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T H E GENERALIZED R E I S S N E R - N O R D S T R O M 
SPACE-TIME 

1. Introduction 
The following 1-parameter family of Robertson-Walker space-times with 

metric tensor 

(1) diag(^- 1, i
 R

kr2, R?r2, R2r2sinl6 

where R = R(t), k € ( - 1 , 1 ) is a parameter and (a;1, a;2, x3,x4) = (f, r, 9, <p), 
is well-known. Such family of space-times was applied in the general rela-
tivity theory for parameter values k = - 1 , 0 , 1 . Resolving the Einstein equa-
tion, Friedman has obtained three models of Universe: the open model for 
k = - 1 , the flat model for k = 0 and the closed one for A; = 1. The 
space-times for other values of parameter k G ( - 1 , 1 ) were not applied in 
physics. 

The Reissner-Nordstrom space-time (denoted shortly by R-N.) has the 
following metric tensor [1], [2]: 

(2) diag(-E, E~x, r 2 , r2sin20), 

where 

0) £ = 1-ro + £ i , r r i 

K = const, TQ = const > 0, (a:1, x2, x3, x4) = (t,r,&,<p). 
The R-N space-time with metric tensor (2) has the scalar curvature equal 

to zero. The purpose of the present paper is to generalize the R-N space-time 
to one with nonvanishing scalar curvature. 

2. The family of generalized Reissner-Nordstrom space-times 
We introduce the generalized R-N space-times by means of the following 
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metric tensor 

(4) diag(-Ea+1, Ea~\ r2, r2sin20) 

where a is a parameter, a 6 (—1,1), E has the form (3) and K is also 
a parameter, K € ( j , Therefore we obtain the 2-parameter family of 
space-times with respect to parameters a and I(. Then the scalar curvature 
T takes the form [3]: 

For a = 0 the generalized R-N space-times with metric tensor (4) reduces 
to the space with metric tensor (2), i.e. to the ordinary R-N space -times. 
In this case the scalar curvature T of (5) vanishes. 

We investigate the properties of the family (4) for K = (then in (2) 
E > 0 and for £ = 0, K = E = 0 at the point rf). 

3. The special cases of values of the scalar curvature 
In the case a = 1, the metric tensor (4) takes the form 

(5) T = 
ar2E" - 2Ea + 2 

r2Ea 
ar2E" + 2 

r2Ea 

(6) diag{-E2,1, r 2 , r2sin20). 

The formula (5) for K = ^ ^ takes the form 

(7) T = 

and its derivative 

3 - \/i~--8£ 3 + ri = 
8 ro, r2 = 8 

The graphs of the scalar curvature T given by (7) with e G (0, as well 
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as for the other cases are illustrated below: 

In the case a — —I the metric tensor (4) takes the form 

( 1 0 ) diag(-l, E~2 r2, r2sin20). 

Using (5) we find that the scalar curvature is 

( 1 1 ) T = l [ E ( E + 2 E ' r ) - l ] . 

In the case K = e G (0, §•) the scalar curvature (11) has the form 

(12) T = ^ f [8r2(3 + £ ) - 16r(l + £)r0 + 3(1 + e f r 2 } 

and its derivative T" is equal to 

(13) T' = ¿7 [16 r 2 (3 + e)r2 - 40r(l + + 9(1 + e)2r4
0], 

where A = -64 (1 + £)2(2 + 9e)rg < 0 and the function T in (12) has no 
local extremum. The graphs of the scalar curvature T given by (5) with 
a G ( - 1 , 0), K = ^ £ G (0, and curvature (12) for £ = 0 and £ G (0, 
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and for a = 0 are as follow 

(14) 
T 

for a = —1, e = 0 

for a = -1, e € (o, g) 
for a € ( - 1 , 0 ) , e G (o, 

for r: T = 0 for a = 0 

4. Distributions of scalar curvatures in the family of generalized 
Reissner-Nordström space-times and their semi-groups 

Let us consider the formula (5) with a G (0,1), K = ^ ^ e € (0, at 
r = ^ and at r ^ Then one has 

(15) lim ( lim T) = 0, lim ( lim T) = +oo. 
a—»-0+ e—»0+, a - 0 + \ - 0 + , 

We see that the scalar curvature (5) of the family of generalized R-N space-
times gives rise for e —• 0 + , a —> 0 + to the special Schwarz distribution, 
namely the Dirac delta at ^ [4] 

(16) 6(r) = | 0 for r ± f , 
+oo for r = 

For the scalar curvature T of the form (5) with a £ (—1,0), K = r ^ 0 
or r — 0 + one has 

(17) Um ( Hm T) = 0, lim ( Hm T) = -oo . 
a—>0— e-»0+, a - » 0 - e-+0+, r=0+ 
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We see that similarly as in (16) 

<18> « « = { - . Z ' r t k . 

Hence the family of scalar curvatures (5) gives rise for e —• 0 + , a —»• 0 to 
the special Schwarz distribution, the Dirac delta at 0 + . 

We define the multiplication * in families of all curvatures (5) for a £ 
(0,1) and for a 6< - 1 , 1 > by the formula 

m - aia2r2E" + 2 2 

For a G (0,1) as well as for a G ( - 1 , 1 ) the pair (T, *) is the abelian semi-
group. The unity of this semi-group is the curvature T given by (5) for a = 1 
and the zero is the scalar curvature of the classical R-N space-time, i.e. the 
curvature T for a = 0. The set of curvatures T for a £ (0,1) forms the ideal 
of this semi-group which is also an abelian group. 

Similarly, for a 6 ( — 1,1) one obtain the ideal and abelian semi-group. 
We hope that the above family of generalized R-N space-times and the 

scalar curvature (5) with the structure (19) can be applied in cosmology. 
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