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Gerd Herzog

AN EXISTENCE AND UNIQUENESS THEOREM
FOR ORDINARY DIFFERENTIAL EQUATIONS
IN ORDERED BANACH SPACES

Abstract. We prove that the initial value problem z'(t) = g(¢, z(t)) + (2, z(t)),
t € [0,T], £(0) = a, is uniquely solvable in certain partially ordered Barach spaces if, with
respect to z, ¢ is one-sided Lipschitz continuous, k is montonic decreasing and g + h is
quasimonotonic increasing.

1. Introduction

Let (E,||-||) be a real Banach space. We consider a partial ordering <
on F induced by a cone K. A cone K is a closed convex subset of E with
AKCK,A>0,and KN(-K)={0}. Thenz <y <= y—z € K, and we
use the notation ¢ < y for y —z € Int K and K* for the dual cone, i.e., the
set of all continuous linear functionals ¢ on E with ¢(z) > 0, 2 > 0. The
cone K is called normal if thereis ay > 1 with 0 < z < y = ||z|| < 7||¥]l-
Furthermore, we will use my[z,y] = hlil(l)li h=(||z + hyll - l|z||), z,y € E.

For basic properties of a partial ordering of £ by a cone as well as of m4
see [5].

Now let f:[0,T] x E — FE be continuous and bounded, and let a € E.
We consider the initial value problem

xl(t) = f(t’w(t))7 te [OvT],
(1) {a:(O) =a.

A function f:[0,T) x E — E is called
a) monotone increasing with respect to z if

(2) z,y€ E,t€(0,T], z <y= f(t,z) < f(t,y),
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b) monotone decreasing with respect to z if
(3) z,y€ E,t€[0,T], e <y = f(t,z) 2 f(t,9),
¢) quasimonotone increasing with respect to z if
(4) z,yeE,te(0,T], z<y,0€ K", o(z) = ¢(y)
= @(f(t,2)) < o(f(t, 1)),

d) one-sided Lipschitz continuous with respect to z if thereis an L € R
with
(5) T,y € Ea te [O,T] = m_[m - y,f(t,z) - f(ta y)] < L“ZE - y“

Various existence and uniqueness theorems for problem (1) are known,
demanding and combining conditions (2), (4) and (5); see, e.g., [1], [2], [3],
[4], [5], and [7]. In general, condition (5) with L < 0 is considered as general-
ization of decreasing functions in one dimension. Less seems to be known for
functions satisfying (3). In this paper, we will prove the following assertion.

THEOREM 1. Let K C E be a normal cone with vy = 1 and Int K # 0.
Let g,h : [0,T] x E — E be continuous and bounded with the following
properties:

a) g satifies (5),
b) h satisfies (3),
¢) f:= g+ h satisfies (4).
Then the initial value problem (1) is uniquely solvable on [0,T].

Remarks. 1) If K is a regular cone then (1) is already solvable on
[0,T],if f is satisfying (4), see [4].

2) Setting g = 0, Theorem 1 implies that (1) is uniquely solvable if f
satisfies (3) and (4). See Example 2 for such a function f for which (5) does
not hold. Therefore Theorem 1 is no consequence of Martin’s theorem; see
[5], p. 232.

3) According to [6], p. 215, a Banach space with a normal cone can be
renormed with an equivalent norm for which v = 1. Therefore, if ¢ = 0,
Theorem 1 holds without the condition v = 1.

4) See Example 1 for a function f satisfying (3), but for which (1) is not
solvable.

2. Proof of Theorem 1

To prove Theorem 1 we will need the following property of m,. Let the
cone K be as in Theorem 1, and let z > 0and y < 0. Then0 €z +hy <z
for h > 0 sufficiently small which implies ||z + hy|| < ||z||. Therefore we have

(6) 2, y€E, 2> 0, y<0=>myz,y] <O0.
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Remark that z < 0, ¥y > 0 => m,[z,y] < 0 since my[z,y] = my[—2z,—y].
Proof of Theorem 1. Since K is normal and Int K # § we have,
according to a construction of Lemmert, Schmidt and Volkmann [4], that
there are sequences (un)n_1 and (v,)%2, in Cl([O T], E) with the following
properties: Setting 7, = ul, — f(-, u,) and s, = v}, — f(-,vs), n € N, we have
(1) ra(t) € roga(t) € 0 K snga(t) < sa(t), t€[0,T], neN,
and u,(0) € Un41(0) € @ € vr41(0) € v,(0), nEN,

