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ALGEBRAIC PROPERTIES 
OF GENERALIZED RIGHT INVERTIBLE OPERATORS 

0. Introduction 
The theory of right invertible operators was started with works of D. 

Przeworska-Rolewicz [8]—[12] and then has been developed by M. Tasche 
[13]—[14], H. von Trotha [15], Z. Binderman [3] and many others (see [12]). 
The algebraic theory of generalized invertible operators was studied by P. 
M. Anselone and M. Z. Nashed [1], A. Ben-Israel and T. N. E. Greville [2], 
S. G. Caradus [4], M. Z. Nashed [5] and others (see [2]). However, the set 
of all generalized invertible operators is so large that, if we admit the axiom 
of choice, then every linear operator is generalized invertible [5]. Whereas, 
the generalized invertible operators do not satisfy desirable algebraic prop-
erties which the right invertible operators do (see [12]). For example, if a 
linear operator V € L(X) is generalized invertible and W is a general-
ized inverse of V, then there is not any general algorithm for constructing 
generalized inverses neither of Vn, n € N, nor of algebraic polynomials 
induced by V. Hence, there is the lack of effective methods to solve equa-
tions induced by algebraic polynomials with a generalized invertible opera-
tor. 

In this paper, we introduce a so-called class of right invertible oper-
ators of degree r 6 N, and we denote its by Rr(X). According to Defi-
nition 2, the set of all linear operators have been classified by means of 
the same invertible degree of operators (inclusion (2)). From classification 
(2) we can see that the set of all differential operators is exactly the first 
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class. Then the paper mainly involves in studying second class R\(X) re-
ally containing not only all right invertible operators and some well-known 
operators in Analysis as Projections, Integral-Differential Operators (see 
Example 2 and Remark 4) but also a class of algebraic operators (see Ex-
amples 2-3 and Theorem 5). We obtain many important algebraic char-
acterizations of operators in Ri(X) like fundamental characterizations of 
operators in R(X) (see Section 1). Especially, if V G i l i (X) and W is a 
generalized right inverse of V (such written W G Hy), then Vn G -fti(X) 
and Wn G 7Z\ n . Theorem 5 gives a sufficient and necessary criterion for 
an algebraic operator to be generalized right invertible and Theorem 6 
indicates that the generalized right invertibility and the almost right in-
vertibility are identical in the class of algebraic operators. Theorems 8, 9 
generalize the Rolewicz and von Trotha theorems from class R(X) to class 
Ri(X). Lastly, we apply these results to solve corresponding equations in-
duced by algebraic polynomials with a generalized right invertible operator 
(Section 4). 

1. Generalized right invertible operators 
Let X be a linear space over a field of scalars T. Denote by L(X) the 

set of all linear operators with domains and ranges in X and write 

L0(X) = {A G L(X): dom A = X}. 

The set of all right invertible operators in L(X) will be denoted by R(X). 
For a D G R(X) we denote by TZD the set of all right inverses of D, 
i.e. 

ND = {R e L0(X): DR = / } . 

The theory of right invertible operators and its applications are presented 
in [12]. 

D E F I N I T I O N 1, [7]. An operator V € L(X) is said to be generalized 
invertible (G/-operator), if there i s a W g L(X) such that I m F C dom W, 
Im W C dom V and VWV = V on dom V. 

The set of all G/-operators in L(X) will be denoted by W(X). For a 
V € W(X) we denote by Wv the set of all generalized inverses in L(X) 
of V. 

D E F I N I T I O N 2. An operator V 6 W(X) is said to be right invertible of 
degree r G N, if there is a W G Wv such that 

(1) lm{VW-I) C kerF7-, 

where we admit V° = I for the case r = 0. 
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The set of all right invertible operators (in L(X)) of degree r will be 
denoted by Rr(X). 

R e m a r k 1. (i) By Definitions 1 and 2, we have 

(2) R ( X ) = R0(X) C RI{X) C R2(X) C • • • C RN(X) C W(X), 

n = 0 ,1 ,2 , . . . ; 

(ii) R(X) is the set of generalized right invertible operators of degree 0. 
In this paper, we mainly deal with the set RI(X). 

DEFINITION 3 . Every V G - R i ( ^ ) is called a generalized right invertible 
operator (shortly: Gi2-invertible operator). 

For a V G RI(X) we denote by IZY the set of all generalized right inverses 
(shortly: Gi2-inverses) of V. 

