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ON A SYSTEM OF NONLINEAR SINGULAR INTEGRAL
EQUATIONS IN AN EUCLIDEAN SPACE R"

1. Introduction

Consider in an Euclidean space R", (n > 3), a system of p + 1 closed
(n — 1)-dimentional Lapunov surfaces Sg,Sy,...,S5p, (p = 0), having no
common points. The surface Sy is the boundary of a bounded region Qg
containing the surfaces 51, 52, ..., 5p. Let 2 denote the set of all those points
of the region ¢ which do not lie on the surfaces §,,5;,...,5,. If p = 0,
then 2 = Q5. So 2 = Zf:ll 2;, where ; are separable, simply-connected

or multi-connected regions. Let f(y) be a complex function in any one of

the regions £,,9Q,,...,Q,41 and N(z) - a complex function defined at each
point z # (0,0,...,0) by the formula
(1) N(z) = F(z")|z|™"

where z’ denotes the central projection of the point = on the unitary sphere
w, with centre (0,0,...,0). We then have z = |z|z’. Assume that F(z')
satisfies on the sphere w the condition

(2) |F(z") - F(y')| < Kulz' = y'|™, 0<h,<1, k,>0,
and, moreover, the condition

(3) [ F(z')dz' = 0.

W

After Zygmund ([6], p. 468-505) and Pogorzelski ([4], p. 8), we define
the singular integral

(4) J N@-9)i@dy=lim [ Nz -y)f(y)dy,
0 Q.

where 2, denotes the set of all points y of the set 2 satisfying the condition
|z -yl > e
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Let us now recall the definition of a certain class of the functions intro-
duced by Pogorzelski ([4], p.6) in connection with investigation of properties
of multidimensional singular integral (4).

We denote by H” the class of all complex functions f(z) defined for
z € Q and satisfying the conditions

(5) Iz = z,|°|f(2)] < g,
(6) |z = 2|+ | f(2) - f(9)] < Kylz —yl,

where |z — y| denotes the Euclidean distance of two arbitrary points z and y
situated within any of the regions §2;,(,,...,Qp,41; 7, is the point of one of
the surfaces Sg, S1,...,S5, for which the distance |z — z,| reaches, for a fixed
z € 0, a lower limit. We assume that |z — z,| < |y — ys| and parameters «
and h are fixed for a given class and satisfy the conditions

(7) 0<a<l, 0<h<l, a+h<l;

us and Ky are positive constants which may depend on f.

Denote by M%(ps, K ;) the subclass of H? which is obtained by fixing
the values of 4y and Ky independently of f.

In the sequel we make use of properties ({4], p. 17) of n-dimensional
singular integral

(8) ®(z,u)= [ N(z - y,u)f(y)dy,
Q

where f(y) € HE.

The aim of this paper is to give a proof for the existence of a solution of
a system of nonlinear n-dimensional singular integral equations, that system
being of arbitrary power.

If the system is finite (see [4], p. 33) or countable (see [5]), we can apply
one of the hitherto used methods, consisting in considering the Cartesian
product [T}, Ak or [I5=, A«, respectively, of the metric spaces A = A =
A, = ... with a natural metric induced by the metric in A.

However, if the system is uncountable, this method fails, since an un-
countable Cartesian product of metric spaces is not, in general, metric space.
In this situation we shall use a topological method based on more general
theorem of Schauder-Tikhonov ([1], p.227). As far as author knows, uncount-
able system of singular integral equations in R™ has not yet been examined.
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2. Statement of the problem
Consider in the set  a system of nonlinear integral equations

(9)  @u(z)=f(2)+ [ Nu(z-y,2)0.[z, 4, {or(¥)}rerldy, vET,
Q
with unknown functions {¢~(z)},er, where T is an arbitrary set of indices.
We make the following assumptions:
I. © is defined as in Section 1.
II. N,(z,u) is a complex function defined as follows in the domain

{(z,u):z € R* - {0}, v € Q}
F,(z',u)
|z|"
where F,(z',u) is defined in the domain {(z’,u) : 2’ € w, u € Q} and

satisfies for v € T the conditions

(10) N,(z,u) = , (z=172z]), veT,

(11) |F(2',u) - Fu(Z',9)| < Kn(le' - Z'[" + |u-3"],
v, u € Q;,i=1,2,...,p+1,
(12) [ F.(z',)dz’ = 0.
III. Complex functions f,(z),z € Q,v € T, satisfy the conditions
M
£ () € —L—,
(13) |z — z,]
1\’]'1‘ — Elh

|fu(z) - f(Z)] < [z = z4o*h’

where |z — z,| < |T — Z,]|.
IV. Complex functions ®,(z,y,{u,}.er), v € T, are defined in the do-
main {(z,y,u,):z € R, y € Q, u, € IT}, where Il denotes here a plane of

complex variable, and
!

