t,s)(0j(s) - aj(s))) ds 
a 

< p(/3k(x) - ak(x)) 

if k e {1,2,..., h} and 

dt 

n b 

(4) "«,-(<))+ 
j = l X 

+ *)(&(*) - «¿(0) + Pij(.t, *)(&(*) - «;(*))) ds 
t 

< p(Pi(x) - ai(x)) 

dt 
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if I € {h+ l,...,n}. Then the solution y(x) = (¡/i(x), y2(x),..., yn(x)) of 
the Cauchy-Nicoletti problem (1), (2) with the property (x, y(x)) e D on I 
is unique. 

P r o o f of T h e o r e m 1. In view of a), b), c) and (H1)-(H2) the 
problem (1), (2) is equivalent in D\ with the system of integral equations 

X X t 

(5) yk(x) = Ak + \ fk{t, y(t)) dt + J J gk{t, s, y(t), y(s)) ds dt, 
a a a 

fc — 

b b b 

(6) vi{x) = 5,-5 flit, y(t)) dt - j\g,(t, s, y(t), y(s)) ds dt, 
X X t 

I = h + 1,.. .,n. 

Define, with the aid of (5), (6), the sequences of functions {y™(aO}, ^ = 

1 , 2 , . . . , n, m = 0 , 1 , . . . , on interval I as follows 

Vi(x) = \(ai(x) + » = 1 , 2 , . . . , n, 

(7) 

X t 

y?+1(x) = Ak + \ fk(t, ym(t)) dt+\\gk(t, s, ym(t), ym(s)) ds dt, 
a a a 

b b b 

yr+1(x) = B,-\ flit, ym(t))dt - \ \9l(t, s, ym(t), ym(s)) ds dt. 
X X t 

where k = 1,2,. ..,h; I = h + 1 , . . . , n. 

I . By method of induction it may be easily proved (with the aid of 
(H1)-(H2), a)-c)) that all elements of these sequences can be continued 
continuously on the closed interval [a,b] and, moreover, (x, ym(x)) £ D if 
x 6 [a, b], m = 0 , 1 , 2 , . . . We will take this into account in the next text. 

II. We show by Arzeli's theorem that there are subsequences {t/t
mr(a;)} 

of the sequences {yt
m(a;)} which converge uniformly on [a, 6], It is necessary 

to prove that all members of these sequences are uniformly bounded and 
equicontinuous. The uniform boundedness follows from fact that (x, ym(x)) 
£ D, m = 0 , 1 , 2 , . . . on [a, b] and functions ai(x) , /3i(x) are bounded on [a, 6]. 

Prove the equicontinuity. Let k 6 { 1 , 2 , . . . , h}, m = 0 , 1 , 2 , . . . Define for 
x € (a, 6] 

ipk(x) = max{|7fc(x)|, |i*(®)|}, 
X X 

Xk(x) = max | \ |0t(x, s)| ds, \ \rjk(x, s)\ds}. 
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Then from b), c), (HI), (H2) 

\fk(x,ym(x))\ < fa(x), x G ( a , b], 
X 

\ Igk(x,s, ym(x), </m(s))| ds < Xk(x), x G (a, b]. 

Define 

¡Pk(x) = max{|afc(a:) - Ak|, |f3k(x) - Ak|}, x G [a, b}. 

Then on [a, b] 

X t 

I S fk(t, ym(t)) d t + \ \ gk(t, s, ym(t), ym(s)) ds dt\ < yk{x). 

Choose arbitrary positive number ek. Then, because <pk(a) = 0 and <pk(x) is 
continuous, there is a uk — u>k(ek), 0 < uk < b - a, such that ipk(x) < 
if x G [a; a + uk\. Let 

h = [ a+Y' b , Mk = s u p il>k(x), Nk = s u p Xk(x), 
xeh 

We obtain for x',x" G [a, 6], m> 1 and \x' - x"\ < Xk: 
a) if x',x" G Ik, then 

|yZV)-yZV)l< 
x" t 

\ f k ( t , y m - \ t ) ) d t \ \ + \ \ ^ \gk(t, s, i / m _ 1 ( i ) , ym~1(s)) ds dt\ < 
x' a 

< 

< 
x 

<Pk(t)dt| + | j Xk(t)dt < 
x• 

< Mk\x' - x"\ + Nk\x' - x"\ < Ak(Mk + Nk) < X*k(Mk + Nk) < efc; 

/?) if x', x" £ Ik, or x' G Ik, x" £ Ik, then x', x" G [a,a + uk] and 

\y?(x>) - yj»(z")| < 
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x' x' t 