R e m a r k 2. V G RI(X) if and only if there exists a W G L(X) such 
that 

(3) VWV = V, V2W = V. 

DEFINITION 4 . If there is W E U\ such that I m W C keT(VW - / ) , 
then V is said to be almost right invertible and W is called an almost right 
inverse of V. 

Denote by R ^ ( X ) the set of all almost right invertible operators and 
by 7ZY^ the set of all almost right inverses of V € i?(i)(X). 

R e m a r k 3. V € R(I)(X) if and only if there exists a W G L(X) such 
that 

(4) VWV = V, V2W = V, VW2 = W. 

In the sequel, the identities (3) and (4) will be used to check if the V G L(X) 
is generalized right invertible (or almost right invertible). 

PROPOSITION 1. Let D G R{X), R G TZd and let V = RMDN, where 
n> m and n,m £ N. Then V G RI(X). Moreover, if n > 2m, then there is 
an almost right inverse of V. 

P r o o f . Write Wo = RN~M, where we admit R° = I for the case 
n = m. Since R G LQ{X), we conclude that Wo G LQ(X). Using equali-
ties DKRK = / , we find 

(5) V2W0 = RMDNRMDNRN-M = RMDN~MDM = RMDN = V 

and 

(6) VW0V = RMDNRN~MRMDN = RMDN = V. 
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The identities (5), (6) together imply that V € On the other hand, 
for the case n > 2m we have 

VWl = Rm Dn Rn~m Rn~m = RmDmRn~m = Rm Dm Rm Rn~2m = W0. 

Hence V G i?(i)(X) and Wo € 1Zy\ The proof is complete. 

EXAMPLE 1. L e t 

Put V = FD. Then V £ 0 and V2 = 0. It is easy to see that V € 
W(X) by Re Wv. However, V t Rr{X) for r e {0,1}. Indeed, it is 
clear that V $ R(X), i.e. V £ R0(X). If V € Ri(X) and W € Hv, 
then from V2W = V it follows V = 0, which contradicts the condition 
V £ 0. 

EXAMPLE 2. Consider a projection P e L0(X), P ^ I , i.e. P2 = P. 
Evidently, P £ R(X). However, it is easy to see that P £ by 

R e m a r k 4. If m ^ 0, then the operators V in Proposition 1 are not 
right invertible, since V 6 R\(X) \ R(X). Moreover, there is a infinite set of 
integral-differential operators of the form V = RmDn (m, n 6 N, n > m > 
0), which belongs to R\{X) (when this set does not belong to R(X)). Thus, 
we have the following inclusions 

PROPOSITION 2. Let V e Ri(X) and W e Tly. Then for every m , n e N 

X = C ( [ 0 , l ] , n 

(Rx)(t) = \ x(s)ds, (Fx)(t) = x(to), t0 € [0,1]. 

(7) R(X) Ç Rx(X) Ç W(X). 

ive have 
' yn-m if n > m > 1, 

VnWm = VW if n = m > 2, 
yWm-n+1 if m > n > 1. 

P r o o f . If n = m > 2, we find 
ymyym _ _ yn-lj^rn 

= V2W2 = (V2W)W = VW. 

71—1 

If n > m > 1, we have 

V vv = v ^ v vv ) — v {v vv ) = v (V2 W) = V"~m 
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Finally, for m > n > 1, we get 

yn^rm _ (ynyynjtym-n _ ( V W ) W m ~ n = T / ^ m _ n + 1 . 

The proof is complete. 

PROPOSIT ION 3. Let V G R i ( X ) and W G Hxv. Then V n G R i ( X ) for 

all n G N and Wn G HYN, where we admit V° = I. 

P r o o f . The assumptions and Proposition 2 together imply the following 
equalities 

Vn = ( V W V ) F n _ 1 = (VW)Vn = (VnWn)Vn = VnWnVn, 

i.e., Vn € W{X). On the other hand, also by Proposition 2, we have 

yn _ yn+lyy _ ^"(FVF) - Fn(FnTyn) = (Vn)2Wn. 

Hence Vn € ^ ( X ) and Wn € Te^». 

THEOREM 1. Let V e Ri(X) and let W0 € Then W e L{X) is a 

GR-inverse ofV if and only if there is an A € L(X) such that ImA C ker V2 

and 

(8) W = W0 + A - WoVAVWo. 

P r o o f . Let W be of the form (8), where ImA C kerF2 and W0 € Tl\. 

