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SOME REMARKS ON ORTHOGONALITY
AND BEST APPROXIMATION

1. Introduction

Let X be a real linear space of dimension greater than 1 and let ||., .|| be
a real-valued function on X x X satisfying the following conditions:

(N1) ||z, 9l = 0 if and only if z and y are linearly dependent,

(N2) |z, 9ll = lly, =lf,

(N3) |laz, y|| = |el|lz, y||, where a is real,

(N4) “I + y,zll < ”I,Z” + ”y7z“
Then ||.,.|| is called a 2-norm on X and (X, ||.,.||) a linear 2-normed space.
Some of the basic properties of the 2-norm are that they are non-negative
and [|z,y + az|| = ||z, y|| for every z,y € X and every real number a ([9]).

A concept which is closely related to linear 2-normed space is that of
2-inner product spaces. For a linear space X of dimension greater than 1,
let (.,.|.) be a real-valued function on X x X x X which satisfies the following
conditions:

(1) (z,2]2) 2 0,

(z,z|z) = 0 if and only if z and 2 are linearly dependent,

(12) (I,IIZ) = (Z,ZII),

(13) (1:’ ylz) = (y,IIZ),

(I4) (az,y|2) = oz, y|2), where a is real,

(Is) (2 + o', yl2) = (z,312) + (2", y]2).
Then (.,.].) is called a 2-inner product and (X, (.,.|.)) is a 2-inner product
space (or 2-pre-Hilbert space).
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The concept of linear 2-normed spaces was introduced by S. Gahler ([9])
and that of 2-inner product spaces by C. Diminnie, S. Gahler and A. White
([3])- The concepts are 2-dimensional analogoues of the concepts of normed
linear spaces and inner product spaces.

In {3], it is shown that the function

iz, 2l = (=, 2|2)!/?
is a 2-norm on (X, (.,.].)), i.e., every 2-inner product space is a linear 2-
normed space but not every 2-norm arises in this way.

Some basic properties of the 2-inner product (.,.].) are the following

(3], [4]):
(1) For all z,y,2 € X,

(2, 9l2)] < V(z,z]|2)v/(y,9]2).

(2) For all z,y € X, (z,yly) = 0.
(3) For all z,y,2 € X and a real number «,

(z,ylaz) = a®(z, y|z).

A linear 2-normed space (X, ||.,.|]) is said to be 2-pre-Hilbertian if the
norm of X is derived from a 2-inner product.

I. Frani¢ ([8]), S.A. Mariadoss ([13]), R. Ravi ([19]) and others obtained
some results in linear 2-normed spaces which are similar to the results con-
cerning the best approximation theory in normed linear spaces ([1], [10],
(14], (18], {17], [20] and [21]).

In this paper, motivated by some of the results of M.M. Day ([7]), R.C.
James ([{11]), P.L. Papini ([16]) and T. Precupanu ([18]), we give some con-
ditions for a linear 2-normed space to be 2-pre-Hilbertian and also some
relations between orthogonality and best approximation by using Gateaux
derivatives.

2. Gateaux derivatives and orthogonality
Let (X,||.,.||) be a linear 2-normed space and V(z,y) be a subspace of
X generated by z and y in X. For all z,y € X, define

_ llz +ty, 2] — Iz, =l]
t

n(z,y]2)(1)

for any real t and z ¢ V(z,y).

Then the functional n(z,y|2)(t) is non-decreasing of the real positive
variable t for any fixed z,y in X and for arbitrary z in X. Moreover,
lim,_.o+ n(z, y|2)(t) exists ([2]). |
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The functional n(z, z)(y) defined by
n(z,2)(y) = lim n(z,yz)(t)

is called the Gdteauz derivative of the 2-norm ||., .|| at (z, 2) in the direction
y. Further, the 2-norm ||., .|| is said to be Gateauz differentiable at (z,z2) in
the direction y if this limit exists. Some properties of n(.,.)(.) are given in
the following:

THEOREM 2.1 ([2]). For every z,y in X and 2z ¢ V(z,y), we have the
following properties:

(1) o=, 2)(¥)I < lly, I,

(2) n(z,2)(y + ¥') < n(z, 2)(¥) + n(z, 2)(¥'),

(3) n(az, z)(By) = Bn(z, 2)(y) for all reals a > 0 and 3 > 0,

(4) n(z,2)(0) = 0 and n(0, 2)(y) = ||y, 2},

(5) —n(z,2)(-y) = limy—o- ([l + ty, 2| - lIz, 2]|)/t < n(z, 2)(y),

(6) n(z,2)(az) = al|z, z|| for all real a.