M
(14 ®,(z,y,{u ST
: ) I ( y { 'Y}’YGT)I Iy—ysla

(15) Iq’v(z,ya{uw}veT) -&,(z, g’{i‘r}“rGT)l

K'llz — %M + |y - 91" ~
< + Ksuplu—u|, veT,
ly - ysla+h VGIT)‘I |

+ Msuplu,|, veT,
veT

where
(16) O<h<h <1, h<hy<1l, a>0, a+h<1l,

M' M, K', K are positive constants; z and 7 are arbitrary points situated in
one of the regions 01, Q;,..., 2,41 (both in the same). Moreover, we assume
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that |z — z,| < |2 — Z,|. The same assumption we made with respect to pair
of the points y,y.

3. Proof of the existence of a solution of (9)

Consider a set C(§2) consisting of all complex functions ¢(z) defined in
the set €2, continuous in every region Q;, j = 1,2,...,p+ 1, and satisfying
the condition

(18) sup |z — z,]* M p(z)| < o0,

where a and h are constants appearing in the assumptions (14), (15).

In the usual way we define the sum of two elements of this set and the
product of an element of this set and a real number. Hence the set C(?) is
a linear space. Consider the set A = [] .1 A, being a Cartesian product of
the spaces A,, where A, = C(R2) for each v €T. The set A consists of all
systems {@,(z)},er of complex functions, defined and continuous on 2.

In the space A,, v € T, we define the norm [j¢(z)|| of its point ©(z) by
the formula

(19) lle(2)ll = sup[lz = z,|***|p(2)]].
T€EN

The space A,,v € T, is alocally convex Hausdorff space (see e.g. [1], p. 116).
We define a topology in the Cartesian product A by taking as the basis
of open sets all the sets of the form HueT D,, where D, is an open set in
A, and D, = A, for almost all v (see e.g. (2], p.252). The so-defined linear
topological space A is a locally convex Hausdorff space (see (1], pp.31, 116).
For every v € T let Z, denote the subset of all points in the space A,
satisfying the conditions

(20) |z — z,|%le(z)| < R,
(21) |z — 2,|**p(z) - @(Z)] < Rlz - F|",
where R is a positive constant, z and z are situated in one of the regions
01,Q2,...,Q41(both in the same) and satisfy the condition |z — z,| <
|z - Z,|. Obviously, the set Z,, v € T, is convex.
Let
Iz - z’|a+h¢(z), z €4,
P
F(z) - 0’ b AS Z Sln
k=0

where ¢(z) € H". The so defined function F(z) is uniformly bounded and
uniformly continuous in a bounded domain . So the set Z,, v € T, is
compact by virtue of Arzela theorem.
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Consider in the space A the set Z = [] cr Z,. This set consists of all
systems {@,(z)}.er of functions satisfying for every v € T conditions (20)
and (21). The set Z, being a Cartesian product of convex, compact sets, is
itself convex and compact. (cf. e.g. [2], pp. 158-159, 250-252).

Basing on (9) we define on the set Z the following transformation

(22) 'nbu(x) = fu(x) + f N,,(:L' - yaz)Qu[z’ Y, {Soa(y)}aGT]dy’ ve T,
a

which associates with each point {¢,(z)},eT of the set Z a point {¥,(z)},er
in the space A. Now we shall show that the constant R in the assumptions
(20), (21) can be chosen in such a way that the operation (22) would trans-
form the set Z into itself.

Note that, because of the assumptions (14), (15) and the conditions (20),
(21), we have

(23) 1y — 9s|*12u(z, 9, {eu(W)}verll < M'+ MR, vEeT,

(24) 1y — %8, [z, v, {p(V) }rer] - Bul2, 9, {p+(F)}verll <
S(K'+KR)|lz-z"+|ly-79l"], veT,

where y and ¥ (z and Z) are arbitrary points situated in any of the regions

1, Q2,...,Qp41(both in the same), satisfying the condition |y—y,| < |7-7,|

(lz—z4| < |T-T,]). Thus, basing on (13), (23), (24) and the above mentioned
theorem of Pogorzelski, we have

(25) |z~ z|®|Yu(a)l < Cr(M'+ MR) + Co(K'+ KR)+ My, veT,
and
(26) '.’L‘ - Isla+h|¢u($) - ’l,b,,(f)]

<[CI(M'+ MR)+ CY(K'+ KR)+ K{]|lz - z|*, veT,
where |z — z,| < |T — T,| and Cy,C,, (Y, C} are positive constants indepen-
dent of f,,®,, N,.

