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RATE OF CONVERGENCE
OF MODIFIED BASKAKOV OPERATORS

1. Introduction
Modified Baskakov operator [4] is defined as _
Ba(f,2) = (n=1))_ pas(e) [ par(®)f(t)dt, = €[0,00)
0

k=0

where p, x(z) = %ﬁ—!z"(l +z)" "k,

Gupta and Agrawal [2] estimated the rate of convergence of modified
Szdsz-Mirakyan operators for functions of bounded variation. Sahai and
Prasad [3) gave correct and improved estimate for modified Szasz opera-
tors for functions of bounded variation. In the present paper, we study the
analogous problem for modified Baskakov operators B,(f,z) for functions
of bounded variation, using some results of probability theory considering
the functions bounded on [0, 00).

2. Auxiliary results
To prove the main theorem, we shall need the following results:

LEMMA 1 [5]. If {&}, 1 =1,2,... are independent random variables with
same geometric distribution

k
T 1 .
P{a-k}_(lﬂ) o e>0 =0

then E(&) = z, pp = E(&i— E(&))? = z(1+z) and . = Y-, & is a
random variable with distribution

n+k—-1 z*
(1) P(fln—k)—< k )m

= pn.k(z)-
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LEMMA 2. If y is a positive valued random variable with a non-degenerate
probability distribution, then we have by Schwarz’s inequality E(y3) <
(E(y*). E(y*))'/? provided E(y*), E(y®) and E(y*) < oo.

LEMMA 3. For every k € N, z € (0,00), we have
2{1+9z(1 +2)}}/2 +1
@) pastz) < \/((1—+)}) .
Proof. By (1) we have
Pri(z) = P(nn = k) = P(k -1 < nn < k)
_ (k—l—nx< Nn — NI < k—nz )
Vnz(l+z) /nz(l+z) = /nz(l1+2)

Using Berry Esseen theorem [1] with a; = z and b; = /z(1 + z) (from
Lemma 1), we have

k=nsx
1 v 2(0.409)p3
3 P, =k) - — U« 22
( ) ‘ (nﬂ ) \/2—”_ k_,[,, € \/ﬁb.'lj
;;nz(l+:)

o0
_ 2 _ % —
(4) <T2(z)_§)k (1+:c) o = (1+29)z,
ad z 1
T3(z):2k3(1+z) 1+z=z[1+61(1+z)]’
k=0
oo I k 1 )
T.,(z):Zk"(HI) 1+x=:c[1+l4a:+363:2+241:3].
\ k=0

Also, if M.(z) = X ek — z)’(ﬁ)"ﬁa stands for the central moment
of order r about the mean Ty(z), i.e. z, it is easily checked
2
9 . .
My(z) =Y (j)(—l)JTz_j(x)m(z))f = 2(1+2)
k=0
and
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Mi@)= 3 (§)vres@n@y

i=0
= z(1 4 10z + 182% + 9z°), using (2.4).
Next, in view of Lemma 2, we have
p3 < (My(z) - My(z))? < z(1 4 z){1 + 9z(1 + z)}'/2.
So the right hand side of (3) is less than —\}—;(94- :(11”) )1/2 a5 0.818 < 1 and

k—nz

Une(1+2) , 1 1
—_ et dt < < .
V2 ,,_]‘_[“ V2rnz(1+z)  2¢/nz(1 + z)
Vns(145)

Hence
2{14+9z(1+ z)}/? +1

Pnk(z) = P(n, = k) < 2 /ne(lT 2)

LEMMA 4. For z = (0,00), we have

[oe) k
(n=1) [ pox(t)dt = pn_1j(2).
z 7=0

LEMMA 5 [4]. Let the m-th order moment be defined as

Tam(z) = (n=1))_ pai(z) [ par(t)(t - z)™ dt.
0

k=0
Then

n—1)r T 1.2
Toa(z) = _2(n-1z(1+z)+2(1+2z)

1+ 2z
n>2, Tpa(z) = (n—2)(n - 3) ’

n-2"
and there holds the recurrence relation

(5) (n—=m=2)Tnms1(z) = 2(1 + 2)(TEL(2) + 2mTp yn—1(2))
+(m+ 1)1+ 22)T m(z), n>m+2.