DEFINITION 2.1. A linear 2-normed space (X, ||.,.||) is said to be smooth
if the 2-norm is Gateaux differentiable at every (z,2) € X x X in the
direction y.

It is easy to see that (X, ||., .||) is smooth if and only if one of the following
conditions holds:

(1) n(z, 2)(y + ¥') = n(z,2)(y) + n(z, 2)(¥'),

(2) —n(:z:,z)(—y) = n(:z:,z)(y).

An element z of a linear 2-normed space (X, ||., .||) is said to be orthogonal
(also called B-orthogonal, see [12]) to a given element y of X (write z1,y)
if

lz + ay, z|| 2 |z, (|

forall « € Rand 2 ¢ V(z,y). An element z € X is said to be orthogonal to
a subset G of X (write zL,G) if 1,y for all y in G.
A linear 2-normed space (X, ||.,.||) is said to be strictly convez ([5]) if the
conditions ||z, 2|l = ||y, 2|| = [z + ¥, z||/2 and z &€ V(z,y) imply that z = y.
Further characterizations of strict convexity in linear 2-normed space are
given in [2] and [6].

It is easy to see that if a linear 2-normed space (X,].,.||) is
2-pre-Hilbertian, then the 2-inner product (.,.|.) is given by ||z, z||n(z, z)(y)
for all z,y,z € X. In fact, if (X,(.,.|.)) is a 2-inner product space and
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|z + ty, z|| + ||z, 2|| # 0, then we have

o o)(y) = tim 02l = e 2Dz + 1yl + 2. =)
t—~0 Ul + ty, 2l + ll=, 2l})
_ i Nz ty, 2| e, 2|
=0 Y(||z + ty, 2|l + |z, 2I])
20z 12) + 2y,
t=0 i(||z + ty, 2|} + [|<, 2|)
_ 2z,yl2)
2z, 2l
Therefore, (z,y|2) = ||z, z||n(z, 2)(y). If ||z + ty, 2|+ ||z, z|] = O, then z = a=z
for any real o and hence

n(z,z)(y) = n(az, z)(y) = ||y, 2|
Therefore, we have
(z,y]2) = (az,y[z) = 0 = |laz, 2|llly, 2|l = ||z, z[|n(z, 2)(¥)

Moreover, a linear 2-normed space (X,||.,.||) is 2-pre-Hilbertian if and
only if 1.y implies yi,z for all z,y € X and z ¢ V(z,y) with ||z, z|| =
lw, 2ll = 1 ([2)).

LEMMA 2.2 ([2]). Let (X, ||, -||) be a linear 2-normed space. The following
statements are equivalent:

(1) The condition n(z, 2)(y) = 0 implies that n(y,z)(z) =0 forallz,y €
X and z ¢ V(z,y) with ||z, z|| = ||y, 2]| = 1;

(2) (X,]].,.]]) ts smooth and condition z 1,y implies that yL,z for all
z,y€ X and z ¢ V(z,y) with ||z, 2|| = ||y, 2|) = 1.

LEMMA 2.3 ([2]). A smooth linear 2-normed space (X,||.,.||) is 2-pre-
Hilbertian if and only if n(z,2)(y) = n(y,2)(z) for all z,y € X and 2 ¢
V(z,y) with ||z, z|| = [ly, 2|| = 1.

By using Lemmas 2.2 and 2.3, we have the following;:

THEOREM 2.4. A linear 2-normed space (X, ||.,.||) is 2-pre-Hilbertian if
and only if

(A) In(z, 2)(y)| = |n(y, 2)(2)|
forallz,y€ X and z € V(z,y) with ||z, z|| = ||y, 2] = 1.

Proof. If a linear 2-normed space (X,||.,.||) is 2-pre-Hilbertian, then
the result is obvious.
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Conversely, since (A) implies (1) in Lemma 2.2, then (X, ||., .||) is smooth.
We have to show the impossibility of the condition n(z, 2)(y) = —n(y, 2)(z)
> 0. Suppose that n(z,z)(y) = —n(y,2)(z) # 0 for all z,y € X and 2z ¢
V(z,y) with ||z, z|| = ||y, z|| = 1. Without loss of generality, we may assume

that n(y, z)(z) > 0, what implies that ||az + y, 2|| > 1 for & > 0. Then, for
a = -n(z,z)(y) > 0, we have

n(z,z)(az + y) = 0.
Thus, by Lemma 2.2, n(az + y, z)(z) = 0 and so we obtain
llaz +y, 2| = n(az +y,2)(az + y) = n(az +y,2)(y) < ||y, 2l = 1,

which is a contradition. Therefore, by Lemma 2.3, (X, ||, .|}) is 2-pre-Hilbert-
ian. This completes the proof.