We have 

(9) VWV = V + VAV - VW0VAVW0V = V + VAV - VAV = V, 

(10) V2W = V2Wi + V2A - V2W\VAVW\ = V - V2AVAWx = V. 

Equalities (9) and (10) together imply W 6 7ZY. 

Conversely, let W0,W G Hxv. Put: A = W - W0. We find V2A = 

V2W - V2 W0 = V - V = 0, i.e. Im Ac ker V2. The equalities VWV = V 

and VW0V = V together imply V(W - W 0 )V = 0. Hence, we have 

W = W0 + (W - W0) - W0V(W - Wo)VWQ = W0 + A- W0VAVW0, 

which gives the representation (8). Theorem is proved. 

THEOREM 2. Let be given A,B 6 L(X) such that ImA C dom5, 
I m B c dom A. Then I + AB G Ri(X) if and only if I + BA G Ri{X). 
Moreover, ifWAB G then 

(11) w = i-BWABAen]+BA. 

P r o o f . Let I + AB G RI(X) and WAB G H\+AB- Then (/ + AB)2WAB 

= (/ + AB) and W, defined by (11), is well-defined on X. From Theorem 
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10.3 in [7] it follows I + BAe W(X) and W G WI+BA• On the other hand, 
we have the equalities 

(.I + BAfW = (I + BAf{I - BWabA) = (J + BA)2 - (/ + BA)2BWabA 
= (/ + BA)2 - B(I + AB)2WabA = (I + BA)2 - B(I + AB)A = I + BA 

which imply that W 6 TZ)+ba I + ^ -RiPO- The proof is com-
plete. 

P R O P O S I T I O N 4 . Let V G R i ( X ) and WQ G Tl\. Write = W0VW0. 
Then Wx € and WXVWX = Wx. 

P r o o f . The assumptions V2Wo = V and VWQV = V together imply 
following equalities 

V2Wi = V2WQVWQ = V(VW0V)W0 = V2W0 = V, 
W\VW\ = WoVWQVWQVWO = W0(yW0V)W0VW0 

= WOVWQVWQ = WoVWo = V 

which give Wx G 1l\ and W\VW\ = Wx. 
In the sequel we write = {W € WVW = W}. 

2. The generalized right invertibility of algebraic operators 
Let T = C. We say that A G LQ(X) is algebraic if there exists a non-zero 

normed polynomial P(t) = tn+p1tn~1 H bPn-it + Pn with coefficients in 
T such that P(A) = 0 on X. An algebraic operator A is called of order n, 
if there does not exist a normed polynomial Q(t) of degree m < n such that 
Q(A) = 0 on X. Such a minimal polynomial P(t) is called characteristic 
polynomial of A and denoted by PA(t). The set of all algebraic operators in 
L0(X) will be denoted by A°(X). 

Let S be an algebraic operator in LQ(X) with the characteristic polyno-
mial of the form 

( 1 2 ) Ps(t) = tN + p1iJV"1 + • • • + PN-Xt + pN. 

T H E O R E M 5 . Let S be an algebraic operator of order N in LQ(X) with 
the characteristic polynomial Ps(t) of the form (12). Then S G R i ( X ) if 
and only if |pat-i | + / 0. 

P r o o f . Necess i ty . Let S £ Ri(X) and W G TZg. Suppose that |pjv-i| + 
bwj = 0. It means that PN-I = PN = 0. From Ps(S) = 0 and S2W = S we 
have the following equalities 

0 = = (sN-2 + PlSN~z + ••• + PN.2I)S2W 

= (SN~2 + P l S N - 3 + • • • + pN-2I)S = S"-1 + PlSN~2 + • • • + pN-2S, 
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which contradict the assumption that S is of order N. 
Suff ic iency . If PN i 0, then S is invertible and it is right invertible and 

G-R-invertible, simultaneously. So it is enough to deal with the case when 
PN = 0 and PN-I ^ 0? simultaneously. 

(i) The case N = 2. Let P s ( t ) - t2 - pxt, pi ± 0. It is clear that the 
operator 5 = -p^S satisfies (3). Hence S € Ri(X) and W = -p^S 6 

( 1 3 ) W := p-N
2_, PN^PkS"-11-1 - £ pN-iPkSN-k~2 

= -P~n
1_1(PS(S)-PN-IS) = S. 

Hence S E W(X) and W e Ws- On the other hand, we also have SW = 
W 5 , which gives S2W = S. The proof is complete. 