Remark. In particular, we have

n>3

2z(1+«
(6) Tno(z) = —z‘(';l—)
Also, for all z € [0,00), (5) leads us to Ty m(z) = 0(n~[(m+1/2) where [a]
denotes the integral part of a.

LEMMA 6. Let K,(z,t) = (n — 1) peo Pnk(2)pni(t). Then, for suffi-
ciently large n

(i) For 0 < y < z, we have foy Kn(z,t)dt < ;2'—&(1_—23
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(ii) For z < z < 00, we have f,oo Kn(z,t)dt < —(Hle_‘;; .

The proof of this lemma follows easily by using (6) from Lemma 5 along
the lines of [3].

LEMMA 7. For k > 0 and sufficiently large n, we have

I T 1/2
5t Somiof s ML e

Proof. We have

k k
| Epn,j(z) - an——l,j(z)|
7=0 7=0

1 (j—nz)/{/nz(1+x) ,
.j(x)-ﬁ f e~t'/? dt
—00
(i=(n-1)z)/{/(n-1)z(1+z)
+ L f 6—12/2 dt
V2ar B
1 (i~(n-1)z)/{/(n-1)z(1+x) \ k
- = [ e /2 dt =3 p1 ()|
(i—nz)/y/nz(l1+7) j=0

1 (j—nz)/+/nz(1+7) ,
< lan'J - I f et /2 dtl
- 00

k 1 (i-(n=-1)z)//(n-1)z(1+z)
2
+{) Pror(z) - —= J e /2 dt'
7=0 27r

—-00

1 (i=(n-1)z)/{/(n-1)z(1+z)

V2 J et/
m
(i—-nz)/y/nz(1+x)

2(0.409) 12 z
< N O+ I(1+I)) V2rnz(l + z)
< AH1+92(1+ )} 4z

- 2y/nz(1 + z)
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3. Main Theorem
In this section, we shall state and prove the main result.

THEOREM. Let f be a function of bounded variation on every finite subin-
terval of [0,00) and let V(g.) be the total variation of g, on [a,b]. Then for
sufficiently large n, we have

Baf,2) = UG H) + S(z-)]

(4 + 5z) = z+z/Vk
= nzr I:Z—:l VI--‘F/\/E(gs)

[6[1 +9z(142)]"2 + (2z+1)

2t i) - st

where, for any fized = € (0,00), we define g, as

{ ft)- f(z4), z<t<o
gz(t) =<0, i==x

ft)- f(z-), 0<t<=
Proof. We have

Bulf,2) - 3{f(+) + f(a-)|

< IBa(ge2)l + 51/(z+) = f(a-)| - |Ba(Sign(t - 2), )]

In order to obtain the result, we need the estimate for B,(g.,z) and
B.(Sign(t — z),z). Now,

B,(Sign(t — z),z) = jo Sign(t — z)Kn(z,t)dt
0

and

o0 F
[ Ka(z,t)dt — [ Ku(z,t)dt = An(z) — Bu(z), say.
E 0

Using Lemma 4, we have

An(z) = f Ka(z,t)dt=(n - 1)2%,1:(-’5) fpn,k(t) dt
z k=0 z

o k
= E pn'k(Z) an—l.j(z)'
k=0 Jj=0
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Next, using Lemma 7, we have

o k
(7) An(2) = Y Pak(2) Y Pas()
k=0 7=0
oo k k
= |3 2@ (3 pa-15(2) = 3 prii()|
k=0 7=0 )=
< 2{1+92(14 )2 42
- 2y/nz(1l + z) '
Let
oo k
= (X pak(@) Y pai(2))
k=0 j=0
= n,OPn,0+Pn.l(Pn,0+Pn,l)+ ---+Pn,k(Pn,0+Pn,1+ --~+Pn.k)+
Since
1= (Pn,0‘+'Pn.l +Pn,2+--~)(Pn,0+Pn,1 +Pn.2+-~-)
= n,O(Pn,0+Pn,l +---)+Pn,1(Pn'o+Pn,1 +)+
+Pn,lc(Pn.0+Pn.1)+-~-+ )
We have
1-8=Poo(Paa+..)+ Pog(Paa+..0)+...
and

