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1. Introduction
In 1967 E. K. Godunova and V. I. Levin [3] proved the following theorem:

THEOREM A. Let u be real-valued absolutely continuous function defined
on [a,b] with u(a) = 0. Let F be real-valued convez, increasing function on
[0,00) with F(0) = 0. Then, the following integral inequality holds

b

b
| il < F( §uolar).

This theorem is a generalization of the well known Opial inequality [5].
The multidimensional generalization is given in 1993 by J. Pecarié [10]:

THEOREM B. Let u;, 1 = 1,...,n be real-valued absolutely continuous

functions defined on [a,b] with u;(a) =0,i=1,...,n. Let F be nondecreas-
ing function on [0,00)" with F(0,...,0) = 0 such that all its first partial
derivatives F},i = 1,...,n are nondecreasing functions. Then, the following

integral inequality holds

b, n b b
§ (3 FuaO - lunDI Ol ) < F( §lui@lat, ... §luhoae).

a

In [10] J.Petarié also proved the following generalization of Theorem B :

THEOREM C. Let F, F!, u;, i = 1,...,n be defined as in Theorem B.
Let pi, i = 1,..,n be real-valued positive functions defined on [a,b] and

SZp,-(t)dt =1,1=1,...,n. Leth;, 1 = 1,...,n be real-valued positive convez
and increasing functions on (0,00). Then, the following integral inequality
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holds
b

(3 (b ) o

<F( (Spl(t)hl IZ?E:il)dt),.. <§ pa(t)hn(l 8')&)).

Some special cases of this theorem are proved in [7] and [8] by B. G. Pach-
patte. For example, if we take F(z1,...,2,) = [[i=, fi(z:) and h; = h, for
each 7 = 1,...,n, we obtain the most general of mentioned results in [7]
and [8].

An interesting generalization of Theorem A is given in 1972 by G. I. Ro-
zanova [11]:

THEOREM D. Let u, F be defined as in Theorem A. Let ¢ be real-valued
convez increasing function on (0,00). Let r(z) > 0, r'(z) > 0, r(a) = 0.
Then, the following integral inequality holds

) LN WPRSMO] 1y @
SF (rere 2 ) e ihar < F(s e(idhat).
The aim of present note is to generalize above mentioned inequalities.

2. The main results

THEOREM 1. Let u;, 1 = 1,...,n be real-valued absolutely continuous
functions defined on [a,b] with u;(a) =0, =1,...,n. Letp;, i =1,...,n be
real-valued positive, convex and increasing functions on (0,00). Let r;(z) >
0, ri(z) >0, ri{a) =0,i=1,...,n. Let F be real-valued nonnegative and
continuous function on [0,00)" with F(0,...,0) = 0 such that all its first
partial derivatives F}, i = 1,...,n are nonnegative and nondecreasing on
[0,00)". Then, the following integral inequality holds

b n

, () a1 e 200

§(22 (a2 mioen i 2D )
b

<r( Jritoe (10ha,.. .,ér;(t)son( ).

Proof. From the assumptions of Theorem 1, we have
¢

(2) wi(t) = {ui(s)ds, telab], i=1,...,n.

a
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and

(3) ri(t) = \ri(s)ds, te€la,b], i=1,...,n

0 e o

From the assumptions of Theorem 1 and from (2) we have
1

(4) ()] < {lui(s)lds, te€(ab), i=1,....n.

a

Since ¢;, i = 1,...,n are increasing on (0, 00), from (3) and (4), we have

R () P ey R

Using Jensen’s inequality {2, p. 133] we obtain from (5) that

R

Since F!, i =1,...,n are nondecreasing, from (6), for each t € [a, b}, we
have

@ 15 A 0n G 0

a1=1 (t) n(t) ’(t)
b n
! |1 (s)
SSZI(F(S (s ,())s,
S n(8)n( ( ) )d> ri()ei( (D) ))dt

The right-hand side of the mequahty (7) is equal to

b t (s
| 5F (Sn(s) i sV ohont ST

o) (s)
b
= 7(Jr e har, . S (ea(20har).

(o) ()
which gives us required inequality (1).

More general result is established in the following theorem:

THEOREM 2. Let F, F], ¢;, u;, 7, i = 1,...,n be defined as in Theo-
rem 1. Let p;, i = 1,..,n be real-valued positive functions defined on [a,b]
and SZ pi(t)dt=1,i=1,...,n. Let h;, i = 1,...,n be real-valued positive,
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convez and increasing functions on (0,00). Then, the following integral in-
equality holds

, (2 RGNV O]
S(ZF( o2, en 22 i ) Yt

< p(1 ({mtom (F2CE )

m(t)
_”,h;l(spn(t)hn< rh(t )SDZE:E(L))dt)).

Proof. In order to prove Theorem 2, we first observe that having
SZpi(t)dt =1,¢=1,...,n, we can write

fui (0l
b pi()ri ()i (—rfw)

. lui(?)] Ve pi(?) dt i = n
) §’(t)%( )= T it

Since h;, i =1,...,n are convex, from (9) and using Jensen’s inequality
for convex functions [2, p. 133], we obtain

(R oy P (i PR

which implies

(10) y
Srﬁ(t)%’(l :(())l)dt<h (Sm(ﬂh(%)dt), i=1,...,n.

Now using Theorem 1, the inequality (10) and the fact that F is nonde-
creasing, by assumption, we obtain the required inequality (8).

3. Examples

Now it is interesting how these two theorems include the theorems men-
tioned in our introduction.

For n = 1, Theorem 1 gives Theorem D.

If we put ¢;(t) =t for each : = 1,...,n in Theorem 1, we will obtain
Theorem B.

If we put ¢;(t) = t for each i = 1,...,n in Theorem 2, we will obtain
Theorem C.

For n = 2 we can obtain results of B. G. Pachpatte [9] by putting

F(z1,22) = f(z1) - 9(22)-
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