THEOREM 6 . Let S G A ° ( X ) n R i ( X ) . Then S G # ( i ) (X) and there 

exists a unique almost right inverse of S. 

P r o o f . Let Ps(t) be of the form (12). It follows from Theorem 5 that 
M + |p/V-l| 0. 

1. The case p^ ^ 0. It is clear that S is invertible. Hence S € i?(i)(X) 
and 5"-1 G Let W € K^ be arbitrary. Since S2W = 5 , we find 
W = S~2S2W = S ' 2 S = S - 1 . So W = S ~ \ i.e. S ' 1 is the unique almost 
right inverse of S. 

2 . The case p = 0 and Pn-i ^ simultaneously. 

(i) If N = 1, then it is trivial. 

( i i ) The case N > 3 . W e s e t 

> N-3 

where po = 1. 
We shall prove that W € V}s. Indeed, we have 
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(ii) If N = 2, then it means that S2 = —piS. Evidently, the operator 
W = Pi2S satisfies the identities SWS = S, S2W = S, SW2 = W, so 
S e JR(1)(X) and W =p^2S e K^. Suppose that W' G 7 i s arbitrary. 
Then we find 

W' = SW'2 = {-p^S2)Wn = ( - p ^ ^ W 2 ) 

= (-Pi^SW' = S2)W' = p f s = W. 

(iii) Now let N > 3. 
The existence. By the proof of Theorem 5, it is enough to check that 

the operator W defined by (13) satisfies the following identity SW2 = W. 
Indeed, putting 

we obtain SW2 = SWW = SW{SW„) = (SWS)W* = SW* = W. Thus, 
S <E R(i)(X) and W € . 

The uniqueness. Suppose that W' € TZ^p is arbitrary. Prove that W' = 
W, where W is the operator defined by (13). Indeed, putting 

we have S = —pN
1_1P*(S)S2. Then, using Proposition 2, we find 

W' = SW'2 = -p^1_1P.(5)52W"2 = - p ^ P ^ S W ' 

=-p-^P.iS) ( - p - ^ P ^ S 2 ) W' 

= Px2_1P*(S)Pi.(S)S2W' = Ph2_1P*(S)P*(S)S 

= Pn-1 ( S N ~ 2 + PiSN-3 + . . . + pN-3S + pN-2l) Pm(S)S 

= P~N-1 [{SN~3 + PiSN~4 + • • • + PN-sl) P*(S)S2 + pn-2P*(S)S] 

= Pn-1 + PiSN~4 + • • • + PN-3I) (-PN-15) + p„-2P,(S)S] 

- p~N
2_x [pN-2P*{S)S - pn-i(Sn~2 + PlSN~3 + ... + PN-3S)] = W. 

Thus W' — W. The proof is complete. 

R e m a r k 5. (i) It is well-known that the algebraic operator S is one-side 
invertible if and only if it is invertible (two-side). Theorem 6 indicates that 
the algebraic operator S is generalized right invertible (of degree 1) if and 
only if it is almost right invertible. 

(ii) Suppose that S is the algebraic operator with Ps(t) of the form 
(12). In particular, if S G i?i(X) but it is not invertible (corresponding 

P.(S) = SN~2 + PiS"-3 + . . . + PN-zS + pN-2I, 
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to the case Pn — 0 and pn-i ^ 0), then at least there are two gener-
alized right inverses of S. Indeed, besides W, defined by (13), the opera-
tor 

(14) T = -PsUiS"-2 + piSN~3 + ... + PN.3S + pN.2I) 

is also generalized right inverse of S. In general, T is not almost right in-
verse of S. For example, consider the projection P G Lq(X) (P ^ I). Then 
Pp(t) = t2 — t. Operators W and T constructed by (13) and (14), respec-
tively are both generalized right inverses of P, but / is not almost right 
inverse of P, since PI2 ^ I. 

COROLLARY 2. Let S G R(i){X) and W G 71^. Then S G A°(X) if and 
only ifW G A°{X). 

P r o o f . Let S G ̂ 4°(X) . Then, by Theorem 6, W is uniquely determined 
by (13), since W G (see [8]). Conversely, suppose that W € -4°(A') 
and Pw(t) = tM + axtM~l + • • • + aM. Then we find SM+1Pw(W) = 0 and 
S + a1S2 + --- + aMSM+1 = 0, which gives S G A°(X). 

