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1. Introduction 
Let us denote by A the class of functions / of the form f(z) — z + 

akzk which are regular in the unit disk K = {z £ C : \z\ < 1}. For 
¿ > 0 w e define the neighbourhood Ng(f) of a function / £ A as follows 

oo oo 
(1) Ns(f):={g(z) = z + Y / h z k \ 5>|afc - 6t| < 

k=2 k=2 

The notion of neighbourhood was first introduced by Ruscheweyh [3]. Using 
convolution methods he obtained conditions such that for / £ A all functions 
g £ Ns(f) are in some class of univalent functions in K. Some applications 
and extensions of his results we can find in [2], see also [1], [5]. 

As usual by S we denote the set of functions / £ A which are univalent 
in K. Let us consider the following subclasses of S 

(2) 

(3) 

SP(a) = { / £ 5 

CP(a) = 

— a < Re 
z f \ z ) 

f(z) 
+ a, zeK 

f e S : 1 + 
zf'(z) 

— a < Re 

a > 0, 

a > 0. 

The class SP(a) was introduced in [4]. For each a > 0 holds SP(a) C S* — 
the class of starlike functions. In fact, for / £ SP(a) the image of K under 
p(z) = zf'(z)/ f(z) lies in the parabolic region 

(4) i i (a) = {w : \w — a | < Re w + a } = {w = u + iv : v2 < 4au}, 

contained in the right half-plane. The class denoted by C P ( a ) was intro-
duced in [6]. Obviously, an Alexander's type theorem relates classes S P ( a ) 
and CP(a). Thus, for each a > 0, CP(a) is the subclass of Sc — the family 
of convex functions. 
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The aim of this paper is to give conditions such that for / G CP(a) all 
functions g G Ng(f) are in the class SP(a). 

2. Main results 
The Hadamard product or convolution of two power series f(z) = z + 

a k z k a n d 9ÌZ) = z + 2 b * z k i s defined a s (/ * ff)(z) = z + 
SfcL2 akbkZh• Using the properties of convolution we give the definition 
of the class SP(a) in a different way. 

Note, that according to (4), for / G SP(a) we have zf'(z)/ f(z) ^ t ± 
2y/at i,z G ii', f > 0. Now, for fix a > 0 we define SP'(a) as a class of all 
functions Ht of the form 

(5) H t { z ) - 1 — (i ± 2y/at i) ' 

where h(z) = ^ and f2{z) = f^f^r, z 6 K. 

T H E O R E M 1. A function f is in the class SP(a), a > 0 , if and only if 
l(f * Ht)(z) ± 0 in K for all Ht G SP'(a). 

P r o o f . Assume that \{f * Ht){z) ^ 0 in K for all Ht G SP'{a). Thus 

0 + -(f * Ht)(z) = i — . . . = 
z z[ 1 - (t ± «)] 

_ zf(z)-(t±2Vrti)f(z) t > Q 

z[\-[t±2y/ati)] ' 

Hence / t ± 2y/ati, t > 0. Since = 1 at z = 0 and 6Q,(a) = 

{t ± 2y/cdi : t > 0}, we have G fi(a), « G K. Therefore / G SP(a). 

Conversely, let / G SP(a) for fixed a > 0. Since ^ f - ^ f ± 2-s/aii, 
f > 0, for / G SP(a), then for all Ht G SP'(a) holds 

n ' l - ( i ± 2 V o i t ) « 

This ends the proof. 

We need the following 

L E M M A 1. If Ht(z) = z + 2 hk{t)zk G SP'{a), a > 0, then 

for 0 < a < 1/2, 
I M 0 I < \ 

I fc / o r « > 1/2, 
/or a// i > 0. 
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P r o o f . Let for a > 0 and t > 0 

Hi(z) 
U i - * ) 2 1 - (t ± 2y/ai i) 

Comparing the coefficients of both sides, we get 

k - (t ± 1\fcd i) 

~(t±2V^t = z + Y hk(t)zk. 
1 — 2 z—' k—2 

M O I = 
1 - (i ± 2Vat i) 

t > 0. 

Thus 

2 _ {k-tf + Aat 
I M i ) l " ( l - < ) 2 + 4a i 

from t > 0. Now, if f > 0 then 

= x + ( f t - l ) ( f e + l - 2 t ) < x + (fc - m + 1) 
(1 - t f + 4at ( 1 - t f + 4at 

(1 - t f + 4at > 
J 4 a ( l - a ) for 0 < a < 1/2, 

Hence 

and 

\ l for a >1/2. 