< | s \fk(t,ym-lmdt+ ¡ i i ^ M ^ w . r 1 ^ ) ) ^ ^ « ! 
a a 

x" t 
' < + | S \fk(t,ym-1(t))\dt+ S S i g ^ s ^ ^ W i y ^ i s W d s d t 

a a a 

< <pk(x') + <pk(x") < + ^k = £fc-

For to = 0 we can proceed analogously. The equicontinuity for indices 
k 6 { 1 , 2 , . ..,h) is proved. By an analogy we can prove the equicontinu-
ity for indices I £ {h + l , . . . , n } . Therefore the equicontinuity is proved 
and by Arzeli's theorem above-mentioned subsequences {y™T(x)} exist. We 
denote the limits of these subsequences as yi(x), i = 1 , 2 , . . . , n. In the next 
reasonings we will use, without loss of generality, the previous sequences 
instead of these subsequences. Because (a:, ym(x)) £ D for each to = 0 , 1 , . . . 
a n d x £ [a, b] then ( x , y ( x ) ) £ D on [a, b] t o o . 

III. Prove that the limit function y{x) = (2/1(2), 2/2(2),..., yn(x)) satis-
fies on I the system (5), (6). 

For each positive e there is (in view of uniform convergence) an index 
mg such that for m > TOg : \yi(x) - 2/j™(a;)| < i , i = 1 , 2 , . . . ,n on [a,6]. 
Because (x,y(x)) £ D and ( x , y m ( x ) ) £ D on [a, 6] then 

( 8 ) \yi{x)-y™{x)\ <mm{e,0i(x)-ai(x)}, t = l , 2 , . . . , n . 

From d), e) and (8) we conclude that for each positive e there are: an 
index ne (sufficiently large) a value x\ £ [a, 6] (perhaps sufficiently near to 
the point a) and a value x\ £ [a, 6], x\ < x\ (perhaps sufficiently near to 
the point b) such that for m > n£, i,j= 1 , 2 , . . . , n 

x\ 
(9) J [ ^ ( ' M O - 1 ^ ( 0 1 + 

a 
t 

+ s)\Vj(t) - 2/f (01 + Pij(t, s)\yj(s) - yf(a)|)<fo] dt < 
a 

(10) S My(«)|yi(0 - »rwi+ 
xl 
t 

+ \(Nij(t,8)\yi(t) - yf (01 + Pij(t,s)\yj(8) - y f («)|)<fa]di < 



754 J. Bastinec, J. Diblik 

b 
(11) S [ M i M y i { t ) - y ? W \ + 

x\ 
t 

+ S ( ^ ( ¿ , 3 ) 1 ^ ( 0 - y?(i)| + Pij(t,s)\yj(s) - y?(s)\)ds 
a 

The integral in (10): 

*u 
J = 5 S ^ ^ l y ^ - y f ^ l ^ d i 

x\ a 

can be made sufficiently small (if ne is sufficiently large) because 

X* t\ t2
c b 

3 ^ S ( $ + S + S - y ? ( g ) \ d s d t 

3 n 

where a value t\ G [a, b] is, if necessary, sufficiently near to the point a and a 
value t2

e £ [a, b] is, if necessary, sufficiently near to the point b. Analogously 
the correspondence integrals can be considered in (9), (11). 

In view of d), e), ( 9 ) - ( l l ) for x £ [a, 6], k = 1 , 2 , . . . , h : 

X t 

X t 

< 

I J A(i, y{t)) d t + \ \ gk{t, y(t), y(s)) ds dt-
a a a 

x 
- S fk(t, ym{t)) d t - \ \ gk(t, s, ym(t), ym(s)) ds dt 

a a a 
x 

< \ \ \ f k ( t , y ( t ) ) ~ f k ( t , y m m d t \ + 
a 

x t 

+ | \ \ \9k(t, s, y(t), y(s)) - gk(t, s, ym(t), y™(s))| ds dt\ < 
a a 

X n 
< \ Y t M k j ( t ) \ y j ( t ) - y ? ( t ) \ d t + 

a j=1 
x t n n 

+ \ S ( E - y f W I + - f f W l ) d s d t ^ 
a a j=1 3=1 
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< ¿ ¡ ^ • ( 0 1 ^ ( 0 - ^ ( 0 1 + 
j=1 a 