EXAMPLE 3. Let X = ^(-ft™). Consider Fourier's transform in X 

(Fx){t) = ( 2 x ) " " / 2 \ e x p ( ~ i ( t , s ) ) x ( s ) d s , 
R" 

where ( t , s ) = ii-si + t<iS2 + . . . + tnsn. We have F 6 Lo(X) and F4 = I. 
Then F is invertible, since F G Ri(X). Furthermore, the following opera-
tors 

(Tcx)(t) = ( 2 ? r ) - n / 2 j c o s { t , s ) x ( s ) d s , 
Rn 

(Tsx)(t) = (27r ) - " / 2 5 s in ( t , s )x ( s )ds 
R" 

are algebraic with the characteristic polynomial Ptc (t) = Pts (t) = t3 — t 
(see [10], p. 287). Thus, by Theorem 5, Tc G Ri(X) and Ts G # i ( X ) . 

EXAMPLE 4. Let T be a closed Liapunov curve on the complex plane C. 
Consider the integral operator of Cauchy's type 

I I jj T - I 

If X is one of spaces LP(T), H,i(T), then S2 = I (see [16]). It is easy to 
check that operators 

P = ! ( J + S) , Q = \{I-S) 
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are the projections in X, since P, Q are the algebraic operators with charac-
teristic polynomial PP(t) = PQ(t) = t2 - t . Thus, P,Q € Ri(X). Moreover, 
consider operators 

I j-n—k—1 jk n~1 

(Sn,k<p){t) = —. \ — — r v ( r ) d r , (Mncp)(t) = J2 akSn,k, 
r fc=o 

where ak e T, k,n e N, 0 < k < n. We have (see [6], [7]) = 

Sn,ki = Mn. Hence, Sn<k,Mn e with characteristic polynomial 
PSmti(t) = PM„ (t) = t3 - t. Thus, by Theorem 5, SUtk and Mn are the 
generalized right invertible operators in X. 

3. Volterra characterizations of GR-inverses 
Let A e Lo(X). If the operator I — A A is invertible for all A e T, then A 

is said to be a Volterra operator. The set of all Volterra operators in Lo(X) 
will be denoted by V(X). Let T - C. Write 

N n 

( 1 5 ) Q ( T , S ) : = J 2 ^ T H S N ~ K = N ( I - I M * ) R M > 

Jfc=0 m=0 
(16) Q(t):=Q(t,l), P(t):=tMQ(t), 

where q0, qi, • • •, qN-i € T\qN = 1; i,- / tj for i ^ j, r0 + • • • + rn = N > 1, 
Me N. 

Recall the following result of D. Przeworska-Rolewicz and H. von Trotha. 

T H E O R E M 7 , [ 1 2 ] . Let D E R{X) and let Re UDn V{X). Then P(D) 6 
R(X) and Q(I, R) is invertible. Moreover, T := RN+M(Q(I,R))~1 e 1ZP{D) 
fl V(X). Conversely, if T is Volterra operator, then R is Volterra opera-
tor. 

In this Section, we generalize Theorem 7 for the case of GiZ-inverses. 

T H E O R E M 8. Let V e R^(X),W e Tll
v n V(X) and let Q(t,s),Q(t) 

and P(t) be of the forms (15), (16). If q0F$ = 0, then Q := Q(I,W) is 
invertible and P(V) e Ri(X). Moreover, 

( 1 7 ) T = WN+MQ~1 € n V ( X ) . 

P r o o f . The assumption qoF¡ft = 0 means that <70 = 0 or Fjy = 0. 
(i) The case = 0. It follows that V e R(X). Thus, it is exactly the 

case of Theorem 7. 
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(ii) The case go = 0. From W G V(X) it follows that the opera-
tor I — XW is invertible for all A G J7, since Q is invertible. By Proposi-
tion 2, we have Q(V)WN = VWQ, i.e., Q(V)WNQ~1 = VW. Hence, we 
find 

P(V)TP(V) = VMQ(V)WNWMQ~1P(V) = VMVWQWMQ~1P(V) 
_ yM+iwM+ip(Vj _ VWP(V) = VWVMQ(V) 

= VMQ(V) = P(V), 

which gives P(V) G W(X). On the other hand, we have 

(.P(V))2T = V2M(Q(V))2T = (Q(V))2V2MWM+NQ~1 

= (Q(V))2VMWNQ~1 = VMQ(V)Q(V)WNQ-1 

= VmQ(V)VWQQ~1 = VMQ(V)VW = VmQ(V) = P(V). 

