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A N EXISTENCE THEOREM FOR A PARABOLIC 
DIFFERENTIAL EQUATION IN 1°°{A) 

B A S E D ON T H E TARSKI FIXED P O I N T THEOREM 

1. Introduction 
Let A be an ordinary nonempty set and let R denote the reals. With 

l°°(A) we denote the Banach space of all bounded functions on A to R with 
the norm ||(2A)OE>i|| = suPO€A L^L- there is an order given by 
x < V & { i ° < ya for all a G A}. The object of this paper is to transform 
the parabolic differential equation 

ut(x,t) - uxx(x,t) = f(x,t,u(x,t)), (x,t) G R x (0, T], 
u(x,0) = 0, for X € R, 

into a fixed point problem in order to solve the latter with the Tarski fixed 
point theorem (see [5]). Its advantage is that there is no need to consider 
compact sets as it is the case in the Schauder fixed point theorem, so we are 
able to get an existence theorem in l°°(A). This paper combines the main 
ideas of [3], where a real-valued semi-linear elliptic differential equation is 
solved with the Tarski fixed point theorem, and of [4], where the same elliptic 
differential equation is solved with the Lemmert fixed point theorem (see [2]) 
in any ordered Banach space. 

2. The Cauchy Problem 
If the function f(x,t,z) doesn't depend on z, the problem has been 

already solved. It holds the following 

THEOREM 1. Let E be any real Banach space and let g(x,t): J2X[0 , 7] 
E be bounded, continuous and Lipschitz continuous in x G R, uniformly with 
respect to t, i.e. there exists a constant L such that 
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for all (x,t),(y,t) G R x [0, 7]. Then the function 
t OO * ( 

«(*,<):= J f . . ( i , t ) € Rx [0, 7], 

is a solution of the Cauchy problem 

ut{x,t) - = (/(!,<), ( 1 , 0 6 A x (0, 7], 

u(z ,0) = 0, x € R, 

where the partial derivatives have to be considered refering to the norm. 

See for example [1], p. 1-25, for the proof i 1 ) . 

3. T h e ex i s tence theorem 
Now we formulate the main result of the paper. 

THEOREM 2. Let f(x,t,z) : R x [0, J] x l°°(A) — l°°(A) be a function 
with the following properties: 

i) / is continuous. 
ii) There exists a constant L\ > 0 such that for all 

{x,t,z),(y,t,z)e Rx[0, T]xl°°{A) 

it holds 
\\f(x,t,z)~ f(y,tyz)\\< Ii|x-y|. 

iii) There exists a constant L2 > 0 such that for all (x, t, z\), (x, t, z2) £ 
R x [0, T[ x l°°(A) it holds 

| | / ( * , M i ) - f(x,t,z2)\\ < L2\\zx - z2 | | . 

iv) For all zuz2 € l°°(A); (x, t) € R x [0, T] it holds 

< ¿2 => f(x,t,zi) < f(x,t,z2). 
v) There exists a constant M > 0 such that for all (x, t, z) (E R x [0, T] x 

l°°(A) it holds 
\\f(x,t,z)\\<M. 

Then there exists a continuous function u : R x [0, T[ —» l°°(A) with 
ut(x, t) - uIX(x, t) = f(x, t, u(x, <)) for (x, t) 6 R x (0, T], 

u (z ,0) = 0 for x £ R. 

( ' ) In [l] the theorem is only given for real-valued functions, but the theorem remains 
true if g(x,t) has got its values in any real Banach space E, because one has just to 
substitute the norm for the absolute value. 
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P r o o f . We consider the following set of functions 

ft {w : R x [ 0 , T ] l°°(A),~r < u> < T, 

t) - w(y, 5)|| < L3|X - y\ + L4|< - s\ for (x, t), (y, s) £ R x [0, T ] } , 

with 

r = ( r ° ) o 6 > 1 with r a = T M , La = 2M>/T and 

U = M + (Li + L 2 L 3 ) 2 v / T A . 

If cj G ft, we define the map 

<P(u)(x,t):= j J 1 e-fc£f(i,TMt,T))d(dT 
o - i VMt ~ r) 

( x , i ) G R x [0, T]. Now we have 

| | / ( i , i , w ( ® , i ) ) - / ( » , i , w ( y , 0 ) l l < (L i + L 2 L 3 ) | x - y | , 

for (x, t), (y, t) G Rx [0, T], so we can conclude according to Theorem 1 that 

$ ( w ) t ( x , 0 - <P(u)xx(x,t) = f(x,t,u(x,t)) for ( x , t ) eRx ( 0 ,T ] , 
i ( w ) ( i , 0 ) = 0 for x G .ft 

holds. Now if there exists an u € ft with u = i»(u), the theorem is proved. In 
order to show that # possesses a fixed point, we apply the Tarski fixed point 
theorem (see [5]). That is we have to show that: a) (ft, < ) is a complete 
lattice and b) $ is an increasing function on f2 to ft. 

It is easy to verify a), so it is omitted here. 
For b): It's clear that # is increasing due to iv). Now let w € ft. First 

we show that ||$(u;)(x,i) - #(u)(x,s)|| < L4|t — holds for x € R and 
i , s G [0,T] . We assume w.l.o.g. s < t. It holds 

< 
J O O -J 

f S - ^ m r M M ) 
n _ » 0 - o o 

1 

+ 
t oo 

- ( ' - o f 
e *(«-'•> -

VM^r) 

_ ( ' - O t 
=e <('- ') d£dr 

I f (x - t r 

= : J I + J 2 -

c 7 7 7 3 7 7 /(£> r-> r ) ) d£dr 

Now we get 

and 
J 2 < M ( i - s ) = M|<-s|, 
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a oo h 

J i < / J - j = e - 0 , 2 \ \ f ( x - 2 a V r ^ T , T , u j { x - 2 a y / r ^ : , T ) ) 
0 - o o * 

- f ( x - 2AY/s - T, T,u(x - 2A\/s - r , r ) ) | | dadr 
- a oo 

< ^ = ( L ! + L 2 L 3 ) f ( v / T " F - v T ^ F ) f e-°22\a\dadT 

^ 0 - o o 

< 4 = ( L i + L 2 L 3 ) > / f | i - 5 | . 
V/ÎT 

So we get D < L4IÎ — s|. 
Now let a G A. Let w.l.o.g. x,y 6 R, t € (0,T). With the mean value 

theorem we get 
|i>(u;)a(x,i) " = |*(w)i(0 , i ) l |* -y\< U\x - y\ 

with 0 between x and y. Since L3 doesn't depend on a, we can conclude 
||*(w)(x, t) - i(u;)(y, Oil < L3|® - y|. So we have for (x, t), (y, s) e Rx [0, T], 

-#(w)(j / ,s) | | < L 3 | i - 3 / | + L 4 | i - s | . Finally, it holds that - T < 
<P(w) < r for (x,t) 6 R X [0,T]. This completes the proof. 
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