+ \(Nkj(t,s)\yj(t) - y?(t)\ + Pkj(t,s)\yj(s) - y?(s)\)ds)dt < 
a 

< j 2 \ ( M k j ( t ) \ y j ( t ) - y J i ( t ) \ + 
j=1 a 

t 

+ \(Nkj(t,s)\yj(t) - y f { 0 | + Pkj(t,s)\yj(s) - y™(s)\)ds)dt = 
a 

n i j b 

= £ ( ! • • • + ! . . . + S . . . ) < ' -
J=1 a xl x\ 

Consequently, if e —• 0 then 

X t 

S (/*(«, ¡T(0) + \ 9k(t, s, ym(t), ym(s)) ds) dt 
a a 

x t 

—• S ( f k ( t , 2/(0) + \ gk(t, s, 2/(0, y(s))ds) dt. 
a a 

By analogy we can prove that for I € {h + 1 , . . . , n} 

b b 

J (/*(«, ym{t)) + S9k(t, s, ym(t), ym{s)) ds) dt 
X t 

b b 

—• s ( f k ( t , y(t)) + S9k(t, s, y(0) y(s)) ds) dt 
X t 

if x 6 [a, 6] and e —• 0. 
Therefore the vector function y{x) is a solution of (5), (6), and, conse-

quently, a solution of the problem (1), (2) with mentioned properties too. 
The theorem is proved. 

P r o o f of T h e o r e m 2. Let there exist two different solutions y(x) 
and w(i) = (tii(x), u2(x),..., un(x)) of the problem (1), (2) with properties 
indicated in Theorem 1. Then by the condition d), e) of Theorem 1 and 
from (5) for fc € {1 ,2 , . . . , h} on I it follows that 
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( 1 2 ) | y * ( s ) - t i f c ( ; c ) | < 

< 
a 

x 
|S ! / * ( « , y ( 0 ) - / * ( * , « ( 0 ) 1 + 

+ | \ \ \9k(t, s, y(t), y(s)) - gk(t, s, u(t), tt(s))| ds dt 
a a 

x 71 
< \ Y,Mij(t)\yj(t)-uj(t)\dt+ 

a 3—1 
x t n n 

+ S S ( E ^ » ^ ¿ ( o - « i ( o i + - d s d t ^ 
a a j=1 j=1 

x n 
< \M(t)Y,\yj(t)-uj(t)\dt+ 

a j=1 
x t n n 

+ S S ( * ( ! > 5 ) E l f i ( 0 - « ¿ ( 0 1 + P(t, s) E - « ¿ ( * ) l ) ds dt = 
a a j—1 j=1 

x x t 
= J M(t)A(t) dt + j \(N(t, s)A(t) + P(t, s)A(s)) ds dt, 

where A(x) = J2j=i IVj(x) ~ ujix)\- Analogously f r o m ( 6 ) for I £ {h + 
1 , . . . , n } we o b t a i n 

( 1 3 ) | i r t ( * ) - t i i ( * ) l < 
b b 

< \ M(t)A(t) dt + j \(N(t, s)A(t) + P ( t , s ) A ( s ) ) ds dt. 
X x t 

D e n o t e A = m a x l 6 [ a i t ] A ( x ) . In view of ( 1 2 ) , ( 1 3 ) we h a v e 

h n 

( E i f f c ( ® ) - u * ( ® ) i ) + ( E i f ( ® ) - « i ( * ) i ) = < 
k=1 l=h+l 

h x x t 
- E ( \ m ( o a ( O d t + \ \ 5 ) a ( O + p ( t , d t ) + 

k=l a a a 
n b b b 

+ ( J A f ( i ) A ( i ) rfi + \\(N(t,s)A(t) + P{t,s)A{s))dsdt) < 
l=h+l x x t 
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h x n b 

< A[(]TJm(Î)^ + £ \M(t)dt) + 
fc=l a l=h+li 

h x t n b b 

+ (^2\\N(t,s)dsdt + \\N(t,s)dsdtj + 

k=\aa l=h+lxt 

h x t n b b 

+ ( £ l S P ( t , s ) d s d t + Y^ \\P(t,s)dsdt) 

fc=l a a l=h+1 x t 
b b b b b 

< A q(\ M(t)dt + \ J N(t, s)dsdt+\ \ P{t, s) ds dtj 

< 

a a a a a 

We obtain a contradiction because 

b bb 

0 < A < Aq ( \ M{t)dt + J \(N(t, s) + P(t, 5 ) ) ds dtj < A . 
a a a 

The theorem is proved. 