\hk(t)\2 < l + k2 - 1 = k2 for a >1/2 

I M 0 I 2 < I + < 
k2 k2- 1 

4 a ( l - a ) 4 a ( l - a ) 
for 0 < a < 1/2, 

as desired. 

For each complex number e we define the function Fe as follows 

(6) Fe(z) = / ( * ) + « 

1 + 6 ' 

T H E O R E M 2. Let f £ A and 6 > 0. Assume that for e such that |e| < S, 
holds Fe € SP(a), where Fe is defined by (6). Then for every Ht e SP'(a), 
a > 0, holds 

>6, ze K. 

P r o o f . If Fe e SP(a) for |e| < 6, where 8 > 0 is fixed, then according 
to Theorem 1, holds \(Ft * Ht){z) ^ 0 in K for all Ht e SP'(a). Hence 

" ' " f t " * 0 °< 

so I ¿ ( / * Ht)(z)I > 6 follows from |e| < S. 

T H E O R E M 3 . Let f £ A and 6 > 0 . Assume that for e e C , \e\ < S, 
the function F€, defined by (6), is in SP(a), a > 0. Then Ns>(f) C SP(a), 



112 A. W i s n i o w s k a 

where 

* _ J 2y/a(l - a ) 5 for 0 < a < 1/2, 
~\S for a >1/2. 

P r o o f . Let = z + E£L2 € i M / ) . Then for any H t € 5 P ' ( a ) 
we have 

z z 
> 

> - ( ( g - f ) * H t ) ( z ) 

But by Theorem 2 

> 6, z<E IC, 

hence 

-{g*Ht){z) >6- £ 
k=2 

oo 

(ft*. - ak)hk(t)zk 
> 

>«-ME i6fc - >«- E Î wii** -
k—2 k=2 

Next, in viev of Lemma 1 we have 

^ r J for 0 < a < 1/2, 

fc=2 

From jf € Ns>(f) it follows that 

1 
-(g*Ht)(z) 

6' 

for a >1/2. 

for 0 < a < 1/2, <5- . 
> ^ 2y/a(l —a) 

[6-6' for a >1/2. 

Therefore | * Ht)(z)| ^ 0 in K for all Ht G S P ' ( a ) if 

c, _ i 2y/a(l-a)S for 0 < a < 1/2, 
\<5 for a >1/2. 

By Theorem 1, this means that g G 5"P(Q:), or equivalently N g i ( f ) C SP(a), 
so the result follows. 

For the proof of next theorem we need the following result obtained in 
[4]-

L E M M A 2 . I f f G SC and g G SP(a), a > 0 , then f * g 6 SP(a). 

T H E O R E M 4. If f G CP(a), a > 0, then the function Fe, defined by (6), 
belongs to SP(a) for |c| < 1/4. 
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P r o o f . Assume that f ( z ) = z + akzk ^ CP(a), where a > 0 is 
fixed. Then 

f(z) + ez z(L + 6) + E R = 2 
n z ) = ~ T T 7 ~ = 1 + 1 = 

= __ / w t ( i ^ f ! ) = ( / , fc) w > 

where 
2(1 - pz) e 

h{z) = A — , P~ 
1 - z ' ^ ' r 1 + e 

It is easy to see that if |e| < 1/4, then the function h is starlike. In fact, we 
have 

zh'(z) _ 1 pz 

h(z) l - z I - pz' 

hence 

.. zh'(z) „ , , 1 
Re — Y > 0 if |i| < 

*(*) \z\2 + 2\z\-

The last inequality holds for 2 6 K, if |p| < 1/3, which is true for |e| < 1/4. 
Therefore for |e| < 1/4 the function 

z-+\^p-dt = h(z)* l o g - ^ — , z e K , 
i t 1 — z 

hit) 

0 

is in S° and we have 

/ € CP(a) => z f ' ( z ) e 5 P ( a ) . 

But 

(/ * = (h * /)(*) = h(z) * ( z f ' ( z ) * l o g ^ - L - ) = 

= z f ' ( z ) * ^ ( 2 ) * l o g • 

Hence using Lemma 2 we get 

Fe(z) = (/ * h)(z) e SP(a) for |e| < 1/4 

and the proof is completed. 

T H E O R E M 5 . If f E CP{ot), a > 0 , then N s > ( f ) C where 

for 0 < a < 1/2, 
I 1/4 for a >1/2. 
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P r o o f . Assume that / G CP(a). Then from Theorem 4 it follows that 
the function Fe, defined by (6), is in SP(a) for |e| < 1/4. Next, applying 
Theorem 3 with 6 — 1/4 we obtain desired result. 
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