25 -1= P2, . Z

Using Lemma 3, we obtain

{1+ 2(1 + 9z(1 + z)}}/?

—~ 1/
() |5 =172l < nz(l + z)

By (7) and (8) it follows that

6{1+9z(1+2)}'/?+ 2z +1)

4/nz(1 + z)

[An(z) - 172 <
Now as
An(z)+ Bn(z) = [ Kn(z,t)dt =
0

6{1+9z(1+z)}'/? +(2z + )

2y/nz(l + )

Next, to estimate B, (g, z), we decompose [0,00) into three parts as follows:

L =[0,z-z/Vn], L=[z-z/\/nza+z//n], L =[z+z/V/n, x)

(9) 14n(2) — Bn(z)] = |24a(2) - 1| <
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o0
Bn(9z,2) = [ g:(t)Kn(z,t)dt
0

= ( [+ [+ f)g,_(t)Kn(z,t)dt:Rl+Rz+Ra, say.
I I, I

Suppose Ap(z,t) = f(: K,(z,u)dt. We first estimate Ry. Let y =z —z//n.
Using partial integration we have

y y
Ri= [ go(t)Kn(z,t)dt = [ go(t) di(An(z,1))
0 0

, |
= g:(¥H) (2, 9) = [ An(@,1)de(g:2(t)).
0

Since |gz(y+)| = |g=(y+) — 92(2)| £ V{71 (9z), then by using Lemma 7,
we have

|R1| < VE(92)An(2,9) + f An(,1) de(~V¥(92))

+( z)2117(1‘}'1‘)_"_ (1n+ 1') 6]‘ (z_lt)2dt(—vf(g:))-

n(z - y)°
Integrating by parts leads to the following
“Vii(9:) | Vilga) Ve(gs)
T v+ 0 T t T
f( 7 dl(-Vi(e:) = e+ +20f($_t)3dt,

where V7 is the normalized form of Vi#(g:) and V,”(G,) = V{#(gz). Conse-
quently, we have

2z(1c
Bl < Ve 20D
2z(1 + z) % (92) V’(g;) VE(9z)
T [(zy—y)z ERR f (z—t)s]
_ 2201+ V§E(9: Vi (9:
z( . z)[ 0(9 )+ f (gt)-‘! dt]

Replacing the variable y in the last mtegra.l by z - z//n, we get

z-z/VR
. dt
f Vt (g:)'(—z_—t)s 222 f V_z/\/'(g:)dt 27 5.2 E - z/\/‘(gr)

0
Therefore.
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(1+z) Vi(gz) | 1 x~ys
(10) |R1| < 22 + o kz:; Vz_r/\/;(!]r)
4(142) s
s Tkzzlvr—z/w?(gf)'

We, next estimate R,. For z € I, we have
l9:(8)] = lg=(t) - g=(2)| < VI¥Z/ R (g(a).
Since f diAn(z,t) < 1 for all (a,b) C [0, o] therefore,

n
z:+:c/f .‘I.'+J.‘/\/E
(11) |Ra| < I I/\/'( 9:) < kzovr_z/\/;(gr)'
The estimate of R3 is similar as that of Ry. By using Lemma 7, we have
4(14 z) d
P L) z+z/VE(g Y.
(12) |Rs| < —— kz_jlvr (92)

Combining (9) to (12), we get the required result.

Remark. Exactly similarly as in [3], we can show that the estimate in
our main theorem is essentially the best asymptotically.
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