Hence P(V) G Ri(X). To finish the proof, we show that T G V(X). It is 
easy to see that for all A G J7 the following factorization yields 

i 
Q(I, W) - AWN+M = [ ] ( / - IJW)'I. 

j=o 

So that 

I - XT = (Q - XWN+M)Q~1 = N C Z - T ^ ) " « - 1 . 
j=o 

From that all operators I — 7JW are invertible, we conclude that I — XT is 
invertible for all A G T. Theorem is proved. 

T H E O R E M 9 . LetQ(t,s) be of the form (15) and let Q := Q(I,W). IfQ 
is invertible, then T of the form (17) is a GR-inverse of P(V). Moreover, 
ifT G V(X), then W G V(X). 

P r o o f . Let 0 ^ s0 G T, and A G T be fixed. Put p := Q(X)s^M. 
Then I - ¡iT = (Q - nWM+N)Q~1. Hence H := Q - yWM+N is invert-
ible, provided that T G V(X). We set P ^ M o ) := Q(t,*o) - ^ + N . It is 
easy to check that P/i(A50, $O) = 0. It follows the factorization SQ) = 
(t — Xso)Qp(t, SQ), where Qn(t,so) is a certain polynomial. Since we have 
H = (I — FIW)Q^(I,W) invertible, we conclude that I - AW is invertible 
for any A G F, i.e., W G V(-X"). Theorem is proved. 
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4. Equations induced by polynomials with GR-invertible oper-
ators 

Equations and initial problems induced by a generalized invertible op-
erator were studied in [7]. In this Section we consider equations induced by 
polynomials with a Gil-invertible operator. 

T H E O R E M 10. Let Q(t,s) and P(t) be of the form (15) and (16), re-
spectively, and qo = 0. Let V e Ri(X) and W e D 7 T h e n the 
equation 

(18) P(V)x = y 

has solutions if and only if F$y = 0. If this condition is satisfied, then all 
solutions of (18) are given by the formula 

(19) z = WN+M(Q(I, W))~1y + z, where z 6 ker P(V). 

P r o o f . By Theorem 8, P(V) <E Ri(X) and T := WN+MQ~1 € lVp{v)C\ 
F ( X ) , where Q = Q(I,W). By Theorem 11.1 in [7], the equation (18) has 
solutions if and only if (I — P(V)T)y = 0, i.e., 

(20) (I - P(V)WN+MQ~1)y = 0. 

On the other hand, we have 

P(V)WN+M = VmQ(V)Wn+m = VM(Q(V)WN)WM 

= VmVWQ(I,W)Wm = Vm+1Wm+1Q = VWQ. 

It follows I - P(V)WN+MQ-1 = I - VW. Hence the identity (20) is of the 
form (I - VW)y = 0, i.e., F$y = 0. It follows from Theorem 11.1 in [7] 
that, if this condition is satisfied, then all solutions of (18) are given by (19). 
The proof is complete. 

Now we deal with the case q0 ^ 0. Consider the following equation 

(21) Q(V)x = y, 

where y £ X is given, Q(t) is of the form (16). Write Q*(t,s) = Q(t,s) -
q0sN, Q*(t) = Q*(t,l). 

T H E O R E M 11. Let V e Ri(X),W € V(X)f\1Z\ and ye Im Q(V). Then 
all solutions of (21) are given by 

(22) a? = Q*(I, W)Q~1 [ t f ^ (Q*(I, W))'1 y + z 

where z £ kerQ*(V). 
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P r o o f . We have Q(V) = Q*(V) + q0I. Hence, (21) may be written in 
the form 

(23) Q*{V)x = y-q0x. 

It follows from Theorem 8 that Q*(V) £ Rx(X) and WN[Q*(I, W)}'1 € 
7^g.(v)- By Theorem 10, the equation (23) is equivalent to i = 

WN [Q*(I, W)}-1 [y - q0x] + z, and then 

(24) [I + q0WN[Q*(I, W)}-1] x = WN[Q\I, W)}~ly + z, 

where z G kerQ*(y). Futhermore, we have 

M= [l + q0WNmi,W)}-1} = [Q*(I,W) + q0WN] [Q*{I,W)]~l 

= Q(I,W)[Q*(I,W)}-\ 

This implies that M is invertible. Thus, from (24) we get all solutions of 
(21) in the form (22). The theorem is proved. 
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