8 li A1) = 1 (1) =0,
(8) Jim | max lIra(Dl = lim_ max, lsa ()]

and lim u,(0) = lim v,(0) = a.
n—oo n-+00

Since f satisfies (4) we have, according to (7) (cf. [4], [8]),

(9)  un(t) € Unt1(t) and wvp41(t) K vn(t), n€eN, tel0,7T],
and

(10) un(t) € z(t) € va(t), neN, tel0,T}],

for every solution z of (1).
Now, for m,n € N and t € (0,T], we have

lltm — un||Z(2) =
= m_[um(t) = un(t), up, (1) = n (2)]
= m_[tm(t) = un(t), Tm(t) = Ta(t) + (F(1, um(t)) — f(2, un(2)))]
< m_fum(t) = un(t), 9(¢, um(t)) — g(t, ua(?))]
+ my [um(t) — un(t), b2, um(t)) — A, un(t))]
+ lirm Ol + I @]l
Now the properties of g and h together with (9) and (6) imply
s~ wall- (1) < Dlltm(8) = w4l + (D)), m, €N, 1 € (0,7
This together with (8) implies the uniform convergence of (u,)5%, on [0,T]
to a solution u of (1). Analogously, (v,)3%; converges uniformly on [0, 7] to
a solution @ of (1). According to (10), we have u(t) < @(t), t € [0, 7).
Now for n € N and t € (0,T] we have
[[on = unl|Z () =
= m_[va(t) = un(t), $n(t) — T (t) + (f(2, va(t)) — F(E, un(?)))]
< m_[vn(t) — un(t), 9(2, va(t)) — 9(t, un(?))]
+ my[on(t) — un(t), h(2, vn(1)) = AL, ua ()} + s (D] + lIra(B)],
which implies
llon = unl|Z(2) < Lljon(t) = un(O)ll + lsa (O] + lla(®)ll, ¢ € (0,T], n € N.
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Since lim (v,(0) — u,(0)) = 0 and according to (8) we have ]jngo vp(t) —
n—00 n—

un(t) = 0, t € [0,T], and therefore & = u. According to (10), u = @ is the

unique solution of (1). m

3. Examples

The first example shows that the initial value problem (1) can be un-
solvable if f satisfies (3).

Let (¢, || - ||) be the Banach space of all real convergent sequences z =
(zn)sZq, |zl = sg\)] |zn|, and let f:[0,1] X ¢ — ¢ be defined as

f(t,z) = (2t,2(t— \/M) ,2(t— \/@) ,)

with
0 ifs<o0,
k(s) = {3 if s €{0,1],
1 ifs>1.
The function f is continuous, bounded and satisfies (3) for the partial or-
dering induced by the normal cone K = {(z,)52; € c:z, >0, n € N}.

Now the coordinatewise solution of (1) with a = 0 is z(¢) = (2,0,
t2,0,...), t € [0,1], and therefore (1) is locally unsolvable in c.

The second example shows that even in two dimensional space there are
functions f :[0,7] x R? — R? with the properties (3) and (4) but without
property (5). Let ||(z1,22)|| = |z1] + |22}, (z1,22) € R% We consider the
cone K = {(z;,23) € R? : 0 < 27 < z}. Observe that 0 < z < g,
z,y € R? = ||z|| < ||y|| and

rLy<=0<yn—-uy<p-—z2=>y—1y <21 2.

Let ¢ € C([0,T),R) and k£ € C(R,R). Now let f : [0,T] x R? — R? be
defined by

f(t,2) = (q(t), k(1 — 2)).
If k is monotone increasing we have
g <y = 0=q(t)~q(t) < k(z1 — z2) — k(3 — 2)

and therefore f(¢,z) > f(t,y),t €[0,T].

Furthermore, we have K* = {(a1,03) € R?: a3 > 0, a3 + a2 > 0}. Now
let z <y, =(a1,02) € K* with (y—z) = oa(y1 —21) + a2(y2 —22) = 0.
Then (ay + a3)(y1 — 1) < 0 which implies (a; 4+ @2)(y1 — z1) = 0 and
therefore
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n=z1=0;=0Vy =2

ot =0=a;=a,=0Vy —y =11 — T2.

Therefore @(f(t,y) — f(t,z)) = o2 (k(y1 — v2) — k(21 — 22)) = 0.

Finally, we consider

m_[:v - y7f(t,$) - f(t’y)]

i =y () = £l = lle =]

h—0— h

lim |za — y2 + h(k(z1 — 22) — k(1 — 32))] = |z2 — yol
h—0— h

k(y1 — y2) — k(21 — 22) if yo > 29,
= —|k(z1 — z2) — k(n —y2)| if o = 29,
k(zq — z2) — k(y1 ~ y2) if iy < z,.

Take, for example, k(s) = arctan /s, s € R, and assume that f is satisfying
(5). Then there is an L € R such that, for z,y € R? and y2 > 2z, = 0,

arctan /y; — y2 — arctan J/z; < L(|z1 — 1| + 32),

which implies arctan ¥/y; — arctan J/z7 < L|z; — 1], 21,41 € R. This of
course does not hold. Altogether,

f(t,z) = (q(t),arctan yz1 — z2)

is satisfying (3) and (4) but not (5).

(1]

(2]
(3]

(4]
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