P r o o f of T h e o r e m 3. Let there exist two different solutions y(x) 
and u(x) of the problem (1), (2) with properties indicated in Theorem 1. 
Then by (5) and (3) for x 6 I, k 6 { 1 , 2 , . . . , h} 

( 1 4 ) \yk(x) - uk(x)\ < 
n x 

^ E S - « ¿ ( 0 ) + 
j=1 a 

t 

. dt < 

a n x 

< ' 
j=1 a 

t 

v dt < 

a 

< p(0k(x) ~ otk(x)), 

+ \(Nkj(t, s)(yj(t) - Uj(t)) + Pkj(t, s)(yj(s) - Uj{s))) ds 

a 

t 

+ J (Nkj(t, s)(pj(t) - a j ( t ) ) + Pkj(t, *)(&(*) - aj(s))) ds 

i.e. 

(15) M i ) - tifc(x)| < p((3k(x) - a f c (x)) . 

If we repeat again reasonings (14) taking into account (15), we can prove 
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the inequality 

M&) - «fc(®)| < Ps(Pk(x) - <**(*)) 
for s = 2 and, consequently, for each s E N, s > 2. Therefore, if 5 —• oo, then 
ps —» 0 and yk{x) = Uk(x). By an analogy, using (6) and (4), we can prove 
that yi(x) = ui(x) on I for each / E {h + 1 , . . . , n}. The theorem is proved. 

3. Example 
Consider the Cauchy-Nicoletti problem (16), (17) 

Vi = f(x)yi + F(x,y1,y2), 
T 

(16) y'2 = \yl(s)ds, 
X 

(17) 2/i(0+) = 0, y2(T-) = -a, 

where 0 < T, 0 < a. Let there exist positive function x{x) G C1(A)> 
I\ = (0, T), and negative function w(x) E C2(I\), such that x'{x) > 0 on /i, 
X(0+) = 0, u(x) < -a on h, u(T~) = - a , w' (T-) = 0, * ( * ) < -u"{x), 

T T and let there exist integrals J0 x ' ( s ) ds, J0 l u " ( s ) ds. 
Introduce a domain 

D2 = {(x,y1,y2) : x E h,Q < yi < x(x), u(x) < y2 < -a}. 

T H E O R E M 4 . Let f(x) E C{I\) be a nonnegative function, |0 f(s)x(s)ds 
< oo, f(x)x(x) + t(x) < x'(x)> x E Ii where 7r(x) E C(I\) is a nonnegative 
function, F(x,y1,y2) E C(D2), 0 < F{x,yx,y2) < -k(x) on D2, \0 w(s)ds < 
00, 

\F(x, yuy2) < - ftl + M2(x)\y2 - f2|, 

where M1(x),M2(x) E C(h), & D2, and 

T T 

J M\{x)x{x) dx < oo, ^ M2(x)(-a - w(x)) dx < oo. 
o o 

Then there is a solution y = y(x) of the problem (16), (17) such that 
(x,yi(x),y2(x)) E D2 on I\. Such solution is unique i f , moreover, there 
is a constant p E [0,1) such that on I\ 

X 

S [(/(*) + M!(<))x(t) + M2(t)(-a - W(t))] dt < px(x), 
o 
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and 
TT 
^ J x ( s ) DS dt < p ( - A — <JJ(X)). 

X t 

P r o o f of T h e o r e m 4. It is not difficult to verify all assumptions of 
Theorems 1 and 3 if a = 0, 6 = T, n = 2, h = 1, Aj = 0, B2 = - a , D = D2, 
7 i ( ® ) = 7 2 ( 3 ) = = 0, S-i(x) = x ' ( « ) , Ci(®.«) = Ci(x,s) = rn(x, s) = 0, 
7 7 2 ( x , s ) = -u"(s),f1(x,y1,y2) = f(x)y1+F(x,y1,y2),gi = f2 = 0,g2 = j/i, 
M n ( x ) = f ( x ) + M1(x), M12{x) = M2{x), M21(x) = M22{x) = N n ( x , s ) = 
N12(X,S) = N21(X,S) = N22(X,S) = Pn(x,s) = P\2(x, s ) = P22(x,S) = 0 , 
P2i(x,s) = 1 a n d a ^ z ) = 0, f31(x) = x(®)» a2{x) = = 
From its conclusions follows the conclusion of Theorem 4. The theorem is 
proved. 

Consider the concrete singular problem of the type of (16), (17): 

The conditions of Theorem 4 are valid for a = 1, T = 1, f ( x ) = x 

F{x,yuy2) = x ( x ) = ir(x) = x4, = - 1 - ( 1 - a:)2 , A f j = 
0, M2(x) = x4, p G [|>1)- Therefore, there is a unique solution y(x) = 
(yi(x), y2(x)) of this problem on (0,1) for which 0 < yi(x) < a;4, —1 — (1 — 
x? < V*{x) < - 1 . 
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