3. Orthogonality and best approximations
Let (X, ||.,.]|) be a linear 2-normed space with dim X > 3 and [z,G] be
the subspace of X generated by = and the elements of G.

DEerINITION 3.1 ([18]). Let (X, ||, .||) be a linear 2-normed space and G
be a subspace of X. Fix z € X \ G and take z € X \ [z,G]. Then g, € G is
called an element of best approzimation of z by G with respect to z iff the
inequality

”x - go,Z” S ”.’L‘ -9, Z”
holds for all ¢ € G.

The set of all elements of best approximation of by G with respect to
z is denoted by Pg .(z); that is, for all g € G and z € X \ [z,G],

Pg.(z) = {90 € G : ||z = go, 2l| < ||z - g, 2|}
= {90 € G llz - gor2ll = inf llz - g, I}
Remark 1. If z € G, then Pg (z) = {z} for each z € X \ [z,G].

ExAMPLE ([18]). Let X = R3 with the vector addition and scalar mul-
tiplication defined componentwise and the 2-norm defined on X as follows:
for z = (ay,b1,¢1) and y = (az,b,¢2) € X,

Iz, ¥l = max{jaibs — azb1|,1b1c2 — bacy|,|a1c2 — azc1}-

Let G = {(a,0,0) : @ € R} be a subspace of X and z = (0,1,0) be an
element of X \ G. If z € {(0,0,k3) : k3 € R\ {0}}, then

Ps .(z)= {9, =(b,0,00€ G: -1 <b< 1}.
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For further details on the best approximations in linear 2-normed spaces,
we refer the reader to [8], [13] and [19] and, now we give our main results
which extend the results of [16] to linear 2-normed spaces.

THEOREM 3.1. Let (X, ||.,.||) be a strictly convez linear 2-normed space.
Then X is 2-pre-Hilbertian if and only if
(B) 1Py (z), (0l = | Pvyy. ()l

fOT‘ all T,y € X andz ¢ V(Ia y) with llzvz” = “yv Z” = 1) where “PV(I).Z(y)”
= |(z, yl2)l-

Proof. The strict convexity of the space X implies the uniqueness of
best approximation and this makes (B) meaningful. The ‘only if ’ part is
obvious and so we need to prove only the ‘if ’ part.

Suppose that the condition (B) holds. This means that

zl,y implies yl,z

forall z,y € X and z ¢ V(z,y) with ||z, z|| = ||y, z|| = 1. In fact, orthogonal-
ity 1.y implies Py(y),.(z) = {0}. Then by (B), we have Py, .(y) = {0}
and so y1.z. Now if ||z, z|| = ||y, 2| = 1, then Py (4 .(y) = {az} is equiva-
lent to (y — az)Ll,z, thus also to z L ,(y — az) and therefore n(z, z)(y) = a.
Since ||y, z|]| = 1 then, by using (B) again, we obtain

In(z, 2)(¥)] = |1 Pv(z),: (W = |1 Py, (2)Il = [n(y, 2)()].

Therefore, from Theorem 2.4, (X, ||.,.||) is 2-pre-Hilbertian. This completes
the proof.

The following lemma can be easily proved:

LEMMA 3.2. Let (X,||.,.]|]) be a linear 2-normed space, C be a convex
subset of X and z € X. Then the element z, € Pc .(z) are characterized by

n(z —z5,2)(z,—y) 20 forall yeC.
Using Lemma 3.2, we have the following:

THEOREM 3.3. Let (X,||.,.||) be a linear 2-normed space satisfying the
following condition:

(C) |

for all z,y € X and 2 ¢ V(z,y) with ||z,z|]| = ||ly,2]| = 1 and for all
t €[0,1]. Then (X,||.,.||) is 2-pre-Hilbertian.

Proof. Fix z,y € X and 2z ¢ V(z,y) with ||z, z|| = ||y, 2|| = 1. By (C),
(z + y)/2 € Pc,.(0), where C is the line segment joining z and y. Thus, by|

z+y
o2l <tz + (1= )y, 2]
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Lemma 3.2, for all ¢ € [0, 1], we have
(D) ogn(-“+yla(’+y_az+u—00

2 2

=n(z;yJ)(U—%Xz—y0.

For t < 1/2, from (D), we calculate n(z + y,2)(z — y) > 0, while we have
n(z + vy, 2)(—(z — y)) > 0. Therefore, we have
-n(z+y,2)(y-2) L0 < nz +y,2)(z - y),

which means that (z + y)L1.(z — y). Thus, from (C), it follows that the
condition ||z, z|]| = ||y,2|| = 1 implies, (z + y)L.(z — y). So (X,]|.,.]|) is
2-pre-Hilbertian and this completes the proof.
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