We see that the operation (22) transforms the set Z into itself, if the
constant R from (20) and (21) satisfies the inequalities

{ M;+Ci(M'+ MR) + Cy(K' + KR) < R,

27
(27) K;+Ci{(M'+ MR)+ C3(K'+ KR) < R.

Simple calculation leads to the conclusion that if

%) CIM +ClK <1,
CiM +CK <1,
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then we can choose R in such a way that the system (27) holds. Namely, we
can take

‘m+achm'm+qw+@m)

(29) R:mu(l—QM—QK’l—ﬂM—QK

Hence, if the constants of the problem satisfy the conditions (28), then
with R defined by (29) the operation (22) transforms the set Z into
itself.

Now we shall show that the transformation (22) is continuous in the
space A. Let M* denote a directed set ([2], p. 150) and 7T) be any finite
subset of T. Consider an arbitrary net U(™ = {cpf,m)(z)}.,eT, m € M*,
of point of the set Z, convergent to a point U = {¢,(z)},er. We have to
prove that the net of transformated points 7™ = {z/J.(,m)(a:)},,eT is con-
vergent to the point U = {%,(z)},er, being the image of U under the
transformation (22). Accordingly, it suffices to show that for every neigh-

bourhood W of the point U there exists mg € M* such that U(m) e W,
for all m > mg (> denotes here the order relation in the set M*). Since
the neighbourhood W is an open set, we can assume that it is of the form
HyeT W,, where W, is an open set in A, and W, = A, for almost all v.

Hence it suffices to check that for every v € T; the net ws,m)(z) is conver-

gent to the point ,(z). For a fixed v convergence of the net 1/),(,m)(:r) to

the point 3,(z) is understood in the sense of the metric in the space A,,
i.e.

. (m 77
(30) 1im||T™(2) - U(a)]
= lim,, supq |z — 1:,|°+"|gbf,m)(:r) -9, (z)]=0, veT.
Consider the difference

B () - du(e) = [ No(z - y,2)0.[z, ¥, {¢{™(¥)}verldy
9]

- f N,,(lt - yvx)Qu[zay’ {‘Pu(y)}ueT]dyy Ve T’ me M”*.
0

To estimate (31) let us consider a neighbourhood fx"(x, r¢) of the point
z € Q and of radius r. > 0. Let

32) W) -l =L@+ [)N(2), veT, meM”,
where K = QN0 K(z,r.). If |z — z,| > r, then, by (12),
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(33)  I}(2)
= f NV(I - Y ‘T){QU[I’ Y, {‘P&m)(y)}UET] - Qu[l" z, {'pslm)(x)uGT}]}dy
K
- [ Nz -y, 2){@ulz, v, {0u(9)}ver] - Bulz, 2, {pu(2)}ver]}dy.
K

Hence, by (15) and [4], p. 37, we can state that for every € > 0 there exists
such a radius r, that
€

2 veT.

(34) |z — z,|** I ()| <
If |z — z,] < re, then we have
(35) I)(z)
= f N(z - y,z){®.[z,v, {99$zm)(:‘/)}veT] -9,[z,z, {‘r°£zm)(z)}U€T]}dy

K,

+ f NV(I - y,a:){‘b,,[z, Y, {SOU(y)}UET] - <I>,,[:1:,x, {¢U(I)}VGT]}dy
K,

+ [ Nz - 5.0){ ey, (oS (W) }er] - Bule, v, {0u(v)}uer]}dy,
K-K,

where K; denotes a sphere with center z and radius |z — z,|. Basing on the
investigations given in [4] (pp. 11, 37), we can state that in this case also we
have

(36) e -zt @) <5, veT

Now, by (15), we have

37) 8K (z)]
< sup sup(ly - o l™*H et (y) - o)l [ L —
reNveT a-K II - y' 'y - ysla

By the uniform convergence of the net U(™ = {zpf,m)(z)} to the point
U = {p.(z)}, v € T, and the estimation of the last integral given in [4]
(p- 11), we state that for every ¢ > 0 there exists m’' € M* such that

€

if ‘.
5 ifm>m

(38) sup(|z - z,|°+th_K(2:)| <
reN
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Combining (36) and (38), we have the result

lim sup[|z — z,|° * ™ —y, (2)| =0, veT,
m reN
which completes the proof of continuity of the transformation (22).
Hence all assumptions of Schauder-Tikhonov theorem are satisfied. By
this theorem, the system (9) has at least one solution U*(z) = {¢}(z)}.er
in the set Z. So we have the following result.

THEOREM. If assumptions I-IV and condition (27) hold, then there ez-
ists a system of functions {¢,(z)},er, being a solution of system (9) and
satisfying conditions (20), (21) with